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Abstract. We define the generalized (k, r) — Gauss Pell numbers by using the definition
of a distance between numbers. Then we examine their properties and give some important
identities for these numbers. In addition, we present the generating functions for these
numbers and the sum of the terms of the generalized (k,r) — Gauss Pell numbers.

Keywords: k — Pell numbers; Gauss Pell numbers; r —distance Gauss Pell numbers;
generating functions.

1. INTRODUCTION

Many studies have been conducted on number sequences, especially on Fibonacci
number sequences. Some of these are [1-10]. We see some generalizations of Pell numbers in
[11-16]. Also, we see some works on generalized Gauss numbers in [17-19]. In [18], Ozkan
and Tastan presented Gauss Fibonacci polynomials and Gauss Lucas polynomials and proved
some theorems related to these polynomials.

Falcon and Plaza [2] presented the definition of k-Fibonacci number. Falcon [1]
applied the definition of r-distance to the k-Fibonacci numbers in such a way that it
generalized earlier results [20, 10]. Then Panwar et al. gave several identities for generalized
(k, r)-Fibonacci Numbers [7].

In this paper, we apply the definition of r-distance to k — Gauss Pell numbers. We
present some properties of these sequences. In addition, the generating functions, some
important identities, sum of the terms of the generalized (k,r) — Pell numbers are given.
Now we recall the definition of k —Pell sequence and its Binet Formula.

Definition 1.1. For k € N, the k —Pell sequence is defined by
Pk,n = 2Pk,n—1 + kPk,n—Z' forn=2

W|th Pk,O = O, Pk,l = 1 [9]
Let's give the first few terms for k —Pell numbers as follows:

Pk,0=0

Pk,1=1
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Pk,2=2
Pk’3:k+4
Py = 4k +8

Pk‘5:k2+12k+16
Py = 6k? + 32k + 32
P, = k* + 24k* + 80k + 64

If k=1 the classical Pell sequence is obtained. P, = {0,1,2,5,12,29,70,169, ... }.
r?2 — 2r — k = 0 is characteristic equation for k —Pell sequence. The n th k —Pell sequence
is given by

=Ty
Pk,n =

rn—nr
where 14,1, are the root of characteristic equation, r2 — 2r — k = 0 [9].
Definition 1.2. Let k > 2,n = 0 be integers. The distance Fibonacci numbers Fd(k,n) are
defined by
Fd(k,n) =Fd(k,n—k+ 1)+ Fd(k,n—k)forn >k

and Fd(k,n) =1for0<n <k —11[8].
2. MAIN RESULTS

Definition 2.1. For the natural numbers k > 1,n > 0 and r > 1, we define the generalized
(k,r) —Gauss Pell numbers G Py, ,,(r) by

GPyn(r) = 2GPyp—r(r) + kGPy (1) forn > r @

with GP, ,(r) = i,n =0,1,2,3, ...,7 — 1 except GPy 1 (1) = k.
So, if GP (1) = {GPy,(r): n € N}, then we can give the following values for some r.

GP,(1) = {i,k, 2k + ki, 4k + 2ki + k?,4k? + 8k + i(k? + 4k), k3 + 12k? + 16k
+ i(4k? + 8k), 6k3 + 32k? + 32k + i(k® + 12k? + 16k), ...}

GP,(2) = {i,i,i(k + 2),i(k
+2),i(k +2)%i(k +2)2,i(k +2)3,i(k + 2)3,i(k + 2)% i(k + 2)%, ...}
GP,(3) ={i,i,i,i(k + 2),i(k + 2),i(k?* + 2k + 2),i(k + 2)?,i(k® + 2k? + 4k + 4)}

+4),i(k3+ 2k* + 4k + 4), ...}
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+2),i(k®+2k?* + 4k +4),...}

Now, let us give generalized (k,r) —Gauss Pell numbers GP, ,(r) for some special
valuesas k = 1,2,3, ...
For k = 1, we get the sequences in Table 1.

Table 1. (1, ) —Gauss Pell numbers.

n 0 1 2 3 4 5) 6 7 8
GP; (1) [ 1 2+i 5+2i | 12+5i | 29+12i | 70+29i
GPy,(2) [ [ 3i 3i 9i 9i 27i 27i 81i
GPy,(3) i i i 3i 3i 5i 0i 11i 15i
GPy,(4) [ [ [ [ 3i 3i 5i 5i 11i
GPy,(5) [ [ [ [ [ 3i 3i 5i 5i

Here, GP; ,(1) = {i, 1,2 +i,5 + 2i,12 + 5i, ... } shows Gaussian Pell Numbers.

Theorem 2.2. Forr > 2, itis
GPy(r) = i(k +2)

Proof: From equation (1), the proof can be seen easily.
Theorem 2.3. If r is even, then we have
GPy2n(2m) = GPy2n41(2m)
Proof: We prove the result by induction on n.
For n = 0, by definition of r —distance, we have GPy (2m) = i and GPy 1 (2m) = i.

Let us suppose this formula is true until 2n + 1. Then

GPyan+2(2m) = 2G Py 2n42-2m(2m) + kKGPy 5, (2m)
= 2GPy 2(n+1-m)(2m) + kGPy 2, (2m)

GPyon+3(2m) = 2GPy on43-2m(2m) + kGPy 241 (2m)
= 2GPy2(n+1-m)+1(2m) + kGPy 2111 (2m)

and both expressions are equal because

GPk,2n+1(2m) = GPk,Zn - GPk,Z(n+1—m)+1(2m) = GPk,Z(n+1—m) (2m).

n+i
GPip+r(N)+GPrpir—1(r)—2ik 2

2

Theorem 2.4. Y™, k'z (GPy;(r) + GPyj_1(r)) =

Proof: By direct calculation, we have
GPk,n+r(r) + GPk,n+r—1(r) = ZGPk,n(r) + kGPk,n+r—2 + ZPk,n—l(r) + kGPk,n+r—3

= 26Pen(r) + 26Pen_a () + k (26P s () + KGPepir—s())
+ k(ZGPk,n—3(r) + kGPk,n+r—5(r))
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= ZGPkn(T)4—26F%mf1(r)4—ZkGfkmfz(r)i-ZkGP%m_3Oﬂ
+ kz(ZGPk,n—AL(r) + kGPk,n+r—6(r)) + kZ(ZGPk,n—S(T) + kGPk,n+r—7(r))

= ZGPk,n(r) + ZGPk,n_l(r) + ZkGPk,n_z(r) + 2kGPy —3(1) + ZkZGPk‘n_LL(r)
+ ZkZGPk,n—S(r) + k3GPk,n+r—6(r) + k3GPk,n+r—7(r)
= 2(GPypn (1) + GPypy—1(r) + kGPyy (1) + kGPy py_3(r) + k*GPy_s () + k*G Py py_5(r)
n—-1 n—-1
+ k3GPk'n_6(T‘) + kSGPk'n_7(T‘) + b + kTGPk’l(r) + kTGPk,O(r)

n+1 n+1

+ kTGPk,r—l(r) + kTGPk,r—Z (T‘)

n-j n—j nt1
= ZZ (GPkJ(T')k 2 + GPk'j_l(T‘)k 2 ) + 2ik 2 = GPk‘nJrr(T‘) + GPk‘nJrr_l(T)
= ,on+l
GPk,n+r (r) + GPk,n+r—1(r) — 2ik 2

n
n—j
= ) KT (GPyy() + 6Py (1) = .
j=1

As is desired.

Theorem 2.5. The sum of the even and odd terms of the above sequences are, respectively,

GPgan+r(r)—ik™!

L MoK TGP () = :

1(r)_ikn+1

2

i XK TGPy (r) = THmers
Proof: i. By Equation (1), we have
GPonsr (1) = 2GPy 20 (1) + kG Py nir—2(T)
= 2G P20 (1) + k(2G Py 2n—2(T) + KGPy 2 r—a(T))
= 2GPyon(r) + 2kGPyon—5(r) + k*(2GPy2n-4(r) + KGPy znsr—6(r)
= 2GPy 2, (1) + 2kGPy 20— (1) + ZkZGPk,Zn_‘}(r) + o+ 2k"MGPy o(r) + k"“GPk,r_z (r)

=2 Z;'lzo kn_jGPk,Zj + ikn+1 = GPk,2n+r(r)

n

- Z k"I G Py (r) =

j=0

GPk,2n+r(r) - ikn+1
2

ii. The second formula can be proven in a similar way.

Theorem 2.6. Generating function of the sequence G Py (r)={GPy () } is
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i(1+x)
1— kx?—2x"

ka (T', .X') =

Proof: By direct calculation, we have
Y0 GPin (N)X™ = GPy (1) + GPie 1 (1)x + X2 (2G P () + kG Py 5 (1) )x™

=i+xi+2x" z GPynr(r)x™ " + kx? 2 GPyn—z(r)x"2
n=2 n=2

=i+xi+2x" Z GPyp(r)x? + kx? Z GPys(r)x®
p:O s=0

(1 —kx?—2x") Z GPn(r)x™ =i(1+x)
n=0

Finally, considering that for r > 2, it is GPyo(r) = GPx,(r) =i, we obtain the
indicated generating function. For r = 1, the characteristic equation of genaralized Gauss
Pell, associated to the recurrence relation (1)

a’?—-2a—k=0 (5)
with two distinct roots a; and a,, we get

0(1=1—\/1+k, a2=1+V1+k

(l1+(l2=2
a1a2=_k
al_a2:_2V1+k

Now, we give Binet formula for GPy, ,,(1).

Theorem 2.7. (Binet’s formula) The n** (k, 1) —Gauss Pell numbers is given by

GPk,n(l) _ a1n+1a2_a1a2n+1 + iazaln_alazn (6)

az—0aq Az—0aq

Proof: By Equation (5), we have
ka‘n(l) = Claln + Czazn

Forn = 0, n = 1, solving linear equation, we obtain

__lax—k _ k-l
“a= az—a1’ 2= Q=0
which are unique.
So, we get
;" ay —apa,™ apay™ - aga®
GPn(1) = l

Uy — oy — Ay
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which concludes the proof.

Theorem 2.8. There is a relationship between the (k,r) —Gauss Pell numbers and
(k, ) —Pell numbers as following:

GPk,n(r) + GPk,n+1(r) = Pk,n+1(r) + iPk,n(r)

Proof: We give the proof by induction on n and fixed r = 1.
Forn =1,r = 1 we have

GPe1(1) + GP (1) = k + 2k + ki = 3k + ki = P, ,(1) + iP 1 (1)
Assume it is true forn = t and r = 1, that is,
GPri(1) + GPyrp1(1) = Pyppa (1) + PPy (1)
Now, prove that it istrue forn = t + 1 and r = 1, that is,

GPyi+1(1) + GPrpy2(1) = 2GPr (1) + kGPyy—1(1) + 2G Py 11 (1) + kG Py (1)

= 26Pc(1) + 2GPi s (1) + k (GPre—s (1) + GP (1))

=2 (Peear(D) + 1P (1)) + k(Pec(1) + Py (1))
= 2Py 41 (1) + kP o (1) + 2iPy (1) + kiPy -1 (1)

) = Pk,t+2 + iPk,t+1
as desired.

Theorem 2.9. The (k,r) —Gauss Pell numbersfork =1 r > 1lven > 2
GPrn(r) —2X721 GPj(r) = 1+ .

Proof: By Equation (4), for n = 2,3,4 ..., we get
GPy2 (1) — GPyo(r) = 2GPy 5 (7)
GPyr3(r) — GPy1(r) = 2GPy3_,(7)
GPa(r) — GPyo(r) = 2GPy sy (1)
GPys(r) — GPy3(r) = 2GPy 5 (7)

GPre(r) — GPs(r) = 2GPyg_r(7)

GPk,n(r) - GPk,n—Z(r) = 2GPk,n—r (T‘)

WWW.josa.ro Mathematics Section



On generalized (k,r)- Gauss Pell numbers Bahar Kuloglu and Engin Ozkan 623

By summing equation side by side, we find forr = 1

GPk,n(T) -1-i= Z(GPk,Z—r(r) + GPk,3—r(r) + - GPk,n—r(T'))

n—-1

GPn(r) —2 z GPj(r) =1+
j=1
forr=2,34,..

n-1

GPyp(r)—2 Z GPy j(r) = 2i
=1

Theorem 2.10. (Cassini identity)
GPin-1(1).GPrpni1(1) = GP? (1) = (=GP 1 (D) (=20 + GP 1 (1) + 1).

Proof: By using the Binet’s formula, we get

. — — 2 .
<(a1na2 —ma™) +i(a" ey —aga™ 1)) ((a1n+ a; — a2, + i a, - a1a2n+1)>

ar,—aq a; —

+1 . 2
_ (", — @™ iy "y — agay™)
o —aq

n+1 n+1)

2 .
_ (" — ™) (" Py — ;™) i @y — ™) (", —

(az—allzz (az—aq)?
- n — —
a —a,ay" 1)(“1 a; — a1a2n+2) _ (ay™ 10‘2 — " 1)(0‘1n+1a2 —a1a;

(ay—ay)? (ay—ay)?
(a12n+2a22 + 0(120(22n+2 _ 2a1n+2a2n+2) (a12na22 + a12a22n _ 2a1n+1a2n+1)

(ay—aq)? . . (ay—ay)?
2i(ay" oy — aja™ ) (M — aq ™)

(ay—ay)?

n—1 n+1)

n i(ay

Now, after some algebra, we get

ilay" e (@ %oy + aya® — ay® — a)] — ag "My ) + aPay — @y — @y — 2074y + 20, a,]

(ay—ay)?
i(a;"a" () — @) (ap — ay) — "™ (g, — 1) (@ —a)?
(a;—ay)?
= —i(a; ") (az + ay) — (a1 ;") (@, — 1)
= —i(a;" a2 — (" a™)(aya; — 1)
= (~GPy 1 (D)(=2i + GPy (1) + 1)
which concludes the proof.

GPk,n(l) _

Theorem 2.11. lim,,_, s 5=
kn—-1

a,.

Proof: Using Binet’s formula

a " ra, — a1+ iaya™ — agan™

a"a, — aja™ +ia,a v — ajat
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_ ((g—;‘)n a, — alaz) +1i (az (Z—;)Z - (Z1)
((%)n a, — al) +i (az (%)n a, 71— alaz‘l)

a o, +ia;  aax(ay +i)

= = — =a,
a; + i ai(az +1)
a;

as desired.
3. CONCLUSION

In this study, the generalized (k, r) — Gauss Pell numbers have been introduced and
studied. Several properties of these numbers were deduced. In addition, the generating
functions, some important identity, and sum of the terms of the generalized (k, r) — Pell
numbers were given. Also, we showed another way of finding the generalized (k, r) — Gauss
Pell sequence from the generating function with graphs. These identities could be used to
develop new identities of the numbers.
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