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Abstract. In this present work we derived integral transforms such as Euler transform,
Laplace transform, and Whittaker transform of K,-function. The results are given in
generalized Wright function. Some special cases of the main result are also presented here
with new and interesting results. We further extended integral transforms derived here in
terms of Gauss Hypergeometric function.
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1. INTRODUCTION

The Ky-function is defined in [1] by the power series

(a)q, (ap)n(y)ncn(x — d)Ha-p-1
(b - (bg) ' T((n+ ¥ —pB)

K(“.B,Y),(C.d)i(p,Q)(al a.: bl b . x) —
4 y ey Ap; 01, -on . Dg; E
n=0 ( )
1

where «,B,y,x € C,R(ay — ) > 0; (a;),(i = 1,2,3....,p) and (bj)n(j =1,23...,q) are
the classical Pochhammer symbols defined as

_Try+n) _ (1, (n=0,y#0)
¥)n = 13/(1/) _{y(y+1)...(y+n—1), (nEN,yEC)} )

If any numerator parameter a; is a zero or negative, then the series in (1.1) terminates
to a polynomial in x. The series is convergent for all xifp > q + 1.
If we set d = 0 in (1.1), then we obtain the following series

(@Dn-(ap), Wnc)MIa=b=1
(b1)n ...(bq)nn!F((nﬂ/)a—B)
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,B,v),(¢,0):(p, 1)
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Generalized Wright Function

Let a;, BjeR\{0}and a;, bjeC, i =1,2,....p;j =1,2,....q,the generalized Wright
function introduced by Wright [2] as following :
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H ,T(ajtna;) z"
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where I'(z)denotes the Euler gamma function [3]. The condition for existence of (11) with its
representation in form of Mellin — Barnes integral and of H — function was obtained by Kilbas
et al. [4].

Now we state the relation of K4-Function with various special functions

Mittag- Leffler function [5-6]

Ifwesetf =a—1,y=1,c=—-c,p=1q=1,a; =1and bj_; in (1.3), we get

Ry AD (1451 2) = B (—ex®) = By S ©)
Agarwal’s function [7]
— . na+ﬁ 1
Kioc,a B.1),(1,0):(1 1)(1; LX) = Egg(x®) = X2 S~ (6)
Erdelyi’s function [8]
na
K BN (19, 0y = 2B1E, o (x®) = 2B~ 121‘( e 0,8>0
()
Miller and Ross’s function
_ . nyn+p
KIPDED (1150 = E(B,0) = Siotimgiy ®
Wright function [9]
(B (1, 1.,y = X7 P 1D ]
K, (1;1;x) = To) W1 (ay - B, a) ; CX 9

where ,1;(x) is special case of the generalized Wright’s hyper-geometric function
pWq(x) defined as [2] see also [10-11]

(ai,ai)l,p

D= ()
B

H ,T(aj+na;) zn
] Yn= Omn" zeC (10)

H-Function [9]

(6, B,1),(c,0):(1,1) x@v-F-1 @ 1-y,1)
K (11500 === Ha 0,1, (1 —ay +B,a) (1)
If we take § = 0and y = 1 in (1.10), we get
(6,0,1),(¢,0):(1,1) g . 4. N _ _ c(x)m+Da-1
K, (1; ;%) = F(e,x) = Y0 O r(iDa) (12)
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where F, (c, x) is the F-function defined by Robotov and Hartley, for example see [12-13].
Euler Transform [14]
The Euler transform of a function f(x) is defined as
B(f(x);L,m) = [ x'"*(1 — )™ ' f(x)dx ;Lm € C,R(1) > 0,R(m) >0 (13)
Laplace Transform [14]
The Laplace transform of a function f(t), denoted by F(s), is defined by the function
F(s) = L{f(t);s} = [, e~ f(t)dt, R(s) > 0 (14)

Provided that the integral (1.13) is convergent for t > 0 and of exponential order as
t » oo. Also,

[ emst Pt = T2 R(p) > 1,R(s) > 1 (15)
The Whittaker Transform [15]

r(G+A+o)r(z-6+9)
F(%—CH()

w _t
ez tSTIW, z(H)dt = (16)
0 B

where R(B £ () > — 1/2and W, g (t)is the Whittaker confluent Hypergeometric function

r(-2p) rep)

Wi (D) = tmapy Map @D + 1 iy Ma-5(2) (17)
where M, (z) is given by
Mg p(z) = zY/?*Fe~1/22 | F, G +B—a;28 +1; z) (18)

2. INTEGRAL TRANSFORMS OF K4s-FUNCTION

Theorem 2.1: (Euler Transform) Let a,8,y,x,[,m € C,R(ay — ) > 0R(l) > 0,R(m) >
0, then there holds the following formula:

. [T F(b-)F(m)
(e,8,¥),(c,0):(p.q) j=1 J
BiK Aqy ey Qi by, by x); L, me =
{ ! (a P 0 %) } [, T(@)T)

(a, D), v, D), (I +ya-B—-1,a)
X pr2¥q+2 (bj, 1)?, Ga—-pB,a),l+ya+m—-F—-1,a) ¢

Proof: Let the left-hand size of (2.1) be denoted by J. By applying (1.3) and using (1.13) to
the left-hand side of (2.1), then we have
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{ > (al)n...(ap)n(y)ncn(x)(nﬂ/)a—ﬁ—l }
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= xl_l(l - X)m_l dx
bf i (b1 - (bq)nn! I((n+y)a—p)
Now changing the order of integration and summation, we get
0 n 1
-y (@) - (ap), (e pismasva—pint(q _ pymigy
L (by)y, - (bq)nn! r((n+y)a—p) )

B(l+na+ya—p—1,m)

Z (al)n (ap)n(y)ncn
(b1)y (bq)nn! r((n+y)a—p)

n=0

z (an - (ap)n()/)ncn F'l+na+ya—p—1)rim)
(by)yy ... (bq)nn! r((n+y)a—pB)TU+na+ya—p—1+m)

n=0

o)

Next we use (1.2), then we obtain

co

[(a; +n)...T(ap + n)I(by) ...T(by)T(y + n)c™
Z ['(b; +n)...T(b, + n)l(ay) ... T(ap) TN T((n + y)a — B)
y 'l+na+ya—pL—1Ir'(m)
Fr'l+na+ya—B—1+m)
3 T I(b)T(m) < [, T(a; + ) T(y + T + na + ya — f — DI(m) N
1P, T(@) T() ST, T(by + n)nT((n+y)a—-B)Il+na+ya—f—1+m) ¢

n=0

Whose last summation in view of (1.4), is easily seen to arrive at the results of

(2.1).This completes the proof.
Setting p=1,q = 1,a; ...a, = 1,b; ...bs = 1in (2.1) then we obtain the following

result:

Corollary 2.2 Let a,B8,y,x,I,m € C,R(ay — ) > 0 R(l) > 0,R(m) > 0, then there holds
the following formula:

B {k PO (154, 25 1,m} =
r(m) »D,(+ya-B-1a)

o Y2 a-Ba),l+ya+m—-F—1a)°

:MHIZ[C| (1—%1)»(2—1_}’“4‘3'“)
ry) 2| | 1-—ya+B,a),2—-1l—ya+p—ma)

Now on setting @ = 1,8 = —f,y = 1in (2.2) then we obtain the following result:

Corollary 2.3. Letg,x,,me C,R(1—)>0R(l) >0,R(m) > 0, then there holds the
following formula:
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(1,-B,1),(c,0:(1,1) LUA+p) _
B {K, (L) Lm} =€ ,F, 148048 4myS
_ rmra+p)
where € = AV

Theorem 2.4. (Laplace Transform) Let a,B,y,x,,me€C,R(ay—p)>0R() >
0, R(m) > 0, then there holds the following formula:

7:1 F(bj) sh-a
[T, T(a)T(¥)

L {Kioc'ﬁ'y)'(c’o):(p'q)(al, e s Ap; by, o by x); s} =
(a, D, (7, 1) ]
q ; CS
(b]’ 1)1’
Proof: By applying (1.3) and using (1.14) to the left hand side of (2.4), then we have

~ { (@) - (ap) (PInc™ () +1Ia=F1 }
- JCUS (b)) n!T((+p)a—B)
j” e (@ () (e () e
=| e
(bl)n (bq) n! F((n+y)a—/j‘)

X p+1¥q

0

Now changing the order of integration and summation

o)

e ~SX (x) (n+y)a—B—1dx

B i (@)n - (@p) (PInc™
= £ (by)y, - (bq)nn! I((n+y)a—p) J
_ i (a;)n ...(ap)n(y)nc” L{ (x)+ra-p-1 | }

Gn () 10 (et a—p)"

n=0

Now on using (1.2) we get

= Z;?:O

I'(a;+n)..T(ap+n)T(by)..T(bg)T(y+n)c™ {(x)(nﬂ')a—ﬁ—l _ s}
T'(by+n)..I'(bg+n)I(ay)..T(ap)T()n! r((n+y)a-B)’

In accordance with the definition of (1.4), we obtain the result (2.4). This completes
the proof of the theorem.

On setting p=1,9=1,a;..a, =1,b;...bg =1in (2.4) then we obtain the
following results

Corollary 2.5 (a)Leta, 8,y,x,[,m € C,R(ay — 8) > 0 R(l) > 0, R(m) > 0, then there holds
the following formula:

-p-1
(B, (c0):(1,1) x 1) “]}
LiK 1;1;x);s{=L{——— . CX
s (1 1;2);5} { r) ¥ (ay - g ay

= s Fylyses7]

Corollary 25 (b) Let a,B8,y,x,I,me€ C,R(ay — ) >0R(l) > 0,R(m) > 0, then there
holds the following formula:
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xay—ﬁ—l

Sﬁ_ay

= Ty 1Wol(y, 1);cs7¢]

1,1 _ a
H1,2[ cx

O01DA—-ay+B,a)

Special Cases of theorem 2.4
M If we take f=a—-1y=1c=-cp=1q=1a,..a,=1Db;..b;=1in
(2.4), then we obtain the following Laplace Transform of Mittag-Leffler function

SU[

(OC,a—l,l),(—C,O):(l,l) . . . J— . j—
L{K4 (1; 1 %); S} = L{E,(—cx"); s} = NE)

The above equation is a known result given by ([16] equation (2)).

(i) Ifwetake B=a—B,y=1c=1p=1q=1a;..a, =1b;..bg = 1in (2.4),
then we obtain the Laplace Transform of Agarwal’s function given as

sa=h

s®—1

L {Kim'a_ﬁ'l)’(l'o):(l V(1515 0); S} = L{Eqp(x*); s} =

It is a known result given by ([16] equation (4)).

(iii) If we take B=0,y=1,p=1,q9=1,a;..a, = 1,b; ..bg = 1in (2.4) then we
obtain the following Laplace Transform

L{KF’O’D'(C’O):“’D(1; 1; x); S} = L{Fa(e, )8} = 57—

where F, (¢, x)is the F-function defined by Robotnov and Hartley [8].The above equation is a
known result given by ([16] equation (8)).

(iv) Ifwetake a=1,=-B,y=1,p=1q9=1a;..ap=1b;..bg=11in (24),
then the following Laplace Transform of Miller and Ross’s function is obtained as

-
— . S
L{KS' PO (11, %) S} = L{Ex(B,c); s} = —

S—C

It is a known result given by ([16] equation (10)).

Theorem 2.6. (Whittaker Transform) Let a,B,y,t, L me€C,R(ay — ) >0R() >
0, R(m) > 0, then there holds the following formula:

?:1 F(bj)
T, T(a) T(y)

1 1
(ai,l)p,(y,l),(5+ya+r—ﬁ—E,a),(—5+ya+r—ﬁ—z,a>

t .
f e 2t IW, s (OKSPEPD (g ay; by, by t) de =
0

X p+3l/)q+2 q 1 )
(bj, 1)1, (ya—p8,a), (ya +1—-f—p —E,a>
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Proof: By applying (1.3) to the left hand side of (2.6), then we have

o)

to (a)n - (ap) (P e (1) HVIa-p-1
fe 2t W, 5( )Z) (b)) - (bq) nT((n+y)a— ﬁ)

0

Now changing the order of integration and summation, we obtain

[ee]

Z (al)n (ap) (V)n
(bl)n (bq)nn! F((n +y)a — ,8) .

e ™37 () VA p- W, (@) dt

Now on using (1.16), we have

Z (ayn - (ap) n
4 (by)n - (bq)nn! I((n+y)a—p)
F(%+6+na+ya+r—,8—1)F(%—6+na+ya+r—/j‘—1)
F(na+ya+r—ﬁ—1—p+%)
Z (ap)p - (ap)n(y)nc”
2 (by)n - (bq)nn! r((n+y)a—p)

F(6+ya+r—ﬁ—%+na)1“(—6+ya+r—ﬁ—%+na)

X

X

1
F(ya+r—,8—p—7+na)
In view of (1.2) and (1.4), It completes the proof.

Corollary 2.7 On setting a =1, =-,y=1,p=1,q=1,a;..a, =1,b; ...bg =1 in
(2.6), then the following formula holds true for the Whittaker transform of Miller and Ross’s
function

o

t ] t
f e 2t W, s(O) K TP EO D 1 yae = f e 2t W, s(D)E, (B, ¢)dt

Litb6+B+1,-—6+F+1

=C.F 2 2 ‘c

312 1 )
1+B,5—p+p+r1

r(3+8+B+7)r(5-6+p+1)

where C = T
rA+B)T(5-p+p+1)

. Here equation (2.7) is a new result.

Corollary 2.8: On settingp = 1,q = 1,a4 ...a, = 1,b; ... by = 1 in (2.6), then the following
formula holds true for the Whittaker transform of Fox Wright function
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t .
f e 2t IW, 5 (K PE D (15 15 1) de
0

f ereh (1)
= e_itr_lw t e —— ’ ;Cta] dt
Of O Wi ga-pa
1 (V;l),(5+T+Va—ﬁ—%,a),(—6+r+ya—,8—%,a)
=5 3¥2 iC
r(y) (ya—ﬁ),(r+ya—ﬁ—p—%,a)

This is a new result.

3. CONCLUSION

The integral transforms presented in this paper are new and can be further extended in

more useful results due to their generalized nature, which can be applied in various fields of
applied mathematics, engineering etc. Some extentions of the main results are also considered
as special cases which are well known results of eminent researchers.
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