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Abstract. In this paper, we show that the system of difference equations

X = Xi2Zn-3 y = Yn2%n-3 7 — Zn2Yn-3
" b.X,5Z0s) " Xoa (@ B YeoXes) (A +B,z )
Zn—l (an + n-1\“%n nyn—2 n-3 yn—l hn-2 yn—3

,neN,,

n“*n-2-n-3

Where the Sequences (an )neNO ! (bn )neNO ! (an )neNO ! (ﬂn )neNO ! (A1)neN0 ! (Bn )neNO ! and the Inltlal

values X_;,Y_,Z ;, ] e{l, 2,3} are non-zero real numbers, can be solved in the closed form.

Also, we determine the forbidden set of the initial values by using the obtained formulas.
Finally, we obtain periodic solutions of aforementioned system.
Keywords: periodicity; system of difference equations; forbidden set.

1. INTRODUCTION

Solving non-linear difference equations and their systems is a very hot topics that
continue to attract the attention of a wide range of researchers, we can consult the following
papers [1-23]. One of important non-linear solvable difference equation is the following
difference equation

Xn—lxn—2
Xoq = , heN,. 1.1
n+1 Xn (i1+ X Xn,z) 0 ( )

— "n-1

El-Metwally et al. obtained the solutions of the equation (1.1) and studied the behavior
of the solutions long time ago in [24].
In an earlier paper, Ibrahim et al. in [25] studied the solutions of the rational difference
equation
Xpug = Tt oo , NeN, (1.2)
X, (a, +b,X, 1%, ,)

n“*n-1

where(an)neNo and (bn)neNo are real two-periodic sequences and initial values x_,,Xx_,X,are
nonzero real numbers.
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A few years ago, in [26], Ahmed et al. investigated the periodic character and the
form of the solutions of some rational difference equations systems of order-three

Xn1Yn-2 Yna¥n2
s Yo = ,neN,, (13)
Yn (_1i Xn—lyn—2) ' X (ili y"‘lxn_z) 0

Nl

by induction with x_,,X ,,X,,Y,, Y, and y, are nonzero real numbers. When the assumption
of x, =y, and X,=Y,, X, =Y,, X =Y, in system (1.3), system (1.3) is reduced special

case of the equation (1.2).
Recently, in [27] we showed that the following difference equations system

Xn—Z yn—3 — yn—ZXn—3 ’ ne No’ (14)

X = Y, =
Yo (an +b X, yn,3) X1 (an + B, Yn2X0s )

n

where the sequences (an)neNo ! (bn)neNo ! (an)neNo ' (ﬂ”)neNo and the initial values X—i’y—J"

j €{1,2,3} are non-zero real numbers can be solved in closed-form. In addition, we obtained
the forbidden set of the initial values x_;,y_;, je {1, 2,3} for system (1.4) and give a study of
the long-term behavior of its solutions when for every neNg, all the sequences (a,), (b, ),

(a,). (B,) are constant.
Quite recently in [28], was found exact formulas for the solutions of the system

Xn—k+1yn—k y — yn—k+1Xn—k ne N (1 5)
4 n+1 ’ 0! .
yn (an + bn Xn—k+1yn—k ) Xn (Cn + dn yn—k+an—k )

n+l T

where (a,) (bn)neNo (c, )neNo and (dn)neNO are non-zero real sequences. System (1.4) can

neN, ’
obtain by taking k =2 in system (1.5).

Finally, we showed that the following higher-order system of nonlinear difference
equations

Xn—k yn—k—l y”—k X"‘k_l ,Ne NO' (16)

X, = y Yo =
yn—l (an + bn Xn—k yn—k—l ) Xn—l (an + ﬂn yn—k Xn—k—l )

n

where k’ le N' (aﬂ )neNO ! (bﬂ )neN0 ! (Otn )neNO ! ('Bn )neNO and the initial values X—j ! y—j !

j=Lk+1,are real numbers can be solved in [29]. Also, by using the solutions of system
(1.6), we investigate the asymptotic behavior of well-defined solutions of the above difference
equations system for the case k =2, | =k.

A natural question is to study three-dimensional form of equation (1.2) and system
(1.4) solvable in closed-form. Here we study such a system. That is, we deal with the
following system of difference equations

Xn—ZZn—B yn—ZXn—3 Zn—2 yn—3
X, = Y, = 2, = ,neN,, (1.7)
Zn—l (an + b X Zn—3) Xn—l (an + ﬁn yn—ZXn—S) yn—l (A1 + Bn Zn—2 yn—3) °

n“*n-2
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where the sequences (an)neNo : (bn)neNo (a, )neNo : (,Bn)neNo , (A1)neN0 : (Bn)neNO and the initial
values x_;,y ;,Z_;, j €{1,2,3} are non-zero real numbers.

Definition 1.1. (Periodicity) Let {x,y,,z,} , be solutions to difference equations system
(1.7). The solutions {x,,,,z,}
Z,,, =2, forall n>n,. If n, =-3 issaid that the solutions are periodic with period p.

is said to be eventually periodic pif x, =X, ¥,., =Y.,

n>-3

Lemma 1.2. [30] Let (a,) , and (b)) . be two sequences of real numbers and the

sequences Y,,..;,i € {0,1} be solutions of the equations
y2m+i = a2m+i y2(m—1)+i + b2m+i yme I\IO' (18)

Then, for each fixed ie{0,1} and m>-1, equation (1.8) has the general solutions

m m m
Yomei = Yile_[azjn +Zb2|+i H i
i=0 1=0

j=I+1

Further, if (a,) , and (b,) _, areconstantand i<{0,1}, then

a™y, ,+b(55), ifazl
y T
’ Yi,+b(m+1), ifa=1

2. CLOSED-FORM SOLUTIONS OF SYSTEM (1.7)

Let {(xn, yn,zn)}nz_3 be solutions of system (1.7). If at least one of the initial values
X, Y. 2;,1=12,3 is equal to zero, then the solutions of system (1.7) is not defined. For
example, if x,=0,then y,=0and so z, is not defined. Similarly, if y,=0 (or z ,=0),
then z,=0 (or x,=0) and so x,(or y,) is not defined. For i=12, the other cases are

similar.
On the other hand, if x, =0for some n, € N, ,then according to the first equation in

(1.7) we have that x, , =0or z, ;=0.If -3<n,—-2<-lor —-3<n,—3<-1,then we have a

jo€{12,3}, such that x_, =0or z_; =0.If n, >3 then by using the equations in (1.7) we
have that x, ,=0 or z, ,=0if x ,=0, or z ;=0 or y, (=0 if z, ,=0. If
-3<n,-4<-1 or -3<n,-5<-1in the first case, or -3<n,-5<-lor -3<n,—6<-1in
the second case, then we have a j, € {1,2,3} such that x; =0or y ; =0or z; =0.
Repeating this procedure we find a p e{1,2,3}such that x_ ; =0or y_, =0or z_, =0.As we
have proved above, such solutions are not defined.
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1 a +bnxn 2°n-3 ’ 1 — an +ﬂnyn—2Xn—3 , 1 — Ah + ann—zyn—S ’n ENO. (21)
X Zn—l Xn—ZZn—S yan—l yn—ZXn—3 Zn yn—l Zn—zyn—3

Applying the substitution

u, = 1 V= 1 W, = L ,N>-2, (2.2)

Xn Zn—l yn Xn—l Zn yn—l

then system (2.1) reduce to the following linear difference equations of order two

u,=au,,+b,v, =V, ,+4,w,=Aw,,+B,neN,. (2.3)

In view of Lemma 1.2, for ie {0,1}, the general solutions of equations in (2.3) are

2m+| = ul ZHaZJ-H +zb2l+| H a2]+|’

j=I+1

2m+| =V, i— ZHaZJH +Zﬂ2I+| H a21+|’ (24)

j=I1+1

Wonsi =W, HAZJ+I+ZBZI+|HAZJ+Um€N

j=l+1
From equations in (2.2) we have that

X — W2m+i—1 u2m+i—3 V2m+i—5 X
2m-+i vV W 2(m=3)+i?
2m+i 2m+i-2 2m+i-4

u2m+i—1 V2m+i—3 W2m+i—5
Yomii = yz(m_s)q' (2-5)
V2m+i W2m+i—2 u2m+i—4
ZZm+i — V2m+i—1 W2m+i—3 u2m+i—5 Zz _,m c N,
(m=3)+i
W2m+i u2m+i—2 V2m+i—4

where ie{1,2}, and consequently
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_ W6m+j—l u6m+j—3 V6m+j—5 N
Xomej = Xom-1)+j» M € No,
6m+ j V6m+j—2 W6m+j—4
u6m+j—1 V6m+j—3 W6m+j—5
y6m+j = y6(m—l)+j ,me I\IO' (26)
V6m+j W6m+j—2 u6m+j—4
_ V6m+j—1 W6m+j—3 u6m+j—5 m N
Lomej = Zo(m-1)+j» M € N,
W6m+j u6m+j—2 V6m+j—4
where j€{3,4,5,6,7,8}. From (2.6), we get that
o W6j+|—1 u6j+|—3 V6j+|—5
Xemut = X6 )
i=0 Usjur Veju2 Wejia
m U V.. W, .
_ 6j+1-1 "6j+I-3 6j+1-5
Yomet = Yie] | : 2.7)
j=0 V6j+| W6j+|—2 u6j+|—4
_ i V6j+l—1 W6j+l—3 l"IGj+I—5
Z6m+| - ZI—G ’
j=0 W6j+| u6j+|—2 V6j+l—4
where m>-1and |€{3,4,5,6,7,8}. From (2.7)
_ i W6j+2i+k—l u6j+2i+k—3 V6j+2i+k—5
X6m+2i+k - X2i+k—6H !
j=0 u6j+2i+k V6j+2i+k—2 W6j+2i+k—4
m U.. .. V.. .. W, ..
_ 6j+2i+k-1 "6 j+2i+k-3 6j+2i+k-5
Yomszisk = y2i+k—6H : (2.8)

j=0 V6j+2i+k W6j+2i+k—2 u6j+2i+k—4

m
7 =7 V6j+2i+k—1 W6j+2i+k—3 u6j+2i+k—5
6m+2i+k — “2i+k—6 | I !

j=0 W6j+2i+k u6j+2i+k—2 V6j+2i+k—4

for i€{1,2,3} and k e{1,2}. Employing (2.4) in (2.8), we get
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3j+i 3j+i 3j+i 3j+i-1 3j+i-1
m —ZHA23+ZBZIHA23 —ZHa25+ZbZIH 2s
X =X s=I+1 =l+1
Bm+2i+1 2i—5 3]+| 3]+| 3j+i 3j+i l 3J+I 1 3J+I -1
“u Ha25+l + szml_[ I H Ay T Z Para H Upsa
s=l+1 s=I+1
3j+i-2 3j+i-2 3j+i-2
Vo, H ys + Z Ba H Oy
% s=0 1=0 s=l+1
3j+i-2 3j+i-2 3j+i-2
H A25+1+ Z BZI+1 H A25+1
s=l+1
3j+i 3j+i 3j+i 3j+i-1 3j+i-1 3j+i-1
m 7 HA23+Z—2y3ZBZIHA25 Ha25+x Z3ZbZIH 28
= X.. H Yl s=0 s=l+1 s=I+1
2i-5 | X y 7 3j+i 3]+| 3j+i 3j+i l 3J+I—1 3j+i-1
=0 _: 343
: 30 H32s+1+x Z szml_[ Qs H Upgq T Y1 X0 Z Bara H Ursn
s=l+1 s=l+1
3j+|—2 3j+i-2 3j+i-2
H Oy + Y X5 Z Ba H Uys
1+1
3j+i- 2 3J+I 2 ;j:l 2
H A25+l+ z 1y Z le+1 H AZs+1
s=I+1
(2.9)
3j+i 3j+i 3j+i 3j+i-1 3j+i-1 3j+i-1
m H A25+l + Z BZI+1H A25+l H 2s+1 + Z b2I+1 H a25+1
X =X H s=1+1 s=0 s=1+1
6m+2i+2 2i-4 3j+l+l 31+|+1 3j+i+l 3j+i 3]+| 3j+i
H At z by, H Ay Hazs + Zﬂm HO‘ZS
s=I+1 s=I+1
3j+i-2 3j+i-2 3j+i-2
v H Opsq + Z Pora H Oysnn
1+1
3J+I—1 3J+| -1 3Js+|:r1
W—2 H AZs Z BZI H AZs
s=0 s=I+1
3j+i 3j+i 3j+i 3j+i-1 3j+i-1 3j+i-1
m X z HA25+1+ z 1y Z BZI+1H A25+l H a25+1 z b2I+l H a25+1
=X H —3y—3 -3 | s=0 s=1+1 s=1+1
2i-4 ! X y 7 3j+i+l 3J+I+l 3j+i+l 3J+| 3J+I 3j+i
=0 -1)-15-1
: t Ha25+x 232 b2|Ha25 Hazs+Y-z ZﬁmHazS
s=I1+1 s=0 =l+1
3j+i-2 3j+i-2 3j+i-2
H Xy T Y1 X, Z Pora H Oysnn
% s=0 1=0 s=I+1
3j+i-1 3j+i-1 3j+i-1 !
H A2s+22y3 Z BZI H AZs
s=I+1
(2.10)
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3j+i 3j+i 3j+i 3j+i-1 3j+i-1 3j+i-1
m ZHaZS + zbm H Ay, Vo, H Oy + Z B, H Ay
_ s=l+1 s=0 1=0 s=I+1
y6m+2i+l - y2i 5 3]+| 3]+| 3j+i 3j+i-1 3j+i-1 3j+i-1
v Hazs+1+2ﬂ2|+11_[a23+1 W H At Z Boia H Assa
s=l+1 s=I+1
3j+i-2 3j+i-2 3j+i-2
W_ H AZS Z BZI H AZs
1+1
3j+i— 2 3J+I 2 ;J+|+2
u_ H a‘25+l+ Z b2I+1 H 25+1
s=I+1
3j+i 3j+i 3j+i 3j+i-1 3j+i-1 j+i-1
m Ha25+x ZSZbZIHaZS Hazs"'Yz 3Zﬁ2|Hazs
— H X Y2, s=0 s=l+1 s=I+1
- y2i—5 X y 7 3j+i 3]+| 3j+i 3j+i l 3]+|—1 3j+i-1
0 .V .7
: 3T Hazs+1+y X Zﬁ2|+1Ha25+l H A +2,4Y, z Baia H Assia
s=I+1 s=l+1
3j+i-2 3j+i-2 3j+i-2
H Ao +2,Y 4 Z By [ A
=141
3]+| 2 3]+I 2 §j+T2 !
H a25+l Z b2I+l H 2s+1
s=I+1
(2.11)
3j+i 3j+i 3j+i 3j+i-1 3j+i-1 3j+i-1
m U Ha25+1 + szml_[ Ay Vo H Oy T Z Bara H Uysn
_ s=l+1 s=l+1
y6m+2i+2 - y2i74H 3J+|+1 3J+I+l 3j+i+l 3j+i 3]+| 3j+i
0
" ZHa25+Zﬂ2IHa23 ZHA25+ZBz|HA25
s=l+1 s=I+1
3j+i-2 3j+i-2 3j+i-2
W—l H AZs+1+ z BZI+1 H A25+l
X s=0 1=0 s=l+1
3j+i-1 3j+i-1 3j+i-1
u_ H a25+ Z b2I H a2$
=l+1
3j+i 3j+i 3j+i 3j+i-1 3j+i-1 3j+i-1
m Hazs+1+x Z zbzml_[ s H Ayg g T Y1 X Z Bara H Oysnn
_ H X—3y—3 -3 | _s=0 s=l+1 s=I+1
- y2i74_ X y 7 3j+i+l 3]+|+l 3j+i+l 3j+i 3]+| 3j+i
NIt H Oy +Y X5 Z Pa H Oy HAZS +Z,Y. 32 lel_[ Ay
s=0 1=0 s=I+1 s=I+1
3j+i-2 3j+i-2 3j+i-2
H A25+1+ z 1y Z le+l H A25+1
1+1
3]+|—l 3]+| -1 SJiI—I !
H a25+x 23 Z bZI H aZs
s=I+1
(2.12)
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3j+i 3j+i 3j+i 3j+i-1 3j+i-1 3j+i-1
m —ZHQZS +Zﬂ2l HO{ZS —2 H AZS Z H AZS
7 =7 s=I+1 1=0 s=I+1
6m+2i+1 2i- 5 3]+| 3J+I 3j+i 3]+| l 3j+i-1 3j+i-1
W HAZS+1+Z BZI+1H A25+l u_ H a'25+1 Z b2I+l H a23+l
s=l+1 1=0 s=l+1
3j+i-2 3j+i-2 3j+i-2
U ]2 2 [ 2
s=I+1
X 3j+i— 2 3J+I 2 3j+i-2
v, H Opsa t Z Pora H Uysn
s=0 1=0 s=I+1
3j+i 3j+i 3j+i 3j+i-1 3j+i-1 3j+i-1
m . Ha2s+y2 3Zﬂ2|Ha23 H A +7,Y, Z B, H Ay
—7 H 1Yl s=0 s=1+1 s=0 1=0 s=l+1
— ~2i-5 X y Z 3j+i 3J+| 3j+i 3j+i-1 3j+i-1 3j+i-1
j=0\ A-3Y-34-3
HA25+1 +2 1y Z BZI+1H A23+l H a23+1 z b2|+1 H a25+1
s=I+1 s=l+1
3j+i-2 3j+i-2 3j+i-2
H B +X,7 Z b, H 2
=l+1
3j+i— 2 3j+l 2 3]+| 2 !
H Ops T Y1 X, Z Bora H Upsna
s=0 1=0 s=I+1
(2.13)
3j+i 3j+i 3j+i 3j+i-1 3j+i-1 3j+i-1
m v Ha25+1+2ﬂ2l+lHa25+1 H s+l+ Z BZI+1 H A25+1
7 =7 s=1+1 s=l+1
6m+2i+2 2i-4 3j+|+1 3]+|+l 3j+i+l 3j+i 3J+I 3j+i
J:
ZH AZs Z BZI H AZs ZHa25+zb2IHa25
s=I1+1 s=1+1
3j+i-2 3j+i-2 3j+i-2
u_ H a25+l+ Z b2I+1 H 2s+1
% = s=I+1
3j+l -1 3]+| -1 3j+i-1
V. H Oys + Z Ba H Oy
s=I+1
3j+i 3j+i 3j+i 3j+i-1 3j+i-1 3j+i-1
m (% 7 Ha25+1+ Y X, ZﬁZHlHaZsﬂ H A +2,4Y, Z Baia H Assia
=7 —3y—3 -3 | s=0 s=l+1 s=I1+1
— f2i-4 X,y ,Z 3j+i+l 3J+I+l 3j+i+l 3j+i 3J+I 3j+i
j=0 1Y -141
H A23+Z—2y—3 z BZI H AZS Ha25+x Z3zbZIHa25
s=0 1=0 s=I+1 s=I+1
3j+i-2 3j+i-2 3j+i-2
H a25+1 Z b2|+l H 2s+1
) 5= =l+1
3J+I—1 3J+| -1 3]+|—1
H Oy Y X5 Z B, Ha25
s=I+1
(2.14)

forevery m>-1, ie{1,2,3}.
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The forbidden set of the initial values for system (1.7) can be given in the following
theorem.

Theorem 2.1. Assume that a, #0,b, #0, o, #0, B, #0, A, #0, B, #0, neN,. Then the
forbidden set of the initial values for system (1.7) is given by the set

' 1 1 1
F= U U{(X%’ XXy Yar Yo Y Za 25, Zfl) eR’: Xiolia=—""YioXis =714 5Yis =—1}
meN, i=0 C., d, e,
3
UU{(X,S,X,Z,X,l,y,S, YY1 242,,2,)eR X #0,y ;#0,z; =0},
j=1
m b, m g it m B, il
where ¢, =-> =] ! #0,d,_ ;:_Z@H 1 £0,e =—Y 21 1 o
i=0 &pjii 1=0 Aoy =0 X jui 1=0 Ugyy; 0 A o0 Ao

Proof: At the beginning of Section 2, we have acquired that the set
: 9
LH(X a0 X0 X0 Yo Y0 Y0 250252, ) € RO X =0,y %0,z %0}
j=1

belongs to the forbidden set of the initial values for system (1.7). Now, we assume that
X, #0, y,#0 and z, #0.Note that the system (1.7) is undefined, when the conditions

a

a,+bx ,z,,=0 o, +8Y,,% ;=0 or A+Bz,,y,,=0 that is, X _,zZ .= —b—”,
a, A i .
Y, X, s =——- Or znfzynf?,:—B—,for some neN,, are satisfied(Here we consider that
b,#0, B,#0 and A =0 forsome neN,). From this and equations in (2.2), we get
bz i ﬁz i Bz i
u m-— +i:_ﬂ’v m-— +i:_¢’w m-: +i:_¢’ (215)
Ay Lomai Ay Aomai Ay Pomsi

for some meN, and ie{0,1}. Hence, we can determine the forbidden set of the initial
values for system (1.7) by using the equations in (2.2). Now, we consider the functions

f2m+i (t) = a2m+it + b

2m+i?
g2m+i (t) = a2m+it + ﬂ2m+i ' (216)

Ny (t) =ALt+B, L, meNie {011}’
which correspond to the equations of (2.3). From (2.3) and (2.16), we can write

Uy = Fomai © fz(m_1)+i ow-wo f, (Ui_z), (2.17)

ISSN: 1844 — 9581 Mathematics Section
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Vomsi = Yomei © opm)ai @0 Y (Vi,2)1 (2.18)
W2m+i = h2m+i °© hz(m71)+i ©ere0 hi (\Ni,z )1 (219)

where me N, and i €{0,1}. By using (2.15) and implicit forms (2.17)-(2.19) and considering

G1,(0)=—2mt g2 o(0)=—Lmi p2o(0)=-Bemst for men, and ic{0), we
2m+i 2m+i m-+i

have
l'I|—2 = fi_l Or© fZ_rr:ll.Jri (0)1 i-2 g| o g2_rjr-1+i (0)’\Ni—2 = hi_l h2r1.1+| (0)’ (220)

where  f,(t )—tb& Upmsi (1) = - 'BZ”‘*', h: . (t)—tB—zm*i, for meN,,ie{0,1}.
a‘2m+i a2m+| m+i
: LY S S | Biiiy 1
From (2.20) we obtain =) 2 =— I
; a‘2]-¢—| 1|_6[ a'2I-¢-| JZ(;aZj-H ]|:)[0!2|+|
m B j-1
W, = ZA?H HAZL for some meN, and ie{0,1}. This means that if one of the
j=0 j+i 1=0 1+i

conditions in (2.20) holds, then m—th iteration or (m +1)—th iteration in system (1.7) can not
be calculated.

3. CASE OF CONSTANT COEFFICIENTS

In this section, we examine the forms of solutions of system (1.7) for the case when
a,=a, b,=b, a,=a, ,=6, A=A and B, =B, for every neN,. Then, the system
(1.7) becomes

Xn—ZZn—3 yn—ZXn—3 Zn—2 yn—S
X = Y, = 2, = ,neN,. (3.1
Zn—l (a + bXn—ZZn—S ) Xn—l ((Z + ﬂyn—z Xn—3 ) yn—l ( A + BZn—Z yn—3 ) ’

We start the following theorem describing the form of well-defined solutions of
system (3.1).

Theorem 3.1. Let {(X,,Y,.2,)} , be well-defined solutions of system (3.1). Then, for
m>-1and ie{1,23}, ke{l2} we getthat
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=X H( 3Y 32 J A ((1_ A)- zk_3yk_4B)+ Zy-3Yi-4B
Xom2isk = Xaivk-s L XLy 2 ik ((l a) X7kZ,k,1b)‘F X 2 b
) 3]+| ((1 a) Xk—3zk—4b)+ Xk—3zk—4b (3 2)
3J+|+k l( y X—k—lﬂ)+ Yo Xk _1ﬂ .
o3 1((1 ) Vi X 4ﬁ)+ Yia X 4ﬂ
A3J+|+k 2 (1 A Z.Y 4 )+ Z_, y_k_l ’
Y =Y H( X3y 32 J2k3 a?™ ((1 a) Xk73zk*4b)+ Xk*3zk*4b
6m+2i+k — J2i+k—6 Lo X,ly 7 a3j+|+k ((1—6!)— y_kX—k—lﬁ)+ y_kX—k—lﬂ
) a31+| (( _a)_ yk73Xk—4ﬂ)+ yk73Xk—4ﬂ (3 3)
S ((1_ A) ~z, y,HB) +2.,Y,,B .
X AT ((1_ A) - Zk—3yk—4B) + Zk—3yk‘4B
a3j+i+k—2 ((1_ a) — X,szkflb) + X ka—lb 1
y H( Y2 J2k—3 asjml((l_a)_ yk73xk74ﬂ)+ Vi aXa B
Zeme2isk 2i+k—6 Lol XLy 2 A31+|+k ((1_ A)_ Z, y,k,lB)—i_ Z, yfk—lB
AY ((1 A)=Z 3V q )+ Z,_3Yi 4B (3.4)
3J+I+|( l( 1 a X Z e )_|_ X,kZ,k,lb .
3J+| 1( Xk 32k 4 )+ Xi_3Zy_ 4b
3]+|+k 2( klﬂ)+yk klﬂ
when a=la =1, A=],
Xomi2isk = Xoitk eﬁ(x_sy—gz_s JZk_3 1+z, 3yk—4B(3j ti +l)
e = Xamcs L 50075 I ((1-a) = X 2y b )+ X 2y b
3J+I ((1 a) Xk—3zk—4b) + Xk_szk_4b (3 5)

X
P! ((1_ a) -Y., X-k—lIB) + y_kX_k_lﬂ

) a3j+i—1 ((1—0[)— yk—3Xk—4ﬂ)+ yk_3Xk—4ﬂ
1+z, yfk—lB(3j +itk- 2)
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Yemeziek = Yai ﬁ X3Yals - 3HI+1((1 a) ~aZ 4b)+xk—32k—4b
6m-+2i+k 2i+k-6 3]+|+k (( _ )_ Y. 7k71ﬂ)+y7kxikilﬂ

j=0 X_:L y—lz—l

X o’ ((1—0‘) B yk—axk—4ﬁ)+ YisXiaf
1+ Z—ky—k—lB(sj +itk _1)

(3.6)

1+ Zk—Syk—4B(3j ti _1)
X — 1
glititk-2 ((1_ a) - X, z_k_lb) +X,2,4b

Lo =y GH XY sZs e a3j+i+1((1_a)_yk—SXk—Aﬂ)+yk—3Xk—4ﬂ
m+2i+ I+ XY 124 1+ kayfkle(3j+i+k)

y 1+ Zk_3yk—4B(3j+i)
goirivk- ((1— a)-Xx Z—k—lb) X, Zyqb

g3+ 1((1 a) Xk—SZk—4b)+ Xk_3Zk_4b

X )
o (( -a)- y—kX—k—lﬂ) YKo

j=0

(3.7)

when a=la#1 A=,

6m+2|+k

A3]+|+l 1-A)-7z y +2Z, .Y B
2,+keH[ 3y 3Z_ J (( ) k3k4) k-3Yk-4

XYL 3]+|+k((1 a)—X_,Z )+X Zklb
) PRI ((1 a) b)+ Xy 32— 4b
1+y., —k—lﬂ(BJ +itk _1)
1+ yk—SXk74ﬁ(3j ti _1)
X —— ’
ASTH ((1— A) —Zy y—k—lB) *24YB

j=0

(3.8)

2k-3 gdiri+t ((1 a) Xk_szk_4b) + Xk_32k_4b
1+y ., X B3] +i+k)
X 1+ yk—SXk—4ﬂ(3j +i)
AT (1= A) =2, ,1B) + 2,0y,

A=) -2 B) 42y, B
goIik2 ((1_ a) - X, Z_k_lb) +X 2, 4b )

2k-3 ..
26m+2i+k = ZZi+k6ﬁ( X73y73273 J 3j+i+k ol yk73Xk74ﬂ(3J = +1)
im0\ XaYaZy A” ((1_ A) —Zy y—k—lB) +2,Y,4B
AT ((1_ A) L3 yk—4B) +2,_5Y, 4B
a7 ((1-a) - x 2, )+ X,z b
a®l " ((1-a) =Xz, b)+ X, s7,_b
1+y, 7Hﬂ(31 +i+k-2)

Z_
Yemeaiek = Yairk- GH[ “ats J

j=0 lez

(3.9)

(3.10)
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when azla=1 A1

—x H X 3Y 32 i ((1_ A) — %3 yk—4B) +Z,_5Y,_4B
Xem2ick = Xoisk—6 X,Y4Z, 1+x kaflb (3] +i+ k)

1+ X 32,4 (3j +1)
X 3j+i+k-1
a (( ) Y-k X—k—lﬂ) Y X
X o’ ((1_ a)- yk—SXk—4ﬂ) * YiXeoh
A2 ((1— A) —Zy y—k—lB) + 2.4 Y4B |

j=0

1+ X 32 0(3]+i+1)

2k-3
3Y 32 ~
Yom-2iek = Yair : ) o
ome2ivk — Y2itk- 61,_!(X YaZo o ((1—“)_ kX—k—lﬂ)+ YaXsaf
X o’ (( -a)- yk—3xk—4ﬂ)+ YicsXiaf
R (RN

X AT ((1— A) B Zk73Yk—4B)+ ZsYiaB
1+x,2,b(3]+i+k-2)

H X3YsZs e agj:fl((l_a)_ yk—3xk—4ﬂ)+ YisXe-al
Zomioisk = Loitks X, Y.7, A3]+|+k ((1_ A)— z, y—k—lB)+ Z, y—k—lB

y A ((1_ A)- Zk—3yk—4B) +Z, 5B
1+ X, 2, b(3j+i+k-1)
1+ Xk—3zk—4b(3j +i —1)
X 3j+i+k-2 y
o ((1_a)_ yka—k—lﬂ)'i_ yka,k,lﬂ

j=0

when a=1a#1 A#1,

X o =X, ﬁ( X3Y3Z 34 JZkg 1+z7,_ 3yk,4B(3j +i —|—l)
6m+2i+k 2i+k—6 o X 1y_12_ 3j+i+k ((1 a) Xik Zikilb)ﬁ_ Xik Zikilb

a®" ((1-a) = X 42, D)+ %52, b
1+y X, B(3j+i+k-1)

1+ Y, X B(3j+i-1)
1+2,y,,BBj+i+k-2)’

(3.11)

(3.12)

(3.13)

(3.14)
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XY 32, e 3J+I+1 ((1 a) b)+xk—32k—4b
y6m+2|+k y2|+k GH .
0\ XaY4Z4 1+y, ,Hﬂ(31+|+k)

1+Ys k—4ﬂ(3j + i)

142,y ,B(3]+i+k-1) (319
y 1+27,,Y,.B(3j+i-1)
eviTk2 ((1_ a) —X, Z,k,lb) +Xx,2,.,b ’
N ﬁ X3y 3Z 4 "1y yk—SXk—4ﬂ(3j +i+1)
6m-+2i+k 2i+k—6 ol XYz, 1+ Z, y_k_lB(Bj +i+ k)
1+7,,Y,B(3j+i)
_ 3.16
x QoL ((1_ a)- kasz—lb) +X 2,40 (3:10)
3J+| 1((1 a) Xk_szk—4b)+xk—3zk‘4b
X
1+y X, B(3j+i+k-2) '
when azla=1 A=1,
o H Vs -3 A3ititl ((1_ A)— Zk—3yk74B)+ zk73yk,4B
em+2ick — A2itk—6 L x,y,z, 1+ x_kz_k_lb(3j +i+ k)
1+ X _3Z,_b(3j +i) (3.17)
1+yk L B(Bj+it+k-1) '
1+ 1y, 5X k74ﬁ(31 +i _1)
X 3jriek=2 ’
AT ((1-A) =2,y ,B)+ 2, Y., B
XY o2 1+ X 37, 0(3j +i+1)
Yomioick = Yairk- 6H( XY .,Z ) 1+ yikxikflﬂ(3j +i+ k)
1+ yk—3Xk—4ﬂ(3j + i) (3.18)

X A3j+i+kfl ((1_ A) -7, y—k—lB) +Z, y—k—lB
A3j+i_l ((1— A) - Zk,syk,4B) + Zk73yk74B
1+x, 2, b(3j+i+k-2)
=7 H[ 3Y 32 jZk_S — 1+ yk_3Xk_4ﬁ(3j +i+1)
Z6m2ik 2i+k-6 L X,Y..Z. A31+|+k ((1_ A)_ z, y—k—lB)+ Z, y—k—lB

A2, B) 2y, B (3.19)
1+x,2,,b(3j+i+k-1)
1+ X370 (3] +i-1)

><1+y_k X, B(3j+i+k-2)

X
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when a=1a=1 A=1

X6m+2i+k

y6m+2|+k y2|+k GH(

X

m
= X2i+k6H(
j=0

XLy .2, A8, Zkisyk74B(3j +1 +1)
X4.¥Y4Z,y 1+x,2, 1b(3j+i+k)
1+x b(3j+i
X 3j+i+k-1 < k - ( J )
o ((1—0[)— k —k—lﬂ)+ yka,k,lﬂ

o it ((1—05) - yk—3xk—4ﬂ)+ Y sXi s/
1+ Z,kyfkle(sj +i+k _2)

XsY.aZq TK'S  Lex.2 b(3j+i+)
X Y2 ot ((1—0{)— y—kx—k—lIB)+ Yo X
o (( B a) B yk—3xk—4ﬂ) +YiaXaB

1+, y,,B(Bj+i+k-1)

1+7,,YB(3j+i-1)

1%,z b(Bj+itk-2)

m
Lomiisk = 22i+k—6| |
j=0

X o 2iHik2 ((1—0{)—

when a=1La =1 A=1,

6m+2|+k

ISSN: 1844 — 9581

X3Y 3Zs g ((1_ a) - yk—3Xk74ﬂ) +YiaXa
XY .2, 1+z.y,,B(3j+i+k)

1+72,,Y,.B(3j+1)
1+ X, 2 b(3j+i+k-1)
1+ X 52, ,b(3j+i-1)
Yk —k—1ﬁ)+y—kx—k—1ﬂ1

XY o2 2I(731+zk_3yk_48(3j+i+1)

X,y 2. J 1+ X2, b(3j+i+k)
1+ X _3Z,_b(3] +i)

1+y KB (Bi+i+k-1)

1+, 5 k—4ﬁ(3j +i- )
1+2,y,,B(3j+i+k-2)

(3.20)

(3.21)

(3.22)

(3.23)

Mathematics Section



160 On a solvable system ... Merve Kara and Yasin Yazlik

Yems2isk = Yai k61ﬂ[£X_3y_32_3 j2k_3 1+ Xk—3zk-4b(3j_+i_+1)
o ' =0\ X4YaZy 1+ y—kx—k—lﬂ(3j+l+k)
1+ yk—SXk—4ﬁ(3j +i)
1+2,y,,B(3j+i+k-1)
y 1+7,,Y,,B(3j+i-1)
1+x, 2, b(Bj+i+k-2)’

(3.24)

2k-3 ..
g ﬁ X oY aZ 1+ Yo% B(3+i+1)
6m+2i+k — £2ik—6 X, Y17, 1+z.,vy ,,B (3] +i+ k)

1+7,,Y,B(3j+i)
1+ X, 2 b(3j+i+k-1)
L X_sZ_b(3]+i-1)
1+y, X, LB (Bj+i+k-2)

j=0

(3.25)

when a=1a =1 A=1.

Proof: By using Lemma 1.2 and equations in (2.9)-(2.14), we can easily obtain the general
solutions of system (3.1).

Lemma 3.2. Consider system (3.1). If a=1, a=#1 A=1 b=#0, f+#0 and B=0, then the
system (3.1) has 6 —periodic solutions.

Proof: Let
pn = Xn—ZZn—a" rn = yn—ZXn—3’ Sn = Zn—2 yn—3’ ne I\]O' (326)
Then from (3.1) we have that

pn _ rn Sn

_—15 )
a+pr.’ ™ A+Bs,

neN,. (3.27)

If b=0, =0 and B=0, then system (3.27) has a unique equilibrium solution which
(_p,F,E) is different from (0,0,0), that is,

£0,r =r=——=0,5 zgz%io,neNo. (3.28)

If p=0or r=0 or s=0, then system (3.1) has not well-defined solutions. From (3.26) and
(3.28), we get that
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_1-a_(1-a)B ~  (1-a)B(l-a) B(l-a) _1-«

%2 bz, , b(1-A) Yot = b(1-A)px, s (1-A)p froe = BY.

=X, g, N=5,

_l-a_(l-a)b  (L-a)b(l-A)_b(1-A) _1-A
" Bx., p(-a) "™ B(l-a)By,, (1-a)B "° Bz,

yn—2 = yn—8’ nz 5’ (329)

, :1—A:(1—A),BX :(1—A)ﬂ(1—a):,8(1—a)y _1-a
" By,, B(l-a) " B(l-a)bz,, (1-a)b’™° bx

=1Z,4,N25,
n-7

from which along with the assumptions in Lemma 3.2, the results can be easily seen.

CONCLUSION

In this paper, we have consider the following three-dimensional system of difference
equations

X = Xn—ZZn—S y — yn—ZXn—3 7 = Zn—2 yn—3
n J n 1 &n
Xn—l (an +ﬁn yn—ZXn—s) yn—l (A1 + Bn Zn—2 yn—3)

) N7
z,.(a,+b.x,,Z, ;) e

n“*n-2

which is a generalization of both equations in (1.1), (1.2) and systems in (1.3), (1.4), where
the Sequences (an )neN ’(bn )neN ’(an )neN ! (ﬂn )neN ! (A1)neN ! (Bn )neN and the Inltlal Values

X ;Y j» 2 j€{1,2,3} are non-zero real numbers.

Firstly, we have obtained the closed form of well defined solutions of the
aforementioned system using suitable transformation reducing the equations of our system to
linear type. Also, we describe the forbidden set of the initial values using the obtained
formulas. In addition, in the case where the coefficients are constant in the system, we have
obtained the solutions for all possible cases of a,«, A Finally, we have determined periodic

solutions of this system.
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