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Abstract. In this paper, we define and study another interesting generalization of the
Fibonacci quaternions is called k-order Fibonacci quaternions. Then we obtain for k=2
Fibonacci quaternions, for k=3 Tribonacci quaternions and for k=4 Tetranacci
quaternions. We give generating function, the summation formula and some properties about
k-order Fibonacci quaternions. Also, we identify and prove the matrix representation for k-
order Fibonacci quaternions. The Q, matrix given for k-order Fibonacci numbers is defined

for k-order Fibonacci quaternions and after the matrices with the k-order Fibonacci
quaternions is obtained with help of auxiliary matrices, important relationships and identities
are established.
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1. INTRODUCTION

Fibonacci numbers are defined on a interesting recurrence relation of £ =F  +F ,

for n>2 with the initial conditions F,=0, F, =1. Fibonacci numbers and various

generalizations have many interesting properties and applications to many fields of science.
For more information, one can see [1-6].
Another generalization of the Fibonacci numbers is order-k Fibonacci numbers and

k
g, =>.9,; for n>0and 1<i<k (1.1)
-1

with boundary conditions for 1-k <n<0,

p J1 o, i=l-n
% 7o . otherwise

is defined by the recurrence relation by Er in [7].

Kilig and Tasci studied some properties about k-order Fibonacci numbers. They
defined Binet formulas combinatorial representations of k-order Fibonacci numbers in [8].
Lee in [9-11] defined the generalized Binet formula for k-generalized Fibonacci sequence
with a different perspective by using determinants.
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Quaternion arithmetic has been used in many fields such as computer sciences,

physics, applied mathematics, differential geometry and quaternion analysis in [12].

Irish Mathematician William Rowan Hamilton first introduced the real quaternions in

1843 in [13]. The set of real quaternions can be defined as

={q =08 + € + 0,8, +0:8;: G, € R, 20’12’3}

as the four-dimensional vector space over R having a basis {e,,e e, e,} which satisfies the
following multiplication rules:

Table 1. Multiplication Rules

X €o €1 (5] €3
€o 1 €1 €2 €3
€1 €1 -1 €3 -e
€s €2 €3 -1 €1
€3 €3 €2 -€1 -1

A quaternion is a hyper-complex number and is shown by the following equation:

3
0 =0,€ + 0.6 + 0,6, +0:€; = Zqiei eH.

i=0

The quaternion consists of two parts. The first part is called scalar part as S, =g,

and second is called vectoral part as \7q = (0,6, +0,€, +0,6;. Then we can write =S, +\7q.
The conjugate of q is defined by

q= - _qO quel :

3 3
Let g and p be two quaternions such that q = e, and p=>_ pe . The equality,
i=0

i=0

addition and multiplication by scalar are defined by the following:

where

-Equality: g=p ifandonlyif g, =p, for i=0,1,2,3

3
-Addition: q+p=>.(a+pe

i=0
3 3
-Multiplication by scalar: ka=k> ae => (kg )e
i=0 i=0
The multiplication of g and p is defined as

0-P=S5,S, +S.V, +V,S, ~V,V, +V, xV,

. 3
Vq'\/p :Zqi pi

i=1
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and
\TQX\Tp:(qus_qspz)el_(qlp3_q3p1)e2 +(q1p2 _qul)e3'

The norm of q is defined as

_ 3
lal=N(@) =ag=0; +a7 +a; +a; =D ¢

i=0

F. Horadam in [14] introduced nth Fibonacci and Lucas quaternions in 1963 and
examined in [15] the recurrence relations of quaternion in 1993. Also, he referred to defining
Pell quaternions and generalized Pell quaternions. In [16] many interesting properties can be
given about Fibonacci and Lucas quaternions. Halici in [17] examined Binet’s formulas,
generating functions and some properties about Fbonacci and Lucas quaternions. In [18]
Cimen and Ipek introduced new kinds of sequences of quaternion number called as Pell
quaternions and Pell-Lucas quaternions. Liana and Wloch in [19] defined the Jacobsthal
quaternions and Jacobsthal-Lucas quaternions and gave some properties. In [20] Gamaliel C-
M generalized the Tribonacci quaternions and in [21] Kecilioglu and Akkus introduced
Fibonacci octanions. Polatli, Kizilates and Kesim introduced split k-Fibonacci and k-Lucas
quaternions in [22]. Tasci and Yalcin defined Fibonacci p-quaternions in [23] in 2015 and
Tasci defined Padovan and Pell-quaternions in [24]. Also, Tasci generalized Jacobsthal and
Jacobsthal-Lucas quaternions to k-Jacobsthal and k-Jacobsthal-Lucas quaternions in [25]. In
2017, Aydm, Koklu and Yuce defined the generalized dual Pell quaternions and gave some
properties in [26].

In this paper we define and study another interesting generalization of Fibonacci
quaternions is called k —order Fibonacci quaternions. Then we obtain for k =2 Fibonacci
quaternions, for k =3 Tribonacci quaternions and for k =4 Tetranacci quaternions. We give
generating function, the summation formula, some properties and describe the matrix
representations about k — order Fibonacci quaternions.

2. k—ORDER FIBONACCI QUATERNIONS

Definition 2.1. The nth k —order Fibonacci quaternion QF* is defined

QFY = F¥e, + F e, + F¥e, + F e,

n+l n+2 n+3

3
= Z Fn(+ki)ei (2.1)
i=0

where F® is nth k — order Fibonacci numbers.
Let QF® and QM® be two k-—order Fibonacci quaternions such that

3 3
QR =>"F{e, and QM => M ¥e, . The scalar part of k —order Fibonacci quaternions
i=0 i=0

n+i i

QF® and QM® are denoted by Sor® = F®e, and S, =M ®e,, respectively. Also,

Mo
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ZF‘k)e and V. ! ZM(")e are called vectorial part of k—order Fibonacci

n+1 =i n+l1
Voo ) &

quaternlons.

Definition 2.2. The conjugate of QF " is defined by

QF® = FWg — F®e —FWe —

n+2 n+3

F e, = F e, ZF(k)e (2.2)

n+1 =1

Definition 2.3. The norm of QF" is defined by

N = (FO0) + (B (L) (R

Theorem 2.4. The k —order Fibonacci quaternions are defined by the following recurrence
relation

|

Kk
QR =>"QFX for n integer and k >2 (2.3)
j=1
Proof: From (2.1), we get
Kk Kk Kk Kk
>R -( S0Rthie |+ S0RY |t SR
j=1 i=0 i=0 i=0
and since from the recurrence relation of k —order Fibonacci numbers (1.1); we obtain (2.3)
© _N (k)
QF™ =) QF™ .

Proposition 2.5. For n>0 and k > 2, we have the following properties:
0] QFY +QFY =2F®

i) (QFY) +QFW.QF® =2FM.QF®

(i) QFYV.QFY =(FY) +(FY) +(FY) +(FY)
(v) QR -QFY=QF"-QFY

(V) QFn(Jlfl) +QFn(k) = 3QFn(k) _QFn(—klz

Theorem 2.5. The generating function for the k —order Fibonacci quaternions is

~ QFO(k) +t(Q|:1(k) _QFO(k))+t2 (QFz(k) _lel(k) _QFO(k))
= —
1->t
j=1

9(0) = > QFY
n=0
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Proof: Let g(t) be the generating function of the k — order Fibonacci quaternions {QFn("’} :

g(t)—tg(t) —...—t“g(t) = QF +t(QRY —QF¥) +t* (QR," —QR" —QF,")

0 n-1
e (QF3"‘) —QF,® —QF® _leO(k)) +Ztn (QFn(k) _ZQFj(k)j
n=4 j=0
By taking g(t) parenthesis we get

QFO(k) +t(Q|:1(k) _QFO(k))+t2 (QFz(k) _QI:l(k) _QFo(k))

1—zk:tj
j=1

g(t)=

Corollary 2.6. For k=2, we obtain the generating function of the usual Fibonacci
quaternions in [17] as follows:

_ . n _QFo+t(QF1_QFo)
90 =2 QRY" =~

Corollary 2.7. For k =3, we obtain the generating function of the Tribonacci quaternions as

9(t)= iQT t" = QTO +t(QT1 _QT0)+t2 (QTz _QTl_QTO)
= 1-t—t?-t°

Theorem 2.8. The sum of the k — order Fibonacci quaternions is given by
m 1 k-2
2 QFY = k—l(QFk&k; ~QFY 43 (k—i-1)(QF¥ -QFY )j .
i=1 - i=1
Proof: By the recurrence relation of the k —order Fibonacci quaternions (2.1) we have

k-1
QFn(—k) = QFn(k) - QFn(—ki)
=2

From this equality
QFl(k) = QFk(JI:l) _QFk(k) _---_QFs(k) _QFz(k)
QFY" = QR ~QRY ~..~QF ~QR”

QFY =QFY -QR%Y -..—QR® -QFY

QR{) = QR .~ QR .~ ~ QR —QRY

Qank) _ QFk(J.(r)n _QFk(f;_l —.--_QFnEE—)Z _Qanﬁ
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So, we obtain

> QR" QR ~QF{ ~2QF" ~3QF"
i=1
—..—(k—2)QFY — (k—1)QF®

m+1

~(k-2) >, QR“ ~(k-3)QF%,

i=k+1

~(k—4)QF%), —...—3QRY

m+3 k+m-4

_2QF® _QFY

k+m-3 k+m-2

Adding and subtracting the following terms to above statement
(k—2)QF® +(k —2)QF +(k —2)QFY +...+ (k —2)QF¥
we get

S QR QR + (k-2)QF® + (k —3)QFY
i=1

+.+20R% +QRY ~QR® —(k-2) ) \QR®

i=1
(k 2)QFn2k) (k 3)QFnEk) .—3QFk(fr114
_2Q|:k(k) _QF(k)

+m-3 k+m-2

Finally we have

i k-2
(k-1) ZQFi(k) —QFY —QF® + Z(k —i—1QF®
=1 i=1

k-2

-3 (k=i-1QF

i=1
Consequently, we get

ZQF‘” (QF&L F“’+Z ~1)(QRY - Qﬁﬁ?))

Corollary 2.9. For k =2, we obtain the sum of the Fibonacci quaternions in [17] as
ZQFI = QFm+2 _QFZ
i=1

=QF,,, (& +2e +3e,+5e,).

Corollary 2.10. Fork =3, we obtain the sum of the Tribonacci quaternions as

iQTi Z% +3+Q m+1 QT3_QT1)
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(QTM +QT,,,, —(3e, +5,+9¢, +17e,)).

Now we introduce the matrices Q., A, and E, , that plays the role of the Q—matrix

for Fibonacci numbers. Let Q, A and E, , determine the k xk matrices defined as

11 11 Q|:(k> QFY QFYX QR® QFO(k)‘
0 00 QR QRY QR - QR QFY
Q-0 0 00, JORY ORY QR - oFt oFY
0 0 0 QFY QR QFY - QRY QRS
00 0 1 0], QR QFY QFY QFY QF(_kk)_kxk
QFn(+kIZ 1 QFn(flz 2 QFn(flz 3 QFn(tl) QF(k)
QFn(rlz 2 QFn(J':IE 3 QFn(flz 4 QF(k) QF(EI)
Ek — QFn(JIr(IZS QFn(fIz4 QFn(JIr(IES QF(k) QF(k)
Q Fn(-:—(il? Q I:n( © Q I:n(fkl) Q Fn(-:—( gfk Q Fn(-:—( g k
| QR QFRY  QFY QR QR |
Now we can give the following lemma and theorem:
Lemma 2.11. Let n>1. Then
kn+l Qk
Theorem 2.12. Let n>1. Then
=Q-A (2.4)

Proof: We can proof by induction method on n.
matrix E, . and k —order Fibonacci quaternions

If n=1, then from the definition of the

Evi=Qc-A
Assume that the theorem holds for n
=Q A
Then for n+1 we get

CLA =Q QA
=Q.E
=E

k,n+1*
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Corollary 2.13. Fork=2, we get the matrix representation of the usual Fibonacci
quaternions in [17] as follows:

arf 2 &

10 QF0 QF
_ QFn+l QFn _E
LQF, QF.,| "

Corollary 2.14. For k=3, we get the matrix representation of the usual Tribonacci
quaternions as follows:

1 1 1/]QT, QT, QT,
an As =11 00 QTl QTo QT—l
0 1 0] [QT, QT, QT,

QTn+2 QTn+l QTn
= QTn+1 QTn QTn—l = E3,n
QTn QTn—l QTn—Z

Theorem 2.15. Let for n>1 be integer. Then

111 11 _QFk(—kl)_ _QFn(fk)fl_
QRE | | QREL,

1.0 - 0 0| |QRY|_|QFRE,
oo .- -~ 00 QFl(k) QFn(ff

OO0 - 0 10 _QFo(k)_ ] QFn(k) |

Theorem 2.16. For any positive integer m and n
() OOE® . (k) G
QFn+m = I:nJrl(?Fm +Zo Ql:m—(k—j—l)zO l:n—p
J= p=

where F® is the nth k —order Fibonacci number.

Proof: For k>2

11 - 11
0
1 0 - 00
Qk: . .
00
00 0 1 0
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In (1.1),
B Fn(+kl) Fn(k) + an(f + Fn(fz) Fn(k) + l:n(fl) Fn(k) ]
FO o EWLEWLEN  EOLEG EW
- : : :
S, RS RY R R, RO,
R, o RELeRR AR, FELRRL RO

If we use (2.4), we get as follows

e =QQy
and
QI?A( = Ek,n
Then we have
Ek,n+m = Q;+mA< = QI?QITA< = Ql? Ek,m

If the equality of matrices is used, we get for

QF(k) — Fn(k)QF(kLk +(|:n(k)+|:n(1<l))Q|:(k)

n+m m-+ m+2-k
(k) (k) (k) (k)
+( F7+F + FH)QFW&k +...

(k) (k) (k) (k) (k) (k)
+(FO+F% +..+F8 )QFRY) + FYQF,

n+1

and the proof is complete.

Corollary 2.17: For k =2, then
QF,. = QR +QF 4 F,
where F is nth Fibonacci number.
Corollary 2.18. For k =3, then
QT,.,=T,.QT, +TQT, ,+ (Tn +TH)QT

n+m m-1

where T, is nth Tribonacci number.

3. CONCLUSIONS

In this paper we defined and studied another interesting generalization of Fibonacci
quaternions are called k —order Fibonacci quaternions. Then we obtained for k =2 Fiboncci
quaternions, for k =3 Tribonacci quaternions and for k =4 Tetranacci quaternions. We gave
generating function, the summation formula and some properties about k —order Fibonacci
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quaternions. Also, we identified and proved the matrix representation for k —order Fibonacci
quaternions. The Q, matrix given for k —order Fibonacci numbers was defined for k — order

Fibonacci quaternions and after the matrices with the k —order Fibonacci quaternions were
obtained with help of auxiliary matrices, important relationships and identities were
established.
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