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ORIGINAL PAPER
THE TIMELIKE BEZIER SPLINE IN MINKOWSKI 3-SPACE

HATICE KUSAK SAMANCI!, 0ZGUR KALKAN? SERKAN CELIK?

Manuscript received: 11.03.2019; Accepted paper: 15.05.2019;
Published online: 30.06.2019.

Abstract. The purpose of this study is to develop a Bezier spline in Minkowski 3 space
called by the Timelike Bezier spline. In this paper firstly, we investigate the Frenet frame,
curvatures and derivative formulations at the starting and end points of the Timelike Bezier
Spline. Moreover, we obtain the derivative formulas of the Bishop frame and the curvatures
according to the Bishop frame at starting and end points of the Timelike Bezier spline in
Minkowski 3-space. Consequently we give some examples for this concept.
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1. INTRODUCTION

The term CAGD (Computer Aided Geometric Design) was coined by R.Barnhill and
R. Riesenfeld [1] in 1974. Several kinds of splines have been developed in CAGD. One of
them is Bezier splines. The original development of Bezier splines took place in the
automobile industry during the period 1958-1960 by two Frenchmen, Pierre Bezier [2-4] at
Renault and Paul de Casteljau [5] at Citroen. A large background of the history of Bezier
splines can be found in the reference [6]. The Bezier splines are polynomial curves which
have a popular and particular mathematical representation. Their popularity is due to the fact
that they possess a number of mathematical properties which facilitate their manipulation and
analysis, and yet no mathematical knowledge is required in order to use the curves [7]. In
addition, it is also possible to increase the degree of the polynomial spline; for example, a
curve segment can be split into two segments without changing the shape of the curve, or the
degree of the curve can be formally increased also without changing its shape. That is to say,
Bezier splines are in a form that is easy for a person to control, see in [6]. Some basic
preliminaries and many papers about the Bezier spline can be found in the books [7-11].
Furthermore, the curvature, torsion and principal form of the Bezier spline have been study by
Incesu and Giirsoy in [12]. The shapes of Plane and cubic Bezier spline have been published
by Georgiev in [13, 14]. In 1907 the mathematican Hermann Minkowski explored Minkowski
Space, introduced by his former student Albert Einstein in 1905 and based on the previous
work Lorentz and Poincare. Minkowski realized that the special theory of relativity could best
be understood in a four-dimensional space possessing a Minkowski metric having the form

9(X,Y)=XY: + XY, —X;Y;, where X=(X,%,, %), Y=(¥, ¥, Y;) €R:. Some basic concepts
about Minkowski space can be found in the references [15-17]. Recently, the curves have
been begun to study in the Minkowski space. Differently from Euclidean space, in the
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Minkowski space the curves have different properties because of the Minkowski metric and
inner product. Georgiev firstly presented an original paper related spacelike Bezier curves in
the three-dimensional Minkowski space in 2008. In his work, he defined the spacelike Bezier
spline and gave some sufficient conditions for these kinds of curves. Furthermore, he obtained
the curvature and torsion of the spacelike Bezier spline, see in [18]. His other work was
about the spacelike Bezier surfaces in the three-dimensional Minkowski space in 2009, [19].
Chalmoviansky, Pokorna and Barbora have studied quadratic and planar cubic spacelike
Bezier splines in the three-dimensional Minkowski space. The authors obtained the spacelike
conditions, the set of admissible points of contact, the boundary map and area of admissible
solutions for quadratic and planar cubic Bezier splines in their works [20,21]. Also Ugail,
Marquaez, Yilmaz in [22] published a study named with “On Bezier Surfaces in the three
dimensional Minkowski space” in 2011. They obtained conditions of timelike and spacelike
Bezier surfaces. Then they solved the Plateau-Bezier problem by obtaining conditions on the
control points to be external of the Dirichlet functional and compared the area functionals for
the minimal Bezier surface in Euclidean and Minkowski space. Furthermore, the equivalence
problem for vectors in the two dimensional Minkowski spacetime and its application to
Bezier splines was considered by Oren [23].

The purpose of our paper is to investigate the timelike Bezier splines in Minkowski
space which is not studied before. The outline of this paper is as follows. In Sectionl, we first
give basic notations of Minkowski space and Bezier splines in Euclidean space. In section 2,
we define the timelike Bezier splines in type | and Il. Then we obtain some conditions for
timelike Bezir spline and introduce the timelike hodograph curve of the timelike Bezier
splines. In section 3, we calculate the Serret-Frenet frame, derivative equations, curvature and
torsion of the timelike Bezier splines at the starting point t=0. Then we investigate the Bishop
frame and give the relation for Bishop [24] and Frenet frame at the starting point. In section
4, we work on the end point of the Bezier spline and give some calculations similarly in
section 3. In Section 5, a numeric example is given finally in section 6, we conclude the work
presented in this paper.

2. MATERIALS AND METHODS

The Type | Bezier splines are examined low-grade Bezier curves inR*. A Bezier
spline with two control point b,,b, e R* is called a linear Bezier spline and denote by

b(t)=(1-t)b,+t b,. The spline is defined on the interval [0,1], so the starting point of the
curve is B(0)=h, and finishing point is B(1)=h,, that is, the Bezier spline interpolates
the first and last control points. If we suppose three control points by,b,,b, € R?, then
the Bezier spline is called quadratic Bezier spline in type | and denote by
b(t)=(1-t)"b, +2(1-t)tb,+t°®b, for te[0,1]. The triangle b,,b,,b, obtained by
joining the control points with line segments, in their prescribed order, is called °‘ control

polygon >> or ‘‘convex hull’’. Suppose four control points b,,b,,b,,b, e R?, then the
Bezier  spline is called “cubic Bezier spline in type II” and denoted by
b(t)=(1-t) b, +3(1-t) tb, +3(1-t)t?b, +t°b, te[0,1]. Cubic Bezier splines provide a
greater range of shapes than quadratic Bezier splines, since they can exhibit loops, sharp
corners and inflections. Given n+1 control points by,b,,...,b, € R? the Bezier spline of
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n n . .
degree Nis defined to be b"(t)=> b, Bl (t), where Bi”(t):(ijt'(l—t)“" are called the
i=0

Berstein polynomials or the Berstein basis functions of degree Nn. Suppose that the
control points are taken in three dimensional, then the Bezier spline is called a spatial
Bezier spline or Bezier spline in type I, [7-10].

Let Minkowski 3-space R} be the vector space R® provide with the Lorentzian inner
product g given by 9(XY)=XY, + %Y, —XY;, Where x=(x,x,%) and
y=(¥. ¥, ¥s)eR]. A vector x=(X,X%,X%)eR; is called spacelike if g(x,x)>0 or
x=0; timelike if g(x,x)<0; lightlike if g(x,x)=0 and x=0.Also atimelike vector X

is called future pointing timelike vector if (x,e)<0 with e=(0,0,1). Similarly a
timelike vector X is called past pointing timelike vector if (x,e)>0.The vector X and
y are ortogonal if and only if g(x,y)=0. The norm of a vector X on Minkowski space

R} is defined by ||, =./|lg(x.x)| .If the vector X is timelike because of g(x,x)<0, the

form will be |x|, =-9(x,x). Also if the timelike vectors X and y is given,then the
inner product can be shown as g(x,y)=—X||y|cosh&, here & is angle between these
vectors. The cross product on R? is given by XA, Y =(XY, =X, Y3 % Ys = Y1, %Yo = %Y1
for x,y,zeR}. If the angle between X and y vector is &, the cross product can be

defined by [xA, y|=|x|[y|sinh@ for the timelike vectors X,y eR}. We denote the
coordinate functions on Minkowski space by

PRI >R, x=(X,%,%)>P(X)=x =123

The Lorentzian and hyperbolic sphere of radius 1in R’ are defined by

sf=peRme=q and H§=peRmxm=—q,
respectively. Let « be curve in R}. We say that « is timelike curve (resp. spacelike,
lightlike) at t if the tangent vector a'(t) is a timelike (resp. spacelike, lightlike ) vector.

We denote by {T,N,B} the moving Serret-Frenet from along the curve «.Then T, N

and B are the tangent, the principal normal and the binormal vector of the curve «,
respectively. If the « curve is time-like curve, then T is timelike vector, N and B are
spacelike vectors which satisfy

TA N=-B, NA,B=T, Ba, T=-N. (1)

The derivative of Serret-Frenet frame equations for atimelike curve is T'=xv,N
, N'=xv,T+7v,B,B =—zv,N where v, is the velocity of the curve. The curvature and the
torsion functions for timelike curve is respectively,
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|db" (t) R d?b"(1)|
| dt " dt?
db" @)

(db”(t) d2b"(t) d3b”(t)j
, and __\ dt " odt " odt ) r151617).

2

|db” (t) R d?b" (1)

dt | dt " dt

The Bishop frames was initiated by L.Bishop in 1975 in order to create some new
frames which have different advantages from Serret-Frenet frames. L.Bishop introduced the

Bishop frame {T,N,N,} and the derivation equations of the Bishop frame as
T =kN,+k,N,, N/ =—kT, B =-k,T, here k =xcosé and k,=xsin& are the

curvatures of the Bishop frame. Then, it is easy to see K:Q/kf +k>, [24]. In our paper we

will use the Bishop frame of the timelike curve in Minkowski three-space. In [25] the authors
introduced the Bishop frame {T,N,,N,} of the timelike curve and obtained the derivation

equations as T'=kN, +k,N,, N; =k T, B'=k,T where k, =xcos& and k, =xsin& are
the curvatures of the Bishop frame. Then, it is easy to see x = 1/kf +kZ, [25].

3. RESULTS AND DISCUSSION

Definition 3.1. A Bezier spline b(t)=(1-t)b,+t b, for by,b, e R? and t €[0,1] is called
“a linear timelike Bezier spine”, if the tangent vector s b'(t) is timelike vector for all
t €[0,1] in Minkowski space RZ.

Definition 3.2. A timelike Bezier spline with b,b,,b, € R?
b(t)=(1-t) b, +2(1-t)t b, +t*b,
is called ‘‘quadratic timelike Bezier spline in type I’ for all t.
Definition 3.3. A timelike Bezier spline b,,b,,b,,b, € R?
b(t)=(1-t) b, +3(1-t)" tb, +3(1-t)t*h, +tb,

for te [0,1] is called “a cubic timelike Bezier spline in type I”. If the tangent vectors b'(t)

is future pointing timelike or past pointing timelike, then the timelike Bezier spline b(t)
is called “a future pointing timelike Bezier spline” or “a past pointing timelike Bezier

spline”, respectively.

Definition 3.4. Let by,b,,...,b, € R} be points in the same cone and b" (t):[0,1] > R? be

Bezier curve given by parametric equation b" (t) =Y b, B{ (t). For Vt e [01] the tangent
i=0
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vectors of the Bezier curve b"(t) are timelike vectors then the the curve b"(t) is

db" (t)
dt

called timelike Bezier spline.

Let determine the r.th degree derivative of the timelike Bezier spline b"(t) as

db" ntoonoL
- (t)=(n_r)|ZA b,.B"(t) 2

= i=0

r r i
and the A'b, vector is inthe form of A“b;Z()(—l) 'b,,; and where for control
i=0
points A'b; =Ar'1bj+l-Ar'1bj. b, eR}, i=0,1,..,n, the timelike Bezier spline is in the
|

convex hull. The function S=I
0

n

dt is called the arc length function of the regular

timelike Bezier spline b" (t).

Theorem 3.5. Let b" (t) is timelike Bezier spline. The tangent vector at the begining point
b, and the tangent vector at the end point A'b,, are timelike vectors.

Proof: Since b"(t) is timelike Bezier splineg[db—(t),db—(t)J<O for vte[0,1]. Then

dt = dt
db" (t)
dt

Ab, is timelike vector. At the starting point t=0 from the Eq. (1), =nN.Ab,. Thus

t=0

g (n.AbO, n.AbO) <0 neR and Ab, is timelike vector. Similarly at the end point t=1, the first
db" (t

derivative of b"(t) is #

=n.Ab, ;. Then

t=1

g(nAb, ,,nAb, ,) =n’g(Ab, ,,Ab, ) <0.

n-1?

So we obtain that Ab, , tangent vector at the end point is timelike vector.

Theorem 3.6. Let b" (t) be Bezier spline. If all vectors A'b, =b, -b,, A'b, =b,-b,, ...,
A'b, =b, -b, , are timelike vectors, they satisfy the condition

P;(A'D)>P}(A'l)+P; (Ah) for i=0,.,n-1.
Proof: If A'b; are timelike vectors, then they satisfy g(A',A'h)<0. Thus

9((P(4'D.).P,(47,).P,(4'B)). (P, (A'R).P, (45 ). Py (D)) <O
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P?(A'h)+P;(A'h)~P(A'h) <0
P (A'D)>P7(AS)+P; (A') for i=0,,..,n—1.

Theorem 3.7. Let b" (t) be a Bezier spline. If all vectors of convex polygon are timelike

then b"(t) is timelike.

Proof: The timelike vectors A'b, =(P,(A'b )P, (A'D),P,(A'h)) and
A'b, =(P;(A';),P, (A% )Py (A'D;))

for 1= j satisfy the conditions

Py (A'b)>P?(A'h)+P; (A'h) and Py (A'h)>P?(A'h)+P; (A'D).

Po(a0) P (70| > /(P2 (a8 )+ P2 (a'D))). (P2 (4", )+ P (A'b,))

>\/(P1(A'b,).P1(A'bj)+P2(A'b,).P2(A'bj))2+(P1(A b).P,(A'b,)P, (a8 )P, (a'b))
>‘P1(A'b,).P1(A'bj)+P2(A'b,).P2(A'bj)‘

db”() db” (t)

From here it follows that g
dt dt

J<O for any te[0,1].
Definition 3.8. Let by,b;,...,b,, e R? and b"(t) is timelike Bezier spline. The first order

derivative curve of b"(t) is called hodograf. If all Ab, are timelike vectors in the same cone

then the hodograf curve of b" (t) is timelike curve in the same cone. We say this curve

timelike hodograf curve. The equation of hodograf curve is dgbn nZAb B (1),

Ab eR whereAb =b b..

j+l

Let b"(t) be an arbitrary timelike Bezier spline and {T, N,B}‘ __ be the Serret-Frenet
frame of b"(t) at the beginning point t=0, where T is timelike ,N and B is spacelike.
Then g(T,T)=-1, 9(N,N)=1, g(B,B)= 1 and g(T,N)=0, g(T,B)=0, g(N,B)=0.

The speed function of timelike Bezier spline b"(t) is defined by
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[ do"
dt

B \/_g[db”(t) db”(t)]
N dt dt
Moreover the arc length function of timelike Bezier spline b"(t) is defined by
4 n n
S:I g db (t)’db (t) it
s dt dt

In the next section we obtain the Serret-Frenet frame of b"(t) timelike Bezier spline
at the beginning point t=0 and at the end point t=1.

Theorem 3.9. Let b"(t) be timelike Bezier spline and b, € E are control points. If Ab, are in
the same cone then at the starting point t=0, the Serret Frenet frame of b"(t) is

Ab Ab Ab Ab
|, = = 0 . N|_ _70 coth®———L csche
T R ETT S SR I B VY

= Aby, A Ab, _ Aby A Ab,
< |ab, A_Ab,||  [|Ab,].|Ab,||sinh &

where @ is the angle between Ab, and Ab, vectors.

Proof: Since at the beginning point t=0 the vectors Ab,and Ab, are timelike vectors and

Ab, Ab,
 [ab, || ~[Fu(ab,.ab,)
calculate the binormal and principal normal vector of arbitrary timelike Bezier spline b"(t) at
the starting point. From the Serret —Frenet frame the binormal vector field is calculated by

|Ab, [, =+/-9(Aby,Aby), the tangent vector is T| . Now,

db"(t)  dZb"(t)
B| _ dt " dt? _ nAb, A, [n-(n -1 {Abo _Abo}:l _ Ab, A, Ab,
=0 ‘ db”(t)  d’b"(t) HnAb0 A [ n(n—1){Ab, - Abo}]H |ab, [[|Ab,[|sinh &

dt " dt?

IL lt=0

and the principal normal is obtained by

N|_o=-Bl_o ALT o

_ _(—g (Ab,, Ab, ).Ab, +g (Ab,, Ab,).Ab, J Ab,
|

Ab
- coth® ——=_cschd
||Abo|||L '”Ablnu_ sinh 9.||Ab0||”_

b flab,|
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Theorem 3.10. Let b"(t) be n degree timelike Bezier spline and the control points
by.b,,....b, and Ab. of b"(t)are timelike vectors. Then at the starting point t=0 the curvature
and the torsion function of b"(t) are respectively,

L - n-1 ||Ab1||2 Sinhg ve L =" -2 det(AbO,Abl,AEJZ) @)
N Ab| N [lAby A, Aby|
Proof: The curvature of b"(t) at the starting point t=0 is
|do™ (1) d’b"(t)]
AL 2
K| _ ‘ dt dt Hu_ — n_]_HAbO A (Abl_AbO)Hu_ _ n-1 ||Ab1|| sinh@
Hdb" o[ n b, f, N b,
dt |, .

and the torsion of b"(t) at the starting point t=0 is

d’b"(t)

d’b" (t)

(db“ (1)

dt dt?

dt®

|

T |I:O

(0

d%p" (t)[

AL

| dt

e |

t=0

_ n—29(Aby A, (Ab, —Ab,),(Ab, —2Ab, +Ab,))  n-—2 det(Aby,Ab,,Ab,)

n |ab, A, (Ab, —Ab, )| N |labg A, AbL

2
IL

Theorem 3.11. Let b"(t) be timelike Bezier spline and b, , Ab, €E? are timelike vectors.
Then at the starting point t=0 the Serret Frenet derivative equations are:

|Aby|
T =(n=1 .sinh&.N
l_o=(n )IIAbOII sinh@.N|._,
|laby| . det(Ab,, Ab,, Ab,)
N[ .=(n-1 sinh@.T|_, —(n=2)I Ab,ll _
o= )||Ab0|| o ~(n=2)1 4by ||Ab0/\Ab1|||2L b

det(Ab,, Ab,, Ab, )

B'|_.=(n-2)l Abl
- i ”Abo AAbl”lzL

o

where @ is the angle between Ab, and Ab, vectors.

Proof: Using Eq. (1) and Eq.(3), the Serret-Frenet derivative equations for timelike curve is
computed by
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Ab
n- 1” il inh 6. by N o = (n— 1)” B Ginnony.,

N [lab| by |

T =Kl Vi:-N| o=

N'|_o=xvTl|_, +7v,Bl._,

lab,|| lab, A AD,|,

o

n—2 (Ab,,Ab;,Ab,)
N |lab, A, Ab ||

B’ |t:0= _Tle |t:0 = _{ J nll Ab I .N |t "

det(Ab,, Ab,, Ab,)
”Abo A Abl”lzL

= (n-2)I Aby

h-o
where v, =nll b, —bgl =n||Ab||.

Theorem 3.12. Let b"(t)be timelike Bezier spline. Then at the starting point t=0 the
curvatures of the Bishop frame for b"(t) are

k1|t=0:KCOS¢:n; —sinh@cos ¢,

1 |Ab|
|

0

-1 |Ab
k2|t0=z<sin¢:nTl||Abl||2 sinh @sin ¢ (4)

0

where @ is the angle between Ab, and Ab, vectors.

Proof: Since the Bishop frame {T |,_o, N, |, o, N, |,_,} at the begining point t =0 is an
orthonormal, the Minkowski inner products of the timelike Bishop elements are defined as

<TloTho>=-1 <Ny|oNy|o>=1 <N, |, Ny |>=1
<T |t:0’ N1 |t:0>=0 <T |t:0' Nz |t:0>=0 < N1 |t:0’ Nz |t:0>:0

because of T isatimelike vector, N, and N, are spacelike vectors. Now, let us examine the
curvatures of the Bishop frame and their derivative equations at the starting and ending point
of the timelike Bezier spline b"(t) . The curvature and torsion function at the start point t=0

of the timelike Bezier spline b"(t) can be given with the equations
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A
Ab -sinh@cos g, k| o= Sln¢——1 | b1|2 sinh @sin ¢

0 0

K|\ o= KCOSp=—"—

: k
where @ is the angle between Ab, and Ab, vectors. We see that here tanq§=k—2|t:0 and
1

k . .
¢ =arctan ¢ = (k_2|t‘°] . Also the angle ¢ is calculated from the equation
1

n— 2 det(Ab,, Ab,, Ab,)
n |Ab, A by’

#=1lo=-

Theorem 3.13. Let b"(t)be timelike Bezier spline. Then at the starting point t=0 the
derivation formulas of the Bishop frame for b"(t) are

Theo=(n 1)|||| AEI I

sinh 49[cosz//N o +SiNY.N, | o]

N | =(n— 1:: AE" sinh @cosy T, .

N Jo= (n -2 2Rl

sinh@siny. T
I Abyl VT ho-

Proof: Using Eq. (4) and the constant number v, are substituted in the derivation equations

for the Bishop frame of the timelike spline, the derivation formulas of the Bishop frame for
the timelike Bezier spline at the starting point are obtained as:

T |t:0= k1 |t:0 V1'N1 |t:0 +kz |t:0 Vl'Nz |I:O

I Abll I Abjl
=(n-1 sinh@dcosw.N, |_, +(n— sinh@siny.N
( )" AbO" 4 1|t,0 ( )" b" . |t 0
=(n —1)II Att))lll sinh@[cosy.N, +siny.N, |
N o=k | v T, = =D Abluzsinh ocosy.nl Abl T,
n Il Ayl

_@ _1)" Abll

by sinh@cosy.T|_,
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C(n=D I Abll
I Abyll 2

N |o=Ko o Vi Theo = ——sinh@siny.nl Abl T},

I Ablll

0

=(n —1) sinh@siny.T|_,

where v, =n.1l b, —by I = n.[|Ab||.

Theorem 3.14. Let b"(t)be timelike Bezier spline and b, € E; are control points. If Ab, are
in the same cone then at the end point t=1 the Serret Frenet frame {T|_,N|_,B|_} of
b"(t) is
T|t=1 __Ab, Ab,
”Abnfl”n_ x/_ Abn 1’Ab )

Ab Ab
N|_,=—"2cschp—-—"1coth¢
T [aby| Jab,.|

= Ab,, A~y Ab,,
= |Ab, 4] |ab,, [sinh ¢

where ¢ is the angle between Ab, ,ve Ab, , vectors.

Proof: Let b"(t)be timelike Bezier spline and Ab, e R} are timelike vectors. Since at the end
point t =1 the vector Ab, ,and Ab, , are timelike vectors, the properties

|ab, 1|| —g(Ab,,,Ab, )
g(Ab, ,,Ab,_) =—|jb,_,|[b,[ cosh ¢

Jab, , At | =[b, [lb, Jsinh o

are satisfied, where ¢ is the angle between Ab, ,ve Ab, , vectors. Then the tangent vector is

db” (t) -
dt h-1
T — —
|t:1 dbn (t) \/_ Abn l,Ab )
dt
IL

The binormal vector of arbitrary timelike Bezier spline b"(t) at the end point t=1 is
calculated as
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db"(t)  d*"(t)

Bl = dt " at? — —Ab A, AD, __ Ab _, AAD
= db" (t) _an(y |Ab, Ay Ab|| [AD,.[|Ab, ,[sinh
d " dt? ol

and the normal vector is

Abn -1 Abn 1)'Abn72 +9 (Abnfz , Abn—l)Abn—l
|Ab,_, A, Ab |Ab

heal A0yl

9(
N|y=-Bly A Tly= (

Ab, , Ab
schg — —=
b, z|| lAb,_|

cothg

from the Serret-Frenet derivative in Eq (1).

Theorem 3.15. Let b"(t) be n degree timelike Bezier spline and the control points by, b, ..

1erey n

and Ab of b"(t)are timelike vectors. Then at the end point t=1 the curvature and the
torsion function of b"(t) are respectively,

n—1 [Ab,

cl, == 172l Giohy 7], =
L Y "

n—2 det(Ab, ,,Ab, ,,Ab, ;)

®)
n ”Abn—l an Abn72||2

Proof: The curvature of b"(t) at the starting point t=1 is

db"(t) d*b"(t)
A 2
K| _ dt dt (n 1) HAbn AT [Abn L —Ab, 2]” n-1 ”Abn 2” sinh g
T o) " Jab, " [,
ol .

and the torsion of b"(t) at the end point t=1 is

[db” (t)d%"(t) d*b" (t)]

dt dt’ dt®
|dbn 2bn |
*

\A'

_n—2det(Ab, ,,Ab, ,, Ab, ,)
n ||AbH A Ab ||I2L

__h- 29 (Abn—l an Abn—21 Abn—S)
2 n “Abn—l A Ab

2
heall

Tl

t=1
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Theorem 3.16. Let b"(t)be timelike Bezier spline and b,,Ab, €E: are timelike vectors.
Then at the end point t=1 the Serret Frenet derivative equations are:

I Ab, I

T .=(n-1 sinh @.N
|t:1 ( )" Abn,lll @ |t:l
N, = (1-)-22 sinh T, +(n—2)1 ab, I JUAPws ARz AD) g
I Ab_I b, Ay Ab [
B}, ,= (n—2) 2eA0 ADws ADus)y
”Abn—l A Abn-2||||_

Proof: Using Eq.(1) and Eq.(5), the Serret-Frenet derivative formula can be proven.

Theorem 3.17. Let b"(t) be timelike Bezier spline. Then at the end point t=1 the curvatures of
the Bishop frame for b"(t) are

—1 |Ab
k1|t:0:zccos¢:”_1 | 1|2 sinh&cos ¢,
N |Ab

0

k2|t:0: KSin¢:nT_l |Abl|2

0

sinh@sin g (6)

. k
where @ is the angle between Ab, and Ab, vectors and ¢ =arctan (¢}

1 lt=1

Proof: Since the Bishop frame {T |, N, |, N, |_,} of the timelike Bezier spline at the end

point t =1 is an orthonormal, the Minkowski inner products of the Bishop elements are
defined as

<T | Tlha>=-1, <N|4 N [5>=1 <Ny |4, Ny [ ,>=1
<T |t:l’ N1 |I:1>: 0, <T |t:1’ Nz |t:1>: 0, < N1 |t:1’ Nz |t:1>: 0.

because of T |_ is a timelike vector, N,|_, and N,|_ are spacelike vectors. Now, let us
examine the curvatures of the Bishop frame and their derivative equations at the starting and
ending point of the timelike Bezier spline b"(t). The curvature and torsion of the timelike

Bishop angle at the end point t =1 of the Timelike Bezier spline b"(t) are obtained as Eq.(6)
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k k .
We see that here tan¢ = Ko ha and ¢ =arctan (ﬁj . Also the angle ¢ is calculated

1 It=1 1 lt=1

from the equation ¢' =7|,_,= (n-2) (Ab, , Ab, , Abn—zs) .
N ||Ab,, AAb |

Theorem 3.18. The derivation formulas of the Bishop frame for the timelike Bezier spline at
the end point are given by following equations

, I Ab I . .

T'|,=(n-1)—"2—sinhp[cosg.N, | _, +sing.N, |, ]
I Ab, |
I Ab I .

N/ | .=(n-1 "2_ sinh pcos@.T |,

1|t_1 ( )" Abn—l" @ ¢ |t—1
I Ab I . .

N’ | .=(n—-1)—"2_sinh@sing.T| _

2|t_1 ( )" Abn_l| psing |t—l

where ¢ is the angle between Ab, ,ve Ab, , vectors.

Proof: Using Eq. (6) and the constant number v, are substituted in the derivation equations of

the timelike curve, the derivation formulas of the Bishop frame for the timelike Bezier spline
at the end point are obtained as following:

I Ab,

T =K | VoNg | +K, [y Vo-N, [ =(n —1)|msinh @[cosg.N, |, +sing.N, | ],
N =k | v, T, = O ,:1)|:| AAsnn—j"z sinhgcosgnl Ab_Jl T},

=(n —l)lllI iﬁ:_jllll sinhpcosg.T|_
NG =K, | v, T, = ;l)l:' AA:n—jl"z sinhgsingnl Ab Il T|,

=(n —1)|||Ii%sinh psingT|,  where v, =nl b, —b |l =n|Ab_,].
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AN APPLICATION

Let b"(t) be a cubic Bezier spline with control points by=(2,1) ,
b =(4,2,6) b,=(3,3), b,=(2311). Then vectors of the convex polygon
Aby =b ~b, =(2.1,3),

Ab =b,—b =(-112), Ab,=b,—b,=(-10,3) are the timelike vectors because of
g(AbI,AbI)<O. Now we will calculate frenet frame and curvatures of the timelike

Bezier curve b"(t). The timelike Bezier spline is

2(1-1)’ +12(1-t) t+9(1-t)t? + 2t°,
3
b"(t)=>_B"(t) =| (1-t) +6(1—t)" t+9(1-t)t* +3t°,
i=0
3(1-t)* +18(1—t)" t+24(1-t)t? +3t°

The first, second third derivations of b"(t) at t=0 are

db” (t)
dt

d’b"(t)
dt®

=n Ab, =(6,3,9),

t=0

=n.(n-1) (Ab,-Ah,)=(-18,0,-6)
d’b"(t)
dt’

=n.(n-1).(n-2) (Ab,-2A", +Ab;)=(18,-6,12)

t=0

where the norm of Ab, is |Ab| =.-g(Aby,Ab)=2. The tangent vector of the

timelike Bezier spline at the beginning point is T|t_0:(l,%,g).We can see that the

1\ (3Y
tangent vector T become timelike because of g(T,T):\/(12+(Ej —(Ej J=—1.The

: W 7 .
angle @ between the vectors ADb, and Ab, is cosh&=—=. The vectoral product is

242
Aby A, Ab =(17,3). Furthermore the norm of vectoral product is [Ab, A, Ab|=+/41. On
the other hand we can calculate the norm of vectoral product as

|Aby A, Ab| = |Aby||.[Aby[[sinh @ . Therefore we can obtain sinhQ:E. The binormal

22
1 . .
vector of the timelike Bezier spline B|t=0:ﬁ(1,7,3) is spacelike vector because of

g(B,B)=1.
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_"-»—.___Am 14 -
Figure 1. The timelike Bezier Spline
The normal vector is

1
N=-BAa, T=—=(18,213 7
T 821 g

The other solution of the principle normal is

Ab Ab, 1
N = —2cothd - —=L-cschd = ——(18,3,13 (8)
oo, " a2 145

As we see that the Eq. (7) and Eq. (8) are equal. Both equation can be satisfied
: n 1
for N. Thus we obtain the Serret-Frenet frame of b"(t) at t=0 as T|t=0:[l’§’gj’
1 1 .
N[ =—-=(18,2,13), Bl . =——(1,7,3). Furthermore the curvature and torsion of
|t:0 ZM( ) |t:0 M( )
V4 d |t_0:1—1§, respectively. Consequently if v, =

b"(t) are «| , =—
B 2
Serret-Frenet derivation matrix of the timelike Bezier spline from is obtained as

T T
N |= Va1 o -2n
o 2 |
o 20 o
41
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4. CONCLUSIONS

The Bezier spline method is one of the most important mathematical representation of

the curves in computer graphic and CAGD. In this paper, the Bezier splines with the timelike
convex polygon are defined in Minkowski three spaces and called as the timelike Bezier
splines.

Particularly, the Serret-Frenet frames, curvature and torsion of the timelike Bezier

splines at the starting and end points are obtained. Then the derivative formulas of the Serret-
Frenet frame are calculated. Moreover, another much more advantageous frame called Bishop
frame are investigated at the starting and ending points. In the result an example is given for

application.
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