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Abstract. In this paper, we suggest and analyze a new third order convergence
iterative method free from second derivative and use for solving of nonlinear equation
f (x) = 0. This method based on Halley’s method using predictor and corrector technique.
The convergence analysis of our method is discussed. This technique can be used to suggest a
wide class of new iterative methods for solving a system of nonlinear equations and gives
better result.
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1. INTRODUCTION

Numerical analysis is the area of mathematics and computer sciences that creates,
analyzes and implements algorithms for solving numerically the problems of continuous
mathematics. Such problems originate generally from real — world applications of algebra,
geometry and calculus and they involve variables which vary continuously. These problems
occur throughout the natural sciences, social sciences, engineering, medicine and business. In
recent years, many researchers have developed several iterative methods for solving nonlinear
equations. In this paper, we are going to develop second derivative free method to find
approximations of the root a of f(x) = 0. Numerical method for finding approximate
solutions of using several different techniques including Taylor’s series, quadrature formulae,
homotopy and decomposition techniques [1-29] and the references therein. The classical
Newton’ s method (NM) [12] for solving nonlinear equations is written as:

_ f(xn)
Xn41 = Xn — ,xn (1)
f(xn)

which is a well known basic method [28]. The Newton’s method (1) was modified by
Steffensen’s who replaced the first derivative f1{x) in Newton’s method by forward
difference approximation [12].

, _ f(xn+ f(xn))— f(xn)
f() = Lnt L) @

and obtained the famous Steffensen’s method (SM) [6, 7, 10]
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— [f(xn)]z
Xt = Xn e o) —F o) )

Newton’s method and Steffensen’s method are of second order convergence.
For a given x,,to compute approximate solution x,,,; by the iterative scheme

B 2f(xn) f'(xn)
Xn+1 = Xp - 2f 2 (xn) ~f Gen)f " (xn) @

which is known as Halley’s method of cubic order of convergence [18, 25].

We use Predictor — corrector methods, to discuss the application of the explicit and
implicit multistep methods for the solution of the initial value problems. We use explicit
(predictor ) method for predicting a value and then use the implicit (corrector) method
iteratively until the convergence is obtained [6].

2. METHODS
2.1. ITERATIVE METHOD

Numerical analysis is the area of mathematics and computer sciences, which arise in
various fields of pure and applied sciences can be formulated in terms of nonlinear equations.
Recently, N. Ahmad and V.P.Singh have obtained some new three step iterative methods for
solving non linear equations using Steffensen’s method and Halley — method (NTSM-2) [22].

NTSM - 2: for a given initial choice x,, find the approximate solution x,,,,; by the
iterative Schemes

. [f(xn)]z
T flen+f(n))—f(xn)

a, =x

2f(an) f’(an)
2f%(an) -f (an)f " (an)

b, = a, -

— _ 2 f(xn)
S TS I e

for n=0,1,2,3, ...

NTSM-2 has seventh order convergence.

A significant part in developing our new iterative methods free from second derivative
with respect to b. To be more precise, we now approximate f”(a,), to reduce the number of
evaluations per iteration by a combination. Toward this end, an estimation of the function
P, (t) is taken into consideration as follows:

P() =a+b (t — xp) +C(t— x)? +d(t— x)° (®)
Also consider that this approximation polynomial satisfies the interpolation conditions
(xn) = Py(xy), f(an) = P,(ay), f/(xn) = Py (xn), and f/(an) = P, ,(an) by

substituting the known values in P,(t) we have a system of three linear equations with three
unknowns. By solving this system and simplifying we have [15].
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PZ(xn) =a= (xn)a
Py" (xn) =b = f7(xp),

P, " (xn) = 2¢= (%),

c = flan) —f’"(xn) _ 7 (an)

an—xn 2 !

d= f 7(an) _ (f (an)—f"(xn))

3 (ap—xn) 3(an—xn)?

)

fr(an) =2 (FELE) - £ () = Py Gy @),

an

fran) = = |(FLE) — £ = Pon an). 6)

an—Xn

Now using NTSM — 2 and equation (6) to suggest the following new iterative method
for solving nonlinear equation. It is established that the following new method has
convergence order three which will denoted by Najmuddin Vimal method (NVM ) then
NTSM — 2 can be written in the form:

Theorem 2.1 (NVM) For a given x, compute approximate solution x, ., by the iterative
schemes

B [f (en)]?
" fOatf o))~ (en)

a, =x

2f(an) f’(an)

bp = an - 2f #(an) -f (@n)P2(Xp,an) |
Xn+1 = Xpn - #%’

where Py (xn, an) = anixn [(f(a:j:iixn)) —f ,(x”)]
for n=0,1,2,3, ...

It is known as NVM method.

3. RESULTS AND DISCUSSION

Let us now discuss the convergence analysis of the above method NVM.
Theorem 2.2. Let @ e I be a simple zero of sufficiently differential function f : I cR —R
for an open interval |, if x, is sufficiently close to a then the second derivative free iterative
method defined by Theorem 2.1 is third order convergence.

Proof. Let o be a simple zero of f. Then by expanding f (x,,) about o we have
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f(x,)=e,ci+eic, +e3cy+........ (7)
f(x) = ¢c1 + 2ce, + 3cgei+dcged+... (8)
where ¢, = %f(")(a), k=1,2,3,...and e, =x, - o.
[f (xn)]?=cier + 2 cicaeq +cieq + ... ©9)
flxn + FO))= c1(1+¢y) en + (Beycy + ey + 2¢2)e2 + ... (10)
Equation (7) and (10) yields,

flxn + FO) — f(x) = cien + (Beicy + ¢y + 2¢3)e2 +... (11)

From (9) and (11), we have

[f(xn)]Z _ CZ C22 2
=ep— (= -z +
f(n+f(xn))—f (xn) en — ( 1 tCt2 2 en + ... (12)
From (12), we have
— C2 c2 2
mEarlGratigent.. (13)
C1 ci

Let us set,A = a,, - a. Then the equation (13) can be re — written in the form
] c5 2
A=(Z4c,+22)e2+ ... (14)
C1 T

Now, expanding f (a,), f ’(a,) about a and using (13), we have

f(a,) =Acy + A%cy + A3c5 + ... (15)

f "(ap)=c; + A2c,+A%3c3 + A34cy + ... (16)

Py (%, an)=2(cqicy + c3)+ (403 — % + 2c3¢2 + 6¢4c5 + ciC5 + 2022) e, + ... (17)
2f (ay)f’(ay)\=2Ac2 + 6c,c,A% + 4c2A3+... (18)

2[f"(a)]?=2c? + 8cicyA +8c,A + ... (19)

2 2
f(an)Py(xp, an):g(z_z +c + 22_22)(C12C2 + C1C2)e%+\(z_2 +c + 22_22)(401% — 5+ 2c3¢3
1 1 1 1

+6c2c3 + c2ct + 2cic2) el +... (20)

2 3
2[f " (a,)]?f (a,) Py (x,, ay)=2c% — [4C1C22 + 2+ 2c3 + 2t + % — 8¢y ) e2+...(21)

1
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2f(a,)f (a,) = 2C12\( et 2 )en + 6C1C2( ot 2 )2 .. (22
2f(an)f’(an) _ [ 3\ [c5 | 5¢5 | 8¢  4cy 4
2[f’(ap)]? _f(an)Pz(anan)_A+( €1 tet 2 cf ) I:C% + €1 + Cf + ] én (23)
c3\[4c2 3 5¢5 8 2] 4
bp=a+(Ztc+25) [ ——2————3—c2]en (24)
Cq Cq (=1
Also expanding f’(b,) about a and using (24), we have

2 2 3
frb)zert 26, (24, + 262 ] R e ] (25)

Cq Cq Ci

by substituting (7), (8) and (25) in VNM and after some simple calculation, we obtain

Xpe1 = a+ en+ 0(e}), (26)

€n+1 — _en + 0( en ) (27)

This shows that Theorem 2.2 is third order convergence.
3.1. NUMERICAL EXAMPLES

In this section, we present some numerical example by employing Najmuddin Vimal
method (NVM) to solve some nonlinear equations and compare it with Newton’s method
(NM)[12], Steffensen’s method (SM)[12], Dehghan method (DM)[16], Super-Halley method
(SHM)[10] and Improvement of Super-Halley method (ISHM)[8]. Test functions and their
roots in Table 1 and number of iterations in Table 2.

For comparisons, we have used following methods:

Newton’ s method (NM) [12]

_ f(xn)
Xn41 = Xn — f,(xﬂ;) )

Steffensen’s method (SM) [12]

a [f en)]?
Xn+1 = Xn — FOn+fxn))—f(xn)’

Dehghan method (DM) [16]

[f(xn)]z
f(xn"'f(xn))—f(xn)’

Yn =Xn—

x - . FOe)[f (en)+f ()]
LTI et f (o))~ f ()
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Super-Halley method (SHM) [10]

fCen) £ (xn) f2(xn)
fxn)  2F2(en)=2f(en) £/ (en) f 7 ()’

Yn = Xn -

x _ _ f(yn)
n+1 = I T TG, () e )’

Improvement of Super-Halley method (ISHM) [8].

Yo = x, - fOn) £ (xn) £2(xn)
n T flxn)  2fP(en)-2f () f1(xn) 7 (xn)

_ fm) [ G frm)

Tt =T ey T T 2 P )

All computations are performed using MATLAB. The following examples are used
for numerical testing.

Table 1. Test functions and their roots.

Functions Roots
f1(x) = cos(x)-x 0.739085133215161
f>(x) = cos(x) - Vx +1 1.39058983057821
f3(x) = cos(x) - xe* 0.517757363682458
fa(x) =e*-15-tan"x 0.767653266201279
fs(x) = xlogiox — 1.2 2.74064609597369
fo(x) = x +sin(x) - x3 1.31716296100603
f7(x) = cos(x)-3x +1 0.607101648103123
fe(x) = xtan(x) +1 2.79838604578389
fo(x) = xe* —2 0.852605502013726
fio(x) =sin(x) —1 - x3 -1.24905214850119

Table 2. Comparison of various iterative methods (numbers of iterations are displayed).

f(x) NM SM DM SHM ISHM | VNM
fi %o =05 4 4 3 2 3 3
frxg = —1 8 5 4 4 NFTR | 3
foo %o = 1 4 3 2 2 2 3
fo, %0 =3 NFTR | 4 3 3 NFTR | 4
fo 2o = 1 6 6 4 3 3 5
faXg =5 11 4 4 NFTR NFTR | 6
for %o =1 5 6 4 2 3 3
fo X =3 8 8 NFTR NFTR NFTR | 6
fi, %o = 2 4 5 3 2 3 3
foxo =8 5 6 4 3 3 4

WWW.josa.ro Mathematics Section




New second derivative ...

Najmuddin Ahmad and Vimal Pratap Singh 89

forxg =1 6 7 4 3 4 5
fo %o =6 8 NFTR 5 4 4 7
fr %0 =3 5 6 3 3 3 4
frxg=-3 |5 5 5 7 4 4
for %o = 2 5 NFTR NFTR NFTR 4 4
fo, %o = 4 5 NFTR NFTR NFTR 5 5
for X0 = 4 4 6 4 3 NFTR | 5
fo, %o =7 7 NFTR NFTR NFTR NFTR | 7
fior X0 =5 5 6 4 10 22 4
fion X =7 7 19 12 11 26 5

*NFTR = Not found this root

4. CONCLUSION

In this paper, we have suggested and analyzed new second derivative free iterative

method for solving nonlinear equations. This method based on Halley method and predictor
— corrector technique. Numerical tests show that the new method is comparably fast
convergent than the well known existing methods and gives better result.
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