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Abstract. The main goal of this paper using the Bishop frame and the Frenet-Serret 

frame vectors of the given space curve with the constant support function, some characteristic 

properties of the pedal curve of its are investigated. Finally, we present one example to 

confirm our claim. 
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1. INTRODUCTION  

 

 

  It is well known that one of the most important subjects of the differential geometry 

is the theory curves. The primary goal in the geometric theory of curves is to measure their 

shapes in ways that do not take in to account how they are parametrized or how Euclidean 

space is coordinatized. However, it is generally hard to measure anything without 

coordinatizing space and parametrizing the curve. The theory of space curves dates back to 

Clairaut in 1731. He considered them as the intersection of two surfaces given by equations. 

Clairaut showed that space curves have two curvatures, but they did not corresponds exactly 

to the curvature and torsion. The subject was later taken up by Euler who was the first to work 

with parametrized curves and use arc-length as a parameter. Lancret in 1806 introduced the 

concepts of the unit tangent, the principal normal and the bi-normal and with those curvature 

and torsion as we now understand them. It is possible that Monge had some inklings of what 

torsion was, but he never presented an explicit formula. Cauchy in 1826 considerably 

modernized the subject and formulated some of the relations that later became part of the 

Serret and Frenet equations. In differential geometry the curves and surfaces in 3-dimensional 

Euclidean space E
3
 is usually studied employing the vector formalism. The differential 

geometry of curves [6, 10, 29] traditionally begins with a vector X(s)
 
that describes the curve 

parametrically as a function of s  that is at least twice differentiable. In the case of a 

differentiable curve, at each point a triad of mutually orthogonal unit vectors (called tangent, 

normal and binormal) is constructed and the rates of change of these vectors along the curve 

define the curvature and torsion of the curve. These two functions characterize the curve                     

completely except for its position and orientation in space. Then, the following questions 

immediately come to our mind: 
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1. Can the Frenet frame be always established along a space curve? For example,     

let M be given by the coordinate neighbourhood  , .I   If  0 0s   and 

 0 0s   is it possible to establish a Frenet frame at the point  0 .s M    

    2.   If the Frenet frame can not be established, we will characterize how the curve? 

This is an important issue. This problem was overcome through the work of Bishop. In 

1975, Bishop introduced a beautiful frame the relatively parallel adapted frame or the Bishop 

frame, which could the desired means to ride along a space curve with the class , 2,kC k   and 

 0 0s   for all ,s I [1].  Subsequently, a large number researcher has used the Bishop 

frame and produced papers in Euclidean, Minkowskian and dual spaces [2, 3, 11-14, 18, 19, 

23, 31]. Because, a Bishop frame also has the advantage of being globally defined even if a 

curve has points of zero curvature. Naturally, it also finds applications in problems which 

make use of frames along curves, such as in rotation minimizing frames in rigid body 

dynamics [7], computer graphics and visualization [14], robotics [31],  and also in 

mathematical biology in the study of DNA [5]. 

On the other hand, the notion of the pedal surface(or curve) of a given surface(or 

curve) in with respect to a chosen origin is well- known in literature ([8-10], [16], [20-22], 

[24-28], and [29]). Georgiou, Hasanis and Koutroufiotis [8] have studied the differential 

geometry of the pedal surface of a surface with respect to a chosen origin and they 

investigated the applications in geometrical optics. Recently, the pedal surface with respect to 

a point in the interior of a closed, convex and smooth surface M in 
3E  has studied by 

Kuruoğlu and the author has given some new characteristic properties of the pedal surface of 

.M , [20]. Furthermore, the strip curve of the pedal of a given surface with the constant 

support function in the Minkowskian space has studied by Sarıoğlugil and Kuruoğlu, [27]. 

Besides, the plane pedal curves have studied by Sarıoğlugil, Kuruoğlu and Çalışkan, [24]. 

The paper organized as follows. In section 2; we briefly considered basic concepts of 

curves in Euclidean space E
3
. Furthermore the Bishop frame is presented and the relationships 

between the Frenet-Serret frame and the Bishop frame were given. Then, the pedal curve of 

the given space curve is introduced, and some results related to the pedal curve of its, which 

are obtained by  Sarıoğlugil and Kuruoğlu [25] were stated. In section 3; the geometry of the 

pedal curve of  the space curve with the constant support function in E
3
 is expressed depend 

on both the Frenet-Serret frame and the Bishop frame of  the space curv2. At the end of this 

section, we present one example to confirm our claim. 

 

 

2. PRELIMINARIES 

 

 

             To begin with, we recall the fundamentals of the differential geometry of curves in 3- 

dimensional Euclidean space 
3E with the inner product , .g    

             The Euclidean metric is given by 

 
2 2 2 2= g ds dx dy dz    (1) 

 

where  , ,x y z  is a local coordinate system in 
3.E   On the other hand, the wedge (cross or 

vectorial) product of the vectors 
3

1

i i

i

X x e


  and 
3

1

j j

j

Y y e


  is defined by 
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1 2 3

1 2 3

1 2 3

e e e

X Y x x x

y y y

   (2) 

 

where  1 2 3, ,e e e is the standard basis of 3,E  [10].  

Let M be a regular curve of  the class 
3C in 

3E  denoted by 

 

        

3

1 2 3

:

, ,

I E

t t t t t



   

 

 
 

(3) 

 
where  3 ,i C I  .  In this case, the vector  
 

   0

1 2 3, , 0
t

d d d
t

dt dt dt


  


 
  
 

 (4) 

 

                               is called the velocity vector of M at the point  0t and the space spanned by the vector  t   

is a line. This space is called the tangent line of M at  0t .  
 

             On the other hand, if   1, ,t t I     the parameter t  is called the arc-length 

parameter of M  and denoted by s . In this case, the curve M is called the unit speed curve in 
3E ,  6 .The  tangent vector  s is called the unit tangent vector of  the curve M and 

denoted by .T  For   1T s   we get    , 0s s   where 

 

   0

2 2 2

1 2 3
0 2 2 2

, , .
s

d d d
s

ds ds ds


  


 
  
 

 (5) 

 

Then, the vector  0s is called the acceleration vector of M at the point  0 .s   

Since ( )s  is perpendicular to the unit tangent vector  ( )T s s , the unit vector 

 
 

1
s

s



 is called the principal normal vector of M and denoted by ( ).N s  From here, we 

can say that the vector ( ) ( )T s N s  is a unit vector which is perpendicular to both the 

tangent vector ( )T s  and the principal normal vector ( )N s . Then, the vector ( ) ( )T s N s  is 

called the binormal vector of  M and denoted by ( ).B s  Thus, the vector system 

 

 
 

1
( ) ( ), ( ) , ( ) ( ) ( )T s s N s s B s T s N s

s
 



  
    

  

 (6) 

 

is the Frenet-Serret frame of the curve M at  ,s ( Fig.1). 
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For the arbitrary parameter t I  , the Frenet-Serret frame of M at the point  t is 

 

 
  

1 1
( ) ( ), ( ) ( ) ( ), ( ) ( ) .

( ) ( )
  T t t N t B t T t B t t t

t t t
  

  

  
     

  

 
(7) 

 

At each point of the curve, the planes spanned by    , , ,T N T B  and  ,N B  are 

known as the oscilating plane, the rectifying plane, and the normal plane, respectively (Fig. 

1). 
 

 
Figure 1. The Frenet-Serret frame for the curve M with non-vanishing curvature. 

 

             On the other hand, the geometry of a curve is essentially characterized by two scalar 

functions, curvature   and torsion , which represent the rate of change of the tangent vector 

and the osculating plane, respectively. Then, the curvature of M is   

 

      .s T s s    (8) 

 

In other words, the curvature of M  is the magnitude of the acceleration vector of M

Thus, from (6) and (8) we obtain 

 

     .T s s N s  (9) 

 

From (6) we may write 

 

( ) ( ) ( )
.

( ), ( ) 1

B s T s N s

B s B s

 



 (10) 

 

Differentiating (10) with respect to the parameter s  and using (9) we get 
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( ) ( ) ( )
.

( ), ( ) 0

B s T s N s

B s B s

  




 (11) 

 

From here, we can say that the vector ( )B s  perpendicular to both the tangent vector 

( )T s  and the binormal vector ( )B s . Then the vector ( )B s  must be parallel to ( )N s . 

Therefore 

 

( ) ( ) ( )B s s N s   (12) 

 

From (6) we may write 

 

( ) ( ) ( )N s B s T s   (13) 

 

Differentiating (12) with respect to the parameter s  we get 

 

( ) ( ) ( ) ( ) ( ).N s B s T s B s T s     (14) 

 

Substituting (9) and (12) into (14) and rearranging the last equation we obtain 

 

    ( ) ( ) ( ) ( ) ( ).N s s T s s B s     (15) 

 

Combining (9), (12) and (15) we have 

 

   

   

   

   

( )

.( )

( )

T s s N s

s B sN s s T s

B s s N s







 





 

 (16) 

These equations are called Frenet- Serret equations of   8 .M   

For the arbitrary parameter t  we have 

 

 

   

 

 
      

   

3

2

( )

.

det , ,

t t
t

t

t t t
t

t t

 




  


 

 






 
 

 

 

 

(17) 

 

So far, we have been interested in bi-regular curves, (   0s   and   0s   ),  in 

3.E  But what If the acceleration vector(so the curvature) vanishes at some points? The Frenet 

frame the before and after the zero-curvature set can be entirely different, so there may be no 

way to define a unique continuous Frenet frame over the whole curve, and any heuristics one 

might use the mend the situation is arbitrary. This difficulty led to introduce an alternative 

framing based on parallel transport rather than local curve derivatives [12]. The parallel 



     Relations between the frames …                                                                                                Feray Bayar et al. 

 

www.josa.ro                                                                                                                                                   Mathematics Section  

28 

transport  frame(also known as the Bishop frame) is based on the observation that, while 

 T s  for a given curve model is unique, we may choose any convenient arbitrary basis 

  1 2, ( )N s N s for the remainder of the frame, so long as it is in the normal plane 

perpendicular to  T s  at each point. If the derivates of the vectors 1( )N s  and 2( )N s  depend 

only on   T s  and not each other we can make the vectors 1( )N s  and 2( )N s  vary smoothly 

throughout the path regardless of the curvature, Then we may choose the alternative frame 

equations (Fig. 2), 

 

 

 

 

 

 

 
1

2

1 0 0

0 cos sin .

0 sin cos

T s T s

N s N s

B s N s

 

 

    
    

    
        

 (18) 

 

where  s  is the speed of curve  , 1 .M  

 
Figure 2. The parallel transport (or Bishop) frame for the curve M with vanishing curvature. 

 

On the other hand, the relationship between the Frenet- Serret frame and the Bishop 

frame is 

 

 

 

 

 

 

 
1

2

1 0 0

0 cos sin .

0 sin cos

T s T s

N s N s

B s N s

 

 

    
    

    
        

 (19) 

 

Then, the relationships between the frame parameters are 
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1

2

cos

sin

k s s

k s s

 

 





 (20) 

  

 
 
 

2

1

k s
s arctg

k s


 
   

 

 (21) 

  

     2 2 2

1 2s k s k s    (22) 

and 

 

 
       

   
1 2 1 2

2 2

1 2

.
k s k s k s k sd

s
ds k s k s





 


 (23) 

From (18) it can be easily seen that 

 

   

   

1 2

1 2

sin cos

sin cos 0

k s k s

k s k s

  

 

  


  

 (24) 

and 

 

   1 2sin cosk s k s      (25) 

 

              Let M  be a regular and unit speed curve and let O  be an arbitrary point in 
3,E  

( ).O M  We choose O  as the origin. Then the pedal curve of M  is defined by  

 

X hN   (26) 

 

where h  and N  are the support function and the principal normal vector of ,M  respectively, 

and denoted by  , 25 .M  Then, the support function  of M is defined by 

 

,h X N    (27) 

 

where X  is the position vector of M with respect to O . 

Geometrically, we can construct the pedal curve ,M  as follows: 

We draw the tangent line L at P M  and from O  we get the normal to the tangent 

line .L . The normal meets to tangent line L  at the point .P  The locus of all .P  is called the 

pedal curve of M and denoted by M  (Fig. 3). It will be taken as the support function of the 

curve M is constant along this study. 
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Figure 3. The pedal curve of M . 

           

           Some characteristic properties of the pedal curves of a curve with the constant support 

in E
3
 were studied by A. Sarioğlugil and N. Kuruoğlu [25], and the following results have 

been obtained  

 

 

 

 
 

   

2 2

2
2 2 2 3

2 2 2

2 2 2 2 2

1

1

1

T T B

N T N B

B T N B

 
 

 
    

    


      

 

 






 


      
        

      

   

       
    

 (28) 

 

and 

 

 

    

3
2 2 2

2 2 2 2 2

2

3

2

h

h




 


      












 



  

     
  



 (29) 

 

where 

 

 
2

2
2 2 4 .
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3. MAIN RESULTS  

 

 

In this section, considering (24) and (25) we will investigate the relationships the 

relatively parallel-adapted frames (or Bishop Frames) of the curve M  and its pedal curve. 

Then Iit will be assumed that the support function of the curve M is constant throughout in 

this study. Since h  is a constant function, the all derivatives of h are zero. Then we may give 

the following the definition. 

We will call the pedal curve of the curve M with the constant function if the support 

function of M is constant along the curve. Substituting (17) into (24) we may write the pedal 

curve depend on the vectors of the relatively parallel adapted frames (or Bishop Frames) of 

the curve M such that 

 

 1 2cos sinX h N N     (30) 

 

where   is the angle between the vectors N  and 1.N   

Differentiating (30) with respect to the arc parameter s  of M we obtain 

 

 1 2 1 2cos sin sin cos .X h k k T N N     


       (31) 

 

Substituting (20), (21) and (25) into (31) we get 

 

 2 1 1 2 .X h T k N k N






 

   
 

 (32) 

The vector X


 is a velocity vector of M  and the norm of X


 is  

 

 

2 2 1.X h  


      (33) 

 

From here, it can be said that the pedal curve M is not unit speed . 

Differentiating (32) with respect to the arc parameter s  of M and rearranging the obtained 

equation we get 

 

    

 

2

1 2 1 1

2

2 2

sin cos sin cos
.

cos sin

k k T k N
X h

k N

        

    

      
 
    
 

 (34) 

  

Substituting (20) and (24) into (34) we have  

 

   2 2 2 22 1
1 1 2 2

1
.

k k
X h T k N k N      

  

      
            

     
 (35) 

  

Similarly, differentiating (35) with respect to the arc parameter s  of M and rearranging the 

obtained equation we get 
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2
2 2 2 3 22 1 1

1 1

1

3 21 2 2
2

2

3 2

.

3 2

k k k
k T N

k
X h

k k k
N

k


       

  

    
 



    
             

     
  

            
   

 (36) 

 

Theorem 1: Let M  be a regular curve wth the constant function h  in 
3.E  The Frenet-Serret 

vectors of the pedal curve M  are 

 

 

 

 

   

 

2 1 1 2
2 2

2
2 2 2 2 21

2 1

2 2
2

2 2 22
1 2

2 2 2 2

1 2 1

2 2

2 1

1

1

1

T T k N k N

k
T k N

N
k

k N

T k k N

B

k k




 

 
    

  

   
  

 


     



 
  



 







 
   

 

     
              

  
    

          

  
        


 

   
 

2N


















  
  
  
  
  
    
    

(37) 

 

where  the vector systems   1 2( ), , ( )T s N s N s and  ,   are the Bishop frame and the 

Frenet-Serret frame aparatus of ,M  respectively, and 

   

 
2

2 4 2 2 2 3 4 23 2 .
 

        
 

                              

  

 

Proof. From (7) we may write 
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1

1

T X

X

N B T

B X X

X X





 

 








  


    
  


 (38) 

 

Substituting (32) and (33) into (38) we get 

 

 2 1 1 2
2 2

1
T T k N k N




 

 
    

 
 (39) 

 

Then, by (32) and (34) the vector X X
 

  is 

 

 

   

 

2 2 2 2

1 2 1

2

2 2

2 1 2

T k k N

X X h

k k N


     




  





 



   
          

   
   

         

 
(40) 

 

 

and the norm of this vector is 

 

 

 
2

2 4 2 2 2 3 4 23 2X X
 

        
 

                                  

 (41) 

 

Substituting (40) and (41) into (38) we get 

 

 

   

 

2 2 2 2

1 2 1

2 2

2 1 2

1
T k k N

B

k k N


     



 
  







   
          

  
   

         

 (42) 

  

 

From (38). (39) and (42) we  obtain 
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2
2 2 2 2 21

2 1

2 2
2

2 2 22
1 2

1

k
T k N

N
k

k N

 
    

  

   
  

 

 



     
              

  
    

          

 (43) 

 

This is completed the proof, 

 

Theorem 2: Let M  be a regular curve wth the constant function h  in 3E  .The curvature and 

the torsion of the pedal curve M  are 

 

 

   

      

    

3
2 2 2

2
2 2 2 2 2

1

3 2 22
1 2 1 22

2 2 21 1
1 2 1 2

1

3 2

k

k
k k k k

h

k k
k k k k

k




 


     




     

  


     

 







   





  
       
   
 

   
        

    
                         

 (44) 

 

where 

 

 

 
2

2 4 2 2 2 3 4 23 2
 

        
 

                              

 

 

 

 

 

Proof. From (17) we may write 

 

 

 
 

3

2

( )

.

det , ,

X X
s

X

X X X
s

X X





 













 (45) 

 

From (33), (41) and (45) we find 
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3
2 2 2

( )s




 

 

  

 
(46) 

 

On the other hand, by (36) and (40) we get 

 

 

  

   

      

    

2
2 2 2 2 2

1

3 3 2 22
1 2 1 2

2 2 21 1
1 2 1 2

det( , , )

3 2

k

k
X X X h k k k k

k k
k k k k

k


     




    

 


     

 

  



  
      
  
 

   
        

    
                      

 (47) 

 

Substituting (41) and (47) into (45) we get 

 

 

 

 

   

      

    

2
2 2 2 2 2

1

3 2 22
1 2 1 22

2 2 21 1
1 2 1 2

1

3 2

k

k
s k k k k

h

k k
k k k k

k


     




     

  


     

 





  
      
  
 

   
        

    
                      

 (48) 

 

This is completed the proof. 

 

Theorem 3:  Let M  be a regular curve wth the constant function h  in 
3.E  The support 

function of the pedal curve M  is 

 

h h  (49) 

 

where   is the curvature of M  

 

Proof. By (25) the support function of M  we may write 

  

,h X N     (50) 

 

Substituting (22), (25), (27) and (37) into (50) we get  

  

.h h   
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This is completed the proof. 

 

Example 1. Let us consider the curve M ,which is defined by 

 

( ) cos ,sin , .
2 2 2

s s s
X s

    
     

    
 (51) 

 

where   0,2 .    

Differentiating (51) with respect to the parameter s  we obtain 

 

1
( ) sin ,cos ,1 .

2 2 2

s s
X s

    
     

    
 (52) 

and  

( ) 1.X s   (53) 

 

Then, the curve M is a unit speed.  

Differentiating (52) with respect to the arc parameter s  of M we get 

 

1
( ) cos ,sin ,0 .

2 2 2

s s
X s

    
     

    
 (54) 

and 

 

1
( ) .

2
X s   (55) 

Using (6) the Frenet-Serret vectors of M are 

 

 

1
( ) sin ,cos ,1

2 2 2

( ) cos , sin ,0
2 2

1
( ) sin , cos ,1

2 2 2

s s
T s

s s
N s

s s
B s

     
      

    



     
       

     


     

      
    




 (56) 

 

From (16) the curvature and the torsion of M we find 
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1

2

1

2











 


 (57) 

 

Then, we can give the Bishop frame of M . 

By (23) and (57) we obtain 

 
2

0

1
.

2
ds



    (58) 

 

Substituting (58) into (20) we get  

 

 

 

1

2

1 1
cos

2 2

.

1
sin 0

2

k s

k s






  




  


 (59) 

 

From (19) we may write 

 

   

   

1

2

cos sin

sin cos

N N B

N N B

 

 

  


  

 (60) 

 

Combining (56), (58) and (60) the Bishop frame is  

 

1

2

1
( ) sin ,cos ,1

2 2 2

( ) cos ,sin ,0
2 2

1
( ) sin ,cos , 1

2 2 2

s s
T s

s s
N s

s s
N s

     
      

    



     
     

     


     

       
    




 (61) 

 

On the other hand, the support function is 1.h    Then the pedal curve of M is 

 

cos ,sin ,0 .
2 2

s s
X

    
     

    
 (62) 
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Substituting (57), (58) and (59) into (37) we obtain 

 

 

 

2

1

2

2

2

4 22

11

4 11

11

T T N

N N

B T N


 




 



 


 (63) 

 

 

Similarly, substituting (57), (58) and (59) into (44) we get 

 

 

22

8 .
24

11









 


 (64) 

Then, by maple software program the graphs of the helix curve and its pedal may be 

drawn as seen Fig. 4. 

 

 
Figure 4. The helix curve and its pedal ccurve. 
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