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Abstract. In this paper, in complete metric spaces, we introduce random F-contraction
and random F-weak contraction benefiting from the Wardowski and Van Dung’s work. Later,
we prove some random fixed point theorems in complete metric spaces. We also give some
examples to support our results.
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1. INTRODUCTION

The Banach contraction principle is the simplest and important result in fixed point
theory [1]. This principle has many applications and was extended by several authors [2-6].
Authors have obtained fixed point theorems for various operators using this principle. The
random operator is one of them. Random operator theory is needed for the study of various
classes of random equations. Important contributions to the study of the mathematical aspects
of such random equations have been presented in [7, 8] among others. The problem of fixed
points for random mappings was initiated by the Prague school of probability research.
Random fixed point theorems for contraction mappings were proved by Han§ [9,10], Han§
and Spacek [11] and Mukherjee [12, 13].

In this paper, we prove some random fixed point theorems in complete metric spaces.
Firstly, we introduce random F-contraction and random F-weak contraction in complete
metric spaces. Later, we prove some random fixed point theorems in complete metric spaces.
We also state some examples to support our results.

2. PRELIMINARIES

Definition 2.1. [3] Let (,)) be a measurable space with > -a sigma algebra of subsets of and
M be a nonempty subset of a metric space X=(X,d). Let 2™ be the family of nonempty
subsets of M and C(M) the family of all nonempty closed subsets of M. A mapping G: 2 —
2M is called measurable if for each open subset U of M, GL(U)E>, where
G (U)={weQ:G(n)NU#0}.

! Giresun University, Faculty of Arts and Science, Departments of Mathematics, Giresun, Turkey.
E-mail: muzeyyen.sezen@giresun.edu.tr.

ISSN: 1844 — 9581 Mathematics Section


mailto:muzeyyen.sezen@giresun.edu.tr

6 Fixed points of random ... Muzeyyen Sangurlu Sezen

Definition 2.2. [3] A mapping &:02 — M is called a measurable selector of a measurable
mapping G: 2 — 2M if & is measurable and ¢é(w) € G(w) for each w € 2. The mapping
T:2xM — X is said to be a random operator if and only if for each fixed x € M, the
mapping T(.,x): 2 — X is measurable.

Definition 2.3. [3] A random operator T:2 X M — X is said to be continuous random
operator if for each fixed x € M and w € (2, the mapping T(w,.): M — X is continuous.

Definition 2.4. [3] A measurable mapping ¢:2 — M is a random fixed point of a random
operator T: 2 x M — X ifand only if T(w, £ (w)) = &(w) for each w € 0.

Definition 2.5. [4] Let F be the family of all functions F: (0, +o) — R such that

(F1) F is strictly increasing, that is, for all &, 8 € (0, 4+0) if a < 8 then F(a) < F(B),
(F2) For each sequence {«,} of positive numbers, the following holds:

lima, = 0ifand only if Tlli_rgoF(an) = —oo,

n—->oo

(F3) There exists k € (0,1) such that li%akF(a) =0.
a-—

Example 2.6. [4] The following functions F: (0, +%) — R are the elements of F:
(1) Fa = Ina,
2 Fe=lna+a

1

(3) Fa = _\/_E

(4) Fa = Ina® + a.

Definition 2.7. [4] Let (X,d) be a metric space. A map T:X — X is said to be an F-
contraction on (X, d) if there exist F € F and T > 0 such that for all x,y € X,

d(Tx, Ty) > 0=1t+ F(d(Tx,Ty)) < F(d(x,y)).

Theorem 2.8. [4] Let (X,d) be a complete metric space and T: X — X be an F-contraction.
Then we have

(1) T has a unique fixed point x* € X.

(2) Vx € X, the sequence {T™x} is convergent to x*.

Remark 2.9. [4] Let T be an F-contraction. Then d(Tx,Ty) < d(x,y) forall x,y € X such
that Tx # Ty. Also, T is a continuous map.

Definition 2.10. [5] Let (X,d) be a metric space. A map T:X — X is said to be an F-
contraction on (X, d) if there exist F € F and T > 0 such that for all x,y € X,

d(x,Ty)+d(y,Tx)

d(Tx,Ty) > 0=>1t+ F(d(Tx,Ty)) < F(max{d(x,y),d(x,Tx),d(y,Ty), . D.

3. MAIN RESULTS

In this paper, we prove random fixed point theorems for random F-contraction and
random F-weak contraction in complete metric spaces.
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Definition 3.1. Let (X, d) be a complete metric space and M be a nonempty separable closed
subset of X. Amap T(w,.):2 X M — M is said to be a random F-contraction, if there exist
F € F and t(w) > 0 such that forall x,y € M and w € 2,

d (T(w,x(w)),T(w,y(w))) >0

= (@) + F(d(T(w, x()), T(w,y(w)))) < F(d(x(w),y(®))) 3.1)

Remark 3.2. Let T be an random F-contraction. Then, from (F1) and 3.1 we get
d(T(w, x(w)), T(w,y(w))) < d(x(w),y(w)) for all x,yeM and w € N such that
T(w,x(w)) # T(w,y(w)). Thus every random F-contraction T is a contractive operator.
Also, T is a continuous map.

Theorem 3.3. Let (X, d) be a complete metric space and M be a nonempty separable closed
subset of X and T:2 x M — M be a random F-contraction operator. Then T has a unique
random fixed point x*(w) € 2 X M and for every x(w) € 2 X M, the sequence {T"x(w)} is
convergent to x*(w).

Proof. Choose x,(w) € 2 x M for each w € 2 and define a sequence {x,,(w)} by
x1(w) =T (w, % (@), x2(@) =T(w,%1(w)) = T?(w,x(w))
X1 (W) = T(w, xp (@) = T (@, x0(w)), 3.2)

for alln € N. If there exists n € N such that d(xn(a)),T(w,xn(a)))) = 0, the proof is
complete. So, we assume that

0 < d(xn (@), T(w, %, (@))) = d(T (@, Xp—1(@)), T(w, xn(@))), (3.3)

foralln € N and w € 2. Forany n € N we have

T(w) + F(A(T (@, Xp-1 (@), T (@, X (@))) < F(d(xp—1 (@), xp(w))),

F(d(T(w, xp-1(@)), T(@, xp(@))) < F(d(Xn-1(@), Xn(@))) — T(w).

Repeating this process, we get

F(d(T(w, xp-1(@)), T(@, xp(@))) < F(d(Xn-1(@), Xn(@))) — T(w)
= F(d(T (0, Xp—2 (), T (@, Xp-1(@))) — T(w)

< F(d(Xp-2(®@), Xp-1(@))) — 27(w)

= F(d(T(w, ¥p-3()), T (@, Xp—2(@))) — 27(w)

< F(d(¥n-3(@), Xp—2(@))) — 37(w)

< F(d (o (@), %1 (0))) = n7(@). (3.4)
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Taking the limit as n — oo in 3.4, we obtain

LimF(d(T (@, n-1(@)), T(@, % (@))) = —0, (3.5)
then from (F2) rlli_r)?od(T(a),xn_l(a))),T(w, xp(w))) =0, ie,
Limd (xn (@), ¥n41(@)) = 0. (3.6)
and from (F3) there exists k € (0,1) such that
Lim (d (%n (@), Xn41(@)))*F (d (xn (@), X1 ())) = 0. 3.7)
It follows from 3.4
d (xn (@), X1 (@) (F (d (o (@), Xn41(@)) = F(d(xp(w), %1 (@)
< —d (@), X1 (@) nT(w) < 0 (3.8)
forall n € N. By using 3.6, 3.7 and taking the limit n — oo in 3.8, we get
(3.9)

Lim (n(d (xn (@), Xne1(0)))*) = 0,

then there exists n; € N such that n(d (x, (w), X,.+1(w)))* < 1 forall n > n,, that is,

dCon(@), ¥ 11 (@) < . (3.10)
For all m > n = n4, by using 3.10 and the triangle inequality, we get
d(Xm (@), Xp (@) < d(xp(@), X1 (@) +... +d (Xp11 (@), Xn (@)
(3.11)

|~

< Liznd (X1 (@), % (@) < X iz

L

ol

Since the series Z‘;":nil is convergent, taking the limit as n - o in 3.11, we get
ik
lim d(xp,(w),x,(w)) = 0. This proves {x,(w)} is a Cauchy sequence in 2 x M. By
n,m—oo
completeness of (X,d), {x,(w)} converges to some point x(w) € 2 X M. Finally the
continuity of T yields
d (T(@,x(@)), x(@)) = limd (T(w, %, (), % (@) ) = limd(n11 (@), %, ()

=d(x"(w),x"(w)) =0.
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Now, let us to show that T has at most one fixed point. Indeed, if x,y € M be two
distinct fixed points of T, that is, T (w, x(w)) = x(w) # y(w) = T(w, y(w)). Therefore,

d(T(w, x(w)), T(w, y(w)) = d(x(w),y(w)) >0,

then we get
F(d(x(w),y(w)))
= F(d(T(w,x(w)), T(w, y(®))))
< 7(w) + F(d(T(w, x(w)), T(w, y(®))))
< F(d(x(w), y(w))),

which is a contradiction. Therefore, the random fixed point is unique.

Example 3.4 Let F: R, — R be given by the formula F(a) = lna. It is clear that F satisfies
(F1)-(F3)-(F3) for any k € (0,1). Let 2 =[0,1] and z be the sigma algebra of Lebesgue’s
measurable subset of [0,1]. Take X = M = R with d(x(w),y(w)) = |x(w) — y(w)]| for all
x,y € R and 7(w) = In4. Define random mapping T: 2 XX = X as T(w,x(w)) = ?.
Then a measurable mapping x* € M defined as x*(w) = % for all w € 0, serve as a unique
random fixed point of T.

Definition 3.5 Let (X, d) be a complete metric space and M be a nonempty separable closed
subset of X and T:2 x M — M is said to be a random F-weak contraction, if there exist
F € F and t(w) > 0 such that for all x,y € M and w € 2,

d(T(w, x(w)), T(w, y(@))) > 0= t(w) + F(d(T (0, x(0)), T(w,y(w))))
< F(max{d(x(®), y(w)), d(x(w), T (w, x(@))), d(y(w), T (@, y(@))),

d(x(w),T(a),y(w)))+d(y(a)),T(w,x(w)))})
> :

(3.12)

Remark 3.6 Every random F-contraction is a random F-weak contraction. But the converse
IS not true.

Example 3.7 Let F: R, — R be given by the formula F(a) = lna. It is clear that F satisfies
(F1)-(F3)-(F3) for any k € (0,1). Let 2 =[0,1] and z be the sigma algebra of Lebesgue’s

measurable subset of [0,1]. Take X = [0,1] with d(x(w), y(w)) = [x(w) — y(w)| and M=X
forall x,y € M. Let T: 2 x [0,1] — [0,1] be given by
== if x(w)€[o)
T(w,x(w)) =
(@ x(@) - if x(w)=1

Since T is not continuous, T is not random F-contraction by Remark 2.9. For x €
[0,1) and y = 1, we have

w—x 1 w—Xx

A(T (@, x(@), T, y(@)) = (55,9 = |52 —3| > 0,

' 4 4 4

and
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d(x,T1) +d(1,Tx)
2

max{d(x(w),1),d(x(w), T(w,x(w)),d(1,T1), }>d(1,T1) = %

Therefore, by choosing Fa = Ina, a € (0,+) and t(w) = ln%, we see that T is
random F-weak contraction.

Theorem 3.8 Let (X, d) be a complete metric space and M be a nonempty separable closed
subset of X and T:2 XM — M be a random F-weak contraction operator. If T or F is
continuous, then T has a unique random fixed point x(w) € 2 X M and for every x(w) € 02 X
M, the sequence {T™x(w)} is convergent to x*(w).

Proof. Let x(w) € 2 x M be arbitrary and fixed. We define x,41(w) = T(w, x,(w)) for
each w € 2 and for all n € N U {0}, where x,(w) = x(w). If there exists n, € N U {0} such
that x,, 1 (w) = xp, (), then Tx,, (w) = x,,(w). This proves that x,, (w) is a random fixed
point of T.Now we suppose that x,.;(w) # Tx,(w) for all ne NU{0}. Then
d(xp41(w), xp(w)) > 0 for all n € N uU{0}. It follows from Definition 3.5 that for each
neEN:

F (11 (@), 240))) = F (a (7@, 200)), T(0, 201(0))

< F(max{d(x (@), ¥n-1(@)), d(xn (@), T (@, Xp(@))), d(Xp—1 (@), T (@, Xp—1 (@)

d(xn (@), T (@, ¥n—1(@))) + d(xp_1 (@), T(@, X (@)))
’ 2

P —t(w)

= F(max{ d(x,(w), Xp-1(0)), d (% (), Xn41(w)), d(2n-1 (@), X (@)

d(¥n-1(@), Xp41(@))
’ 2

< F(max{d(xn (@), Xn-1(@)), d(xn (@), Xp41(w))

d(Xn-1(@), Xn(@)) + d(xn (@), Xps1(w))
’ 2

= F(max{d(xn (@), ¥n-1(@)), d(¥n (@), Xp41(@))}) — 7(w) - (3.13)

P —t(w)

P —t(w)

If there exists n € N such that

max{ d(xp(w), Xp-1(@)), d(Xn (@), Xn11(w))} = d(¥n (@), Xp41(@))

then 3.13 becomes

F(d(xp41(@), xp (@) < F(d(xXp41(@), Xn (@) — (@) < F(d(Xp41(@), ¥n(@))).
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It is a contradiction. Therefore,
max{d(xy(w), Xn-1(w)), d (X (@), Xn+1(w))} = d(xn (@), Xp—1(w))
for all n € N. Thus, from 3.13, we have
F(d(xp+1(w), xp(w))) < F(d(xp(w), Xp-1(w))) — T(w)
forall n € N. It implies that
F(d(xp+1(w), xp(w))) < F(d(x1(w), X0 (w))) — nt(w) (3.14)
for all n € N. Taking the limit as n — o in 3.14, we get
UmF (d(xn1 (), xn(@))) = —o0
that together with (F2) gives
limd(xn41 (@), % (@) = 0 (3.15)
and from (F3), there exists k € (0,1) such that
#_t?o((d(xn+1(w)rxn(w)))k1: (d(xn+1(w), xp(w))) = 0. (3.16)
It follows from 3.14 that
(d(xn41(@), X0 (@) (F (d (Xn41(@), X (@)))) — F(d (21 (@), %0 (@))))
< —(d(xns1(w), xp(@)))nT(w) < 0 (3.17)
forall n € N. By using 3.15, 3.16 and taking the limit as n — o in 3.17, we get
rlli_fgo(n(d(xn+1(w).xn(w)))k) = 0. (3.18)

Then there exists n; € N such that n(d (x,41 (), x,(0)))* < 1 forall n > ny, that is,

dGonsr (@), X (@) < (3.29)
for all n = n,. For all m > n > n4, by using 3.19 and the tringular inequality, we get
d(Xpm(w), Xp (@) < Z?’iilil%d(xm(w),xi(w))
< T (3.20)

ik
Since the series Z;‘{;l% is convergent, taking the limit as n — oo in 3.20, we get

nk
lim d(x;,(w),x,(w)) = 0. This proves that {x,,(w)} is Cauchy sequence in 2 x M . By
n,m—oo
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completeness of (X, d), there exists x*(w) is a point such that x,,(w) = x*(w) and x*(w) is a
fixed point of T by two following cases.

Case 1. T is continuous. Then, we have
d(x*(w), T(w, x*(w))) = £%d(xn(w)'T(w» Xp(w))) = ggn}od(xn(w),xn+1(w)) =0.
This proves that x*(w) is a fixed point of T.

Case 2 F is continuous. In this case, we consider two following subcases.

Subcase 2.1 For each n € N, there exists i, € N such that x;  (w) =T(w,x"(w)) and
i, > i,—1 Where i, = 1. Then we have

X (w) = limx;,, (w) = limT (0, x"(0)) = T(w,x" (@)

This proves that x*(w) is a random fixed point of T

Subcase 2.2 There exists ny € N such that x,,,(w) # Tx"(w) for each w € 2 and for all
n =>ng. That is d(T(w, x,(w)), T(w,x*(w))) > 0 for all n = n,. It follows from 3.12 and
(F1)

T(w) + F(d(xXp41 (@), T(@, X" (0)))) = (@) + F(A(T (@, X, (), T (w, x™(@))))
< F(max{d(xn(w), x" (@), d(xn (@), T (@, X (@))), d(x" (@), T (0, x* (w))),
d(xXn(@),T(wx" (@) +d(x"(w),T(w,Xn(w)))

- )

< F(max{ d(x (), x" (@), d (X (@), T (w, ¥p(w))), d(x™ (@), T (w, x™ (@))),
d(xn(w),T(w,x*(w)))+d(x*(w),T(w,x*(w)))+d(x*(w),xn+1(w)))})
. :

(3.21)

If d(x*(w), T(w,x*(w))) > 0 then by the fact
limd (xy (w), x™(w)) = limd(x"(w), xp+1(@)) = 0,
there exists n,; € N such that for all n > n,, we have
max{ d(x,(w), x"(w)), d(xp (@), Xn41(@)), d(x™ (@), T (w, x"(w))),

d(xn(w),T(w.X*(w)))+d(X*(w);T(w;X*(w)))+d(x*(w)»xn+1(w)))})
2
= d(x" (@), T(w,x"(®)))

then from 3.21, we get
T(w) + F(d(xn41(w), T(w, x"(@)))) < F(d(x"(0), T(w,x*(w)))), (3.22)

for all n = max{ngy, n,}. Since F is continuous, taking the limit as n — o in (3.22), we obtain

WWW.josa.ro Mathematics Section



Fixed points of random ... Muzeyyen Sangurlu Sezen 13

T(w) + F(d(x"(w), T(w,x™(@)))) < F(d(x"(w), T(w, x"(@)))).

It is contradiction. Therefore, d(x*(w), T (w, x*(w))) = 0, that is, x*(w) is a random
fixed point of T.

By two above cases, T has a random fixed point x*(w). Now, we prove that the
random fixed point of T is unique. Let x;(w),x;(w) be two random fixed points of T.
Suppose to the contrary that x;(w) # x;(w). Then T(w, x; (w)) # T(w, x;(w)). It follows
from 3.1 that

T(w) + F(d(x1(w), x2(w))) = t(w) + F(d(T(w, %1 (), T (w, x2())))
< F(max{d(x1(w), x;(w), d(x1(0), T (w, X1 (@))), d (%2 (w), T (w, Xz (w))),
d(xl*((‘))IT(“):xZ*((‘))))'l'd(xz*(w)rT(w'xl*(“))))})
. :

= F(max{d(x;(w), x;(w)),d(x} (@), x; (@), d(x3 (@), x3(w)),

d(x1*(w),xz*(w))+d(xz*(w),x1*(w))})
. :

= F(d(x1(w), xz(@))).

It is a contradiction. Then d(x;(w),x;(w)) = 0, that is x; (w) = x;(w). This proves
that the random fixed point of T is unique.
It follows from the proof of Theorem 3.8 that limT"(w,x(w)) = limx,41(w) =
n-—-oo n—-oo

x*(w).

Example 3.9 Let F ans T be given as in Example 3.7. Then T is an random F-weak

contraction. Therefore, Theorem 3.8 can be applicable to T and the unique fixed point of T is
w

E.
Corollary 3.10 Let (X, d) be a complete metric space and M be a nonempty separable closed
subset of X and T: 2 X M — M satisfies

d(T(w, x()), T(w, y(@))) > 0 = 7(w) + F(A(T (0, x(w)), T(®,y(@))))
< ad(x(w), y(w)) + bd(x(w), T(w, x(w))) + cd(y(w), T(w,y(w)))
te[d(x(w), T(w,y(w))) +d(y(w), T(w, x(w)))] (3.23)

forall x,y € M and w € Q where a,b,c > 0anda+ b +c + 2e < 1.
If T or F is continuous, then T has a unique random fixed point x*(w) € 2 X M and
for every x(w) € 2 X M, the sequence {T"x(w)} is convergent to x*(w).

Proof. For each w € 2 and for all x,y € M, we have

ad(x(w),y(w)) + bd(x(w), T (w, x(w)))
+ed(y(w), T(w,y(w))) +eld(x(w), T(w,y(w))) + dy(w), T (w, x(w)))]
<(a+b+c+2e)max{d(x(w),y(w)),dx(w),T(w,x(w))),

dy(), T(@, y(®@))) d(x(w).T(wJY(w))):d(Y(w),T(w;x(w)))}
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14 Fixed points of random ... Muzeyyen Sangurlu Sezen
< max{d(x(w),y(w)), dch(w),TT(w,x(w))), . .
X(w), I (wW,y(w + w),l (W,X(W
d(y(@), T(@, y(@))) (x(w),T(w,y( )))2 (v (w),T(w,x( )))}_
Then, by (F1) we see that 3.12 is a consequence of 3.23. Then, the corollary is proved.
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