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Abstract. In this study, the weighted distance matrix and the weighted distance energy
for simple connected weighted graphs are considered and some bounds for the largest
eigenvalue of the weighted distance matrix and the weighted distance enrgy are found.
Moreover, some results are obtained by using these bounds for weighted and unweighted
graphs.
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1. INTRODUCTION

A weighted graph is a graph that has a numeric label associated with each edge, called
the weight of edge. In many applications, the edge weights are usually represented by
nonnegative integers or square matrices. In this paper, we generally deal with simple
connected weighted graphs where the edge weights are positive definite square matrices. Let
G=(V,E) be a simple connected weighted graph on n vertices. Let w, be the positive

definite weight matrix of order 7 of the edge ij and assume that w, =w . The weight of a

vertex i € V' defined as w, = ZW“

,; » where j~i denotes the vertex j is adjacent to i.

Ji~t
Unless otherwise specified, by a weighted graph we mean a graph with each edge
weight is a positive definite square matrix.
The weighted distance between vertices i and j of a weighted graph G, denoted by
D, (i, ] ), is defined to be the sum of the weights of edges in the shortest path from i to j. Also,

the weighted distance matrix D, (G) of a weighted graph G, is a block matrix and defined as
Dw (G) = (W

ij )ntxnt ? where

D,(i,j) , ifi=j
VVij = .
0 , otherwise.
The eigenvalues of the weihghted distance matrix are denoted by 1, u,,..., 1, . Since
D,(G) is a real symmetric matrix, its eigenvalues are real and can be ordered as

4, >, .=, . Also, the largest eigenvalue of D, (G, j) is denoted by (D, (i, /)). The
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weighted transmission Tr, (i) of a vertex i in a weighted graph G is the sum of the weighted
distance from i to all other vertices in G, i.e.,

Tr,(i)=>.D, (i, ).

eV
J#i

Note that the transmission of a vertex i is the sum of the entries of D, (G) in the block

column (row) corresponding to i. The weihted Wiener index W(G, w) of a weighted graph G
is defined as

W(G.w)=3 33D, (0.7)= X0, .))

i€V jev i<j

The weighted distance energy of a weighted graph G is defined as the sum of the
absolute values of its weighted distance eigenvalues x,, t,,..., 1, ., 1.€.,

nt
DEW(G): Z|/u1|
i=l

The bounding problem for the largest eigenvalue of distance matrix and distance
energy of unweighted graphs have received much interest. Since the fundemental paper of
Ruzieh and Powers [12] in 1990, bounding problem for the largest eigenvalue of distance
matrix of unweighted graphs has appeared frequently in many researches [2-4, 8, 15, 16].

The concept of distance energy for unweighted graphs introduced by Indual, Gutman
and Vijayakumar [6]. The distance energy for unweighted graphs is defined as the sum of the
absolute values of eigenvalues of its distance matrix. Lower and upper bounds for distance
energy have been obtained in [7, 9-11, 13]. This paper is organized as follows. In Section 2,
some upper bounds for the largest eigenvalue of weighted distance matrix are found. Also,
some results are presented by using these bounds for number weighted and unweighted
graphs. In Section 3, some upper and lower bounds for the weighted distance energy are
obtained by using the definition of trace and the concept of weighted Wiener index.
Moreover, some results on number weighted and unweighted graphs are found. The following
lemmas are convenient for the graphs we consider. We can begin with the well-known lemma
below.

Lemma 1.1 (Horn-Johnson [5]). If 4 is a real symmetric nxn matrix with eigenvalues
U, >, > ... > u ,then forany x R”(;;tﬁ), ;e R" (}:&6)

‘;A;‘Syl\/ﬁ\/ﬁ.

The equality holds if and only if x is an eigenvector of 4 corresponding to the largest
eigenvalue g, and y = ax for some o € R.
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Lemma 1.2. Let G be a simple connected weighted graph. Then

where 1, (W(G, w)) is the largest eigenvalue of W(G, w).

2. UPPER BOUNDS FOR THE LARGEST EIGENVALUE OF WEIGHTED
DISTANCE MATRIX

In this section, some upper bounds for the largest eigenvalue of weighted distance
matrix are presented. We can give the following theorem.

Theorem 2.1 If G be a simple connected weighted graph, then
w1y < maxy >4, (D, (i, ) @)

- —F 7Y ) ) _
Proof: Let x = (xl Xy e X, ) be an eigenvector corresponding to 4, and x, be the vector

component of x such as

x_Tx_ = max{;T;}. (2)

Jer J

Since x is nonzero, so is x, . We have

D,(G)x = s x. 3)

From the i-th equation of (3), we have

mx, =D, (i, j)x,
-1

J#l

1.€.,

x_irll'llx_<zx D ( ])_j

J=1
i

From (2) and using Lemma 1.1, we get

<% 502w (D, 1)-

J=1
j#i
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Thus g, < max Zn: 1,(D, (i, j))t which completes Proof.
ie =
Ji

Corollary 2.2. If G be a simple connected weighted graph, where each edge weight w; is a

positive number, then

Proof: For number weighted graphs, where the edge weights w, are positive number, we

have u,(D, (i, )= D, (i, ) for all i, j. Using Theorem 2.1 we get the required result.

Corollary 2.3. If G be a simple connected unweighted graph, then

ieV
J#I

4, < max id(i,j) ,
Jj=1

where d (i, j ) is the length of the shortest path from i to ;.

Proof: For an unweighted graph, D (i, j)=d(i, j) for all i; j. Using Corollary 2.2 we get the

required result.

Theorem 2.4 If G be a simple connected weighted graph, then

i,jev

0 < max ngmk»gm (0, (k) @

k=i k)

T

- =7 —7  —7 . ‘ _ —
Proof: Let x = (x1 3 Xy e X, ) be an eigenvector corresponding to £, x, and x; be the

vector components of x such as

—r— r—
X, X, :rrkleaVX{;k xk}, (5)
XX :I,Pﬁ’f{;k Y } ©)

Since x is nonzero, so is x, . We have

D, (G); = ,ul;. (7)

From the i-th equation of (7), we have
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/’llx_i = ZDw(i7 k)g’
k=1
ke#i

1.€.,

x_iTDW (l’ k)7k

X X S Z
P

k#i

From (6) and using Lemma 1.1, we get

<> (D, kNx 57, ®)
B
Similarly, from the j-th equation of (7), we have
x_jTlulx_jSZ#I(Dw(jﬂk))vx_iTx_i\/x_ij_j' )
k=1
k#j

From (8) and (9), we get

i,jeV
k#i k#j

Thus x4, < max \/ki;,ul(Dw(i,k))kznllyl(Dw(j,k)) .

The proof is completed.

Corollary 2.5. If G be a simple connected weighted graph, where each edge weight w; is a

positive number, then

LI = =
k#i k#j

p— \/Zn:Dw(i,k)Zn:Dw(j,k) |

Proof: For number weighted graphs, where the edge weights w;, are positive number, we

have u,(D, (i, )= D, (i, j) for all i, j. Using Theorem 2.4 we get the required result.

Corollary 2.6. If G be a simple connected unweighted graph, then

i,jev

4, < max \/Zn:d(i,k)zn:d(j,k) ,
k=1 k=1

k#i k#j

where d (i, j ) is the length of the shortest path from i to ;.
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Proof: For an unweighted graph, D, (i, j)=d(i, j) for all i; j. Using Corollary 2.5 we get the

required result.
Theorem 2.7 If G be a simple connected weighted graph, then

el |5 (Tr, (i) = (T, J))

k#i k#j

4, < max \/ZM Z“l 1) (0, ) (10)

Proof: Let us consider the matrix
N(G)= diag (p,(Tr, () 1, (Tr, @D, 1, (T, (), )

The (i, ) th element of N(G)' D, (G)N(G) is

0 , otherwise.

{,UI(LW(]:))DJ(Z"]') L if %

Let x = (x_lT,ZT, WX )[ be an elgenvector corresponding to x4, of N (G) DW(G)N (G), X,

and x , be the vector components of x such as

L .

X X :r?g/xg xk}’ (11)

x_Tx_—max{x:TZ}. (12)
k:k#i

Since x is nonzero, so is x, . We have
W(G)' D, (GIN(G)fx = yx. (13)

From the i-th equation of (13), we have

lul wk) ; o
- ak b}
=2 ) P

k#i

1.€.,

r N T/ ]( rw( )) :
X, H X < E X, — l)W l,k X, |-
1 k=1 :ul(Trw(l)) ( ) ¢

k#i

From (12) and using Lemma 1.1, we get
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AT N (14

5 = S A 0, N 5 (15)

k#j

From (14) and (15), we get

L a M(Tw(’)) k=l 'ul “(]))

4y < max Jz“‘—w("” DA (0, 1.0) .

Hence the theorem is proved.

Corollary 2.8. If G be a simple connected weighted graph, where each edge weight w; is a

positive number, then

Tr”’(k)Dw(i,k)Zn: Trw(k)

< max D,\j. k)
’Lll i,jev \/il TI"W(Z') ]/2:14 Trw(-]) ! (] )
#i #J

M-

Proof: For number weighted graphs, where the edge weights w, are positive number, we
have u,(D, (i, )= D, (i, ;) and u (Tr,(i))=Tr (i) for all i, j. Using Theorem 2.7 we get the
required result.

Corollary 2.9. If G be a simple connected unweighted graph, then

where d ( ) is the length of the shortest path from i to j and 77, is the sum of the distances
from i to all other vertices in G.

Proof: For an unweighted graph, D, (i, j)=d(i, j) and Tr, (i)=Tr, for all i; ;.
Using Corollary 2.8 we get the required result.

3. BOUNDS FOR THE WEIGHTED DISTANCE ENERGY

In this section, some upper and lower bounds for the weighted distance energy are
found. Firstly, we present the following lemma.
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Lemma 3.1. If G be a simple connected weighted graph, w4, > 4, >...> u,, be the
eigenvalues of D, (G) then

and

iﬂz =23 (D, (0. J) ).

i<j

where tr(DW(i, j)z) is the trace of Dw(z, ])2.

Proof: From the denition of trace, we get

Zﬂ, ir[D,(G)]=0.
Let us consider the matrix D, (G)’.The (i,i )—the element of D, (G) is ZDW(i, iy

Thus,

S 4t =D, (GF |=23 (D, (1. /F )

i=1 i<j

This completes the Proof.

Theorem 3.2. If G be a simple connected weighted graph, then

\/2er( jJ)<DE,(G)< \/ZntZtr(Dw(i, V). (16)

i<j i<j

Proof: From the definition of weighted distance energy, using Lemma 3.1 and Cauchy-
Schwartz inequality, we get

(0. (@) = Ehul|

< ntz,u
< 2nt2 tr( ) (17)

i<j

On the other hand, from the definition of weighted distance energy, we have

(0. (6 =[Sl | = S

i=1 i=1

=23 (D, (i, /))- (18)

i<j

From (17) and (18), we get

\/ZZtr(DW(i, jY)< DE,(G)< \/2nt2tr(DW(i, i),

i<j i<j
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so the proof is completed.

Corollary 3.3. If G be a simple connected weighted graph, where each edge weight w; is a

\/WQE(G)\/W

Proof: For number weighted graphs, where the edge weights w, are positive number, we

positive number, then

have tr(Dw @i, j)2)= D, (i,j) foralli j. Using Theorem 3.2 we get the required result.

Corollary 3.4. If G be a simple connected unweighted graph, then

\/m <DE (G)< /Zn;d(i, i,

where d (i, j ) is the length of the shortest path from i to ;.

Proof: For an unweighted graph, D, (i, j)= d(i, j) for all i; j. Using Corollary 3.3 we get the
required result.

Theorem 3.5. If G be a simple connected weighted graph, then

DE, (G)< p, + \/(nt—l)[zztr(Dw(i,j)z)— ﬂlzJ . (19)

i<j

Proof: By the definition of weighted distance energy and using Cauchy-Schwartz inequality
and Lemma 3.1, we get

(0E.(6)-) = Shul | <(on-1( S |
m_{zztr( )_j

i<j

and then

DE(G)< 1 + J [@r( 6F) J

i<j

Hence the theorem is proved.

Corollary 3.6. If G be a simple connected weighted graph, where each edge weight w; is a

positive number, then
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DE,(G)< +J<n —1)[2ZDW(LJ)2 ﬂJ .

i<j

Proof: For number weighted graphs, where the edge weights w;, are positive number, we

have tr(DW G, /) ): D, (i,jY foralli j. Using Theorem 3.5 we get the required result.

Corollary 3.7. If G be a simple connected unweighted graph, then

DE, (G)< +\/(n —1)(2261(121')2 _sz ,

i<j
where d (i, j ) is the length of the shortest path from i to ;.

Proof: For an unweighted graph, D, (i, j)=d(i, j) for all i; j. Using Corollary 3.6 we get the
required result.

Theorem 3.8. If G be a simple connected weighted graph, then

2 (W (Gw)< DE,(G), (20)

where 1, (W(G,w)) is the largest eigenvalue of W(G,w).

Proof: Using Theorem 3.2 and Lemma 1.2, we get

DE,(G) > 2Ztr(Dw(i,j)2)

i<j

and then

The proof is completed.

Corollary 3.9. If G be a simple connected weighted graph, where each edge weight w; is a

positive number, then

DE,(G)= 2w (G,w).

n

Proof: For number weighted graphs, where the edge weights w;, are positive number, we
have u, (W(Gw))=W(Gw). Using Theorem 3.8 we get the required result.
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Corollary 3.10. If G be a simple connected unweighted graph, then
DE, (G)> 2w,
n

where W is the Wiener index for unweighted graphs.
Proof: For an unweighted graph, #(G,w)=W .Using Corollary 3.9 we get the required result.

Theorem 3.11. If G be a simple connected weighted graph, then

2

\/2Ztr( )+nt (nt —1)det(D, (G))w . (21)

i<j

Proof: From the definition of weighted distance energy and using Lemma 3.1, we get

67 =($ul] =S +2Zhully

i<j

:2Ztr(DW i,j )+Z|ui”,uj‘.
i<j i#

Since for nonnegative numbers the geometric mean smaller than the arithmetic mean.
Thus, we have

N—"

=2Ztr(DW(i,j)2)+m‘(nt—1 Z|/‘:”/‘/‘]

i<j 1#&]

1

|Iul ‘Iu]‘}nt (nt-1)

1

( nt Z(M_l)jnt(ntl)
i<j i=1

=2Ztr Dw(i,j)2)+m‘(nt—l) H|,ui
=2er(Dw(i,j)2)+m(nz—1)1i[|ﬂift
=23 (D, (1)) e (m=1)det (D, (G))

i<j

Z2Ztr(Dw(i,j)2)+nt(nt—l

i<j i#]

N—"

and then

2

\/ZZtr( )+m (nt —1)det(D, (G)) .

i<j

Hence the theorem is proved.

Corollary 3.12. If G be a simple connected weighted graph, where each edge weight w; is a

positive number, then
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DE.(G)> \/2ZDw(i,j)2 s nln—1)det(D, (G)): .

i<j

Proof: For number weighted graphs, where the edge weights w;, are positive number, we

have zr(Dw (i, j)z): D, (i,j) foralli j. Using Theorem 3.11 we get the required result.
Corollary 3.13. If G be a simple connected unweighted graph, then

DE,(G)> \/ZZd(i,j)z +n(n-1)det(D(G)): .

i<j

where d (i, J ) is the length of the shortest path from i to j and D(G) is the distance matrix of
G.

Proof: For an unweighted graph, D, (G)=D(G) and D, (i, j)=d(i, j) for all i; j. Using
Corollary 3.12 we get the required result.
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