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1. INTRODUCTION

In 2000, G.B. Navalagi [1] presented the idea of semi-a-open sets in topological
spaces. N.M. Ali [2] introduced new types of weakly open sets in topological spaces. M.L.
Thivagar and C. Richard [3] gave nano topological space (or simply N.T.S.) on a subset M of
a universe which is defined regarding lower and upper approximations of M. He studied
about the weak forms of nano open sets (briefly N-0.S.), such as Na-0.S., Ns-0.S., and Np-
0.S.. The objective of this paper is to present the idea of NS,-0.S. and study their
fundamental properties in nano topological spaces. We also present NS -interior and NS,-
closure and obtain some of its properties.

2. PRELIMINARIES

Throughout this paper, (u To(M )) (or simply U) always mean a nano topological
space on which no separation axioms are expected unless generally specified. The
complement of a N-O.S. is called a nano closed set (briefly N-C.S.) in (U, 1z (M)). For a set
C in a nano topological space (U,1x(M)), Ncl(C), Nint(C) and € = U — C denote the
nano closure of C, the nano interior of € and the nano complement of C respectively.

Definition 2.1 [3]:

A subset C of an N. T.S. (U, tx(M)) is said to be:

(i) A nano pre-open set (briefly Np-0.S.) if ¢ € Nint(Ncl(€)). The complement of a Np-
0.S. is called a nano pre-closed set (briefly Np-C.S.) in (U, 72(M)). The family of all Np-
0.S. (resp. Np-C.S.) of U is denoted by NpO (U , M) (resp. NpC (U , M)).

(if) A nano semi-open set (briefly Ns-0.S.) if C € Ncl(Nint(C)). The complement of a Ns-
0.S. is called a nano semi-closed set (briefly Ns-C.S.) in (U, 74 (M)). The family of all Ns-
0.S. (resp. Ns-C.S.) of U is denoted by NsO (U , M) (resp. NsC (U , M)).

(iii) A nano a-open set (briefly Na-0.S.) if C € Nint(Ncl(Nint(C))). The complement of a
Na-0.S. is called a nano a-closed set (briefly Na-C.S.) in (U, to(M)). The family of all Na-
0.S. (resp. Na-C.S.) of U is denoted by NaO (U , M) (resp. NaC (U , M)).
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Definition 2.2 [3]:

(i) The Np-interior of a set C of a N.T.S. (U, tx(M)) is the union of all Np-0.S. contained in
C and is denoted by Npint(C).

(ii) The Ns-interior of a set C of a N. T.S. (U, (M) is the union of all Ns-0.S. contained in
C and is denoted by Nsint(C).

(iii) The Na-interior of a set C of a N. T.S. (U, tx(M)) is the union of all Na-0.S. contained
in C and is denoted by Naint(C).

Definition 2.3 [3]:

(i) The Np-closure of a set C of a N.T.S. (U, tx(M)) is the intersection of all Np-C.S. that
contain € and is denoted by Npcl(C).
(ii) The Ns-closure of a set C of a N.T.S. (U, 72 (M)) is the intersection of all Ns-C.S. that
contain C and is denoted by Nscl(C).
(iii) The Na-closure of a set € of a N.T.S. (U, tx(M)) is the intersection of all Na-C.S. that
contain C and is denoted by Nacl(C).

Proposition 2.4 [3]:

In a N.T.S. (U, 12(M)), then the following statements hold, and the equality of each
statement are not true:

(i) Every N-0.S. (resp. N-C.S.) isa Na-0.S. (resp. Na-C.S.).

(ii) Every Na-0.S. (resp. Na-C.S.) is a Ns-0.S. (resp. Ns-C.S.).

(iii) Every Na-0.S. (resp. Na-C.S.) is a Np-0.S. (resp. Np-C.S.).

Proposition 2.5 [3]:
Asubset C of aN.T.S. (U, tx(M)) isa Na-0.S. iff C isa Ns-0.S. and Np-0.S..

Lemma 2.6:

(i) If K isa N-0.S., then Nscl(K) = Nint(Ncl(X)).
(ii) If ¢ is a subset of a N. T.S. (U, (M), then Nsint(Ncl(C)) = Ncl(Nint(Ncl(C))).

3. NANO SEMI-a-OPEN SETS

In this section, we present and study the NS ,-0.S. and some of its properties.

Definition 3.1:

A subset C of a N.T.S. (U, T (M)) is called nano semi-a-open set (briefly NS_-0.S.) if there
exists a Na-0.S. P in ‘U such that P € C < Ncl(P) or equivalently if ¢ € Ncl(Naint(C)).
The family of all NS_-0.S. of U is denoted by NS,0(U ,M).

Definition 3.2:

The complement of NS,-0.S. is called a nano semi-a-closed set (briefly NS,-C.S.). The
family of all NS_-C.S. of U is denoted by NS,,C(U , M).
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Example 3.3:

LetU = {p,q,r,s} with U/R = {{p},{r},{q,s}} and M = {p, q}.

Let to(M) = {¢,{p}.{q,s}.{p,q,s}, U} be a N.T.S.. The N-C.S. are U,{q,r,s},{p,r},{r}
and ¢. The family of all Na-0.S. of U is: NaO(U , M) = {¢,{p}, {q, s}, {p,q, s}, U}

The family of all Na-C.S. of U is: NaC(U ,M) = {U,{q,7, s}, {p,r},{r}, ¢}.

The family of all NS,-0.S. of U is: NS,O(U , M) = NaO(U ,M)U{{p, 7}, {q,7,s}}.

The family of all NS ,-C.S. of U is: NS,C(U,M) = NaC(U ,M)U{{q, s}, {r}}

Remark 3.4:

It is evident by definitions that in a N. T.S. (U, tx(M)), the following hold:
(i) Every N-0.S. (resp. N-C.S.) isa NS,-0.S. (resp. NS,-C.S.).
(i1) Every Na-0.S. (resp. Na-C.S.) isa NS,-0.S. (resp. NS,-C.S.).

The opposite of the above remark need not be true as appeared in the following examples.

Example 3.5:

In example (3.3), the set {p, r} isa NS,-0.S. but is not N-0.S. and not Na-0.S.. The set {q, s}
isa NS,-C.S. butis not N-C.S. and not Na-C.S..

Remark 3.6:

The concepts of NS,-0.S. and Np-0.S. are independent, as the following example shows.

Example 3.7:

In example (3.3), then the set {p,r} is a NS,-0.S. but is not Np-0.S.. The set {p, r, s} is a Np-
0.S. butisnot NS_-0.S..

Remark 3.8:

(i) If every N-O.S. is a N-C.S. and every nowhere nano dense set is N-C.S. in any N.T.S.
(U, 72 (M)), then every NS,-0.S. isa N-0.S..
(ii) If every N-0.S.isa N-C.S.inany N.T.S. (U, tx (M)), then every NS ,-0.S. isa Na-0.S..

Remark 3.9:

(i) It is clear that every Ns-0.S. and Np-0.S. of any N.T.S. (U, t(M)) is a NS,-0.S. (by
proposition (2.5) and remark (3.4) (ii)).

(i) A NS,-0.S. in any N.T.S. (U, tx(M)) is a Np-0.S. if every N-0.S. of U is a N-C.S.
(from proposition (2.4) (iii) and remark (3.8) (ii)).

Theorem 3.10:

For any subset € of a N.T.S. (U, T (M)), C € NaO (U , M) iff there exists a N-0.S. K such
that K < € € Nint(Ncl(X)).

Proof: Let C be a Na-0.S.. Hence C < Nint(Ncl(Nint(C))), so let KX = Nint(C), we get

Nint(C) € C € Nint(Ncl(Nint(C))). Then there exists a N-0.S. Nint(C) such that
K S C < Nint(Ncl(¥)), where X = Nint(C).
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Conversely, suppose that there is a N-0.S. K such that X < € € Nint(Ncl(X)).
To prove € € NaO(U ,M).

K < Nint(C) (since Nint(C) is the largest N-0O.S. contained in C).

Hence Ncl(K) € Nint(Ncl(C)), then Nint(Ncl(K)) € Nint(Ncl(Nint(C))).
But X € C < Nint(Ncl(¥K)) (by hypothesis). Then € € Nint(Ncl(Nint(C))).
Therefore, C € NaO(U , M).

Theorem 3.11:

For any subset € of a N.T.S. (U, T (M)). The following properties are equivalent:
(hc eNS,0(U,M).

(ii) There exists a N-0.S. say K such that X € C € Ncl(Nint(Ncl(X))).

(iii) C € Ncl(Nint(Ncl(Nint(C)))).

Proof:

(i) = (ii) Let ¢ € NS,O0(U,M). Then there exists P € NaO(U,M), such that P € C
Ncl(®P). Hence there exists K N-0.S. such that X € P € Nint(Ncl(K)) (by theorem
(3.10)). Therefore, Ncl(¥) € Ncl(P) € Ncl(Nint(Ncl(¥))), implies that Ncl(P) <
Ncl(Nint(Ncl(¥))). Then XK € P < C < Ncl(P) € Ncl(Nint(Ncl(¥))). Therefore,
K € C S Ncl(Nint(Ncl(X))), for some K N-O.S..

(ii) = (iii) Suppose that there exists a N-0.S. K such that X € € € Ncl(Nint(Ncl(X))).
We know that Nint(C) < C. On the other hand, K < Nint(C) (since Nint(C) is the largest
N-0.S. contained in C). Hence Ncl(X) S Ncl(Nint(C)), then Nint(Ncl(¥)) <
Nint(Ncl(Nint(C))), therefore Ncl(Nint(Ncl(¥))) € Ncl(Nint(Ncl(Nint(C)))).

But C € Ncl(Nint(Ncl(X))) (by hypothesis).

Hence € € Ncl(Nint(Ncl(K))) € Ncl(Nint(Ncl(Nint(C)))),

then C S Ncl(Nint(Ncl(Nint(C)))).

(iii) = (i) Let € < Ncl(Nint(Ncl(Nint(C)))). To prove C € NS,0(U , M).

Let P = Nint(C); we know that Nint(C) < C. To prove C S Ncl(Nint(C)).

Since Nint(Ncl(Nint(C))) € Ncl(Nint(C)).

Hence, Ncl(Nint(Ncl(Nint(C)))) € Ncl(Ncl(Nint(C)))) = Ncl(Nint(C)).

But C € Ncl(Nint(Ncl(Nint(C)))) (by hypothesis).

Hence, C € Ncl(Nint(Ncl(Nint(C)))) € Ncl(Nint(C)) = C S Ncl(Nint(C)).

Hence, there exists a N-0.S. say P, such that P € C < Ncl(P).

On the other hand, P isa Na-0.S. (since P isa N-0.S.). Hence C € NS,0(U ,M).

Corollary 3.12:

For any subset € of a N.T.S. (U, (M), the following properties are equivalent:
(i) ¢ € NS, C(U,M).

(i) There exists a N-C.S. F such that Nint(Ncl(Nint(F))) S C < F.

(iii) Nint(Ncl(Nint(Ncl(C)))) < C.

Proof:

(i) = (ii) Let c e NS, C(U,M), then €€ € NS,0(U ,M). Hence there is K N-0.S. such
that K € C° S Ncl(Nint(Ncl(K))) (by theorem (3.11)). Hence (Ncl(Nint(Ncl(¥))))€ <
C“ Cc K¢, ie., Nint(Ncl(Nint(X°))) € C € K°. Let K¢ = F, where F is a N-C.S. in U.
Then Nint(Ncl(Nint(F))) € € < F, for some F N-C.S..

(ii) = (iii) Suppose that there exists F N-C.S. such that Nint (Ncl(Nint(T))) CCCF,
but Ncl(C) is the smallest N-C.S. containing C. Then Ncl(C) < F, and therefore:
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Nint(Ncl(C)) € Nint(F) = Nel (Nint(Ncl(€))) € Nel(Nint(F)) =
Nint(Ncl(Nint(Ncl(C)))) € Nint(Ncl(Nint(F))) € C =
Nint(Ncl(Nint(Ncl(C)))) < C.

(iii) = (i) Let Nint(Ncl(Nint(Ncl(C)))) € C. Toprove C € NS, C(U,M),
i.e., to prove C¢ € NS, ,0(U,M).

Then C¢ < (Nint(Ncl(Nint(Ncl(C)))))¢ = Ncl(Nint(Ncl(Nint(C¢)))), but
(Nint(Ncl(Nint(Ncl(C)))))¢ = Ncl(Nint(Ncl(Nint(C¢)))).

Hence €€ € Ncl(Nint(Ncl(Nint(C¢)))), and therefore C¢ € NS,0(U , M),
i.e., Ce€NS,C(U,M).

Proposition 3.13:
The union of any family of Na-0.S. isa Na-0.S..

Proof: Let {C;};ca be a family of Na-0.S. of U. To prove U;cp C; isa Na-0.S.,
i.e., UiEA Ci - Nint(Ncl(Nint(UieA 61))) Then Ci - Nlnt(Ncl(Nlnt(Cl))), Vi e A
Since U;ep Nint(C;) € Nint(U;ep C;) and U;ep Ncl(C;) € Ncl(U;ep C;) hold for any nano
topology. We have U;ep C; € Ujep Nint(Ncl(Nint(C;)))
C Nint(U;ep Ncl(Nint(C))))
C Nint(Ncl(Nint(U;ep C)))).-
Hence U;ep G isa Na-0.S..

Theorem 3.14:
The union of any family of NS,-0.S.isa NS,-0.S..

Proof: Let {C;};ex be a family of NS ,-0.S.. To prove U;ep C; isa NS,-0.S..

Since C; € NS, 0(U ,M). Then there isa Na-0.S. D; such that D; € C; € Ncl(D;), Vi € A.
Hence Uiea D; S Uiea Ci S Uiea Ncl(D;) S Nel(Uiea D).

But U;epaD; € NaO(U , M) (by proposition (3.13)). Hence U;ea C; € NS,0(U , M).

Corollary 3.15:
The intersection of any family of NS_-C.S.isa NS,-C.S..

Proof: This follows directly from the theorem (3.14).
Remark 3.16:

The intersection of any two NS _-0.S. is not necessary NS,-0.S. as in the following example.

Example 3.17:

In example (3.3), {p, 7} and {q,r, s} are two NS,-0.S., but {p,r}N{q,r,s} = {r} is not NS,-
0.S..

Remark 3.18:

The following diagram shows the relations among the different types of weakly N-0.S. that
were studied in this section:
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Np-0.S.
r Y
Ns-0.8S.
N-0.S. —— Na-0.5.
i every nowhere nano
dense setis N-C.S. ¥
()
\_/
every N-0.S. is N-C.S.
y
NS,-0.S.

4. NANO SEMI-a-INTERIOR AND NANO SEMI-a-CLOSURE

We present NS -interior and NS_-closure and obtain some of its properties in this
section.

Definition 4.1:

The union of all NS ,-0.S.ina N.T.S. (U, tx(M)) contained in C is called NS ,-interior of C
and is denoted by NS,int(C), NS,int(C) = U{D:D € C,DisaNS,-0.S.}.

Definition 4.2:

The intersection of all NS,-C.S. in a N.T.S. (U, t¢(M)) containing C is called NS_-closure
of C and is denoted by NS,cl(C), NS cl(€¢) = N{D:C =€ D,DisaNS,-C.S.}.

Proposition 4.3:

Let C beany setinaN.T.S. (U, tx(M)), the following properties are true:
(i) NS int(C) = CiffcisaNS,-0.S..

(i) NS,cl(C) = Ciff Cisa NS,-C.S..

(iii) NS,int(C) is the largest NS,-0.S. contained in C.

(iv) NS ,cl(C) is the smallest NS ,-C.S. containing C.

Proof: (i), (ii), (iii) and (iv) are obvious.

Proposition 4.4:

Let C beanysetinaN.T.S. (U, tx(M)), the following properties are true:
(i) NS, int(U—C) =U— (NS,cl(C)),
(i) NS,cl(U — €) = U — (NS,int(C)).
Proof: (i) By definition, NS, cl(C) = N{D:€¢ € D,DisaNS,-C.S.}
U— (NS,cl(©) =U—-N{D:C = D,DisaNS,-C.S.}
=U{U-D:c<cD,DisaNS,-C.S.}
=U{H:H ScU~-CHisaNS,-0.S.}
= NS, int(U — C).
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(ii) The proof is similar to (i).

Theorem 4.5:

Let C and D be two sets ina N.T.S. (U, ¢(M)). The following properties hold:
(i) NS int(¢) = ¢, NS, int(U) = U.

(i) NS,int(C) € C.

(iii) C €D = NS,int(C) € NS,int(D).

(iv) NS int(CND) € NS,int(C)NNS int(D).

(V) NS,int(C)UNS,int(D) S NS,int(CUD).

(vi) NS, int(NS,int(C)) = NS,int(C).

Proof: (i), (i), (iii), (iv), (v) and (vi) are obvious.
The equality in (iv) and (v) is not true in general, as the following example shows:

Example 4.6:

LetU = {p,q,r,s}withU/R = {{q},{r}, {p,s}} and M = {p,r}.

Let 7o(M) = {¢,{r}, {p, s}, {p,7,s}, U} be a N.T.S.. The N-C.S. are U,{p,q,s},{q,7},{q}
and ¢. The family of all Na-0.S. of U is: NaO(U , M) = {¢, {r},{p,s}, {p,7,s}, U}.

The family of all NS -0.S. of U is: NS,O0(U , M) = NaO(U ,M)U{{q, 7}, {p,q,s}}.

Let ¢ ={q,7},D ={p,q,s}. Then NS, int(C) = {q,7r}, NS,int(D) ={p,q,s},CND = {q},
NS,int(CND) = ¢ and NS,int(C)NNS int(D) = {q}.

Itis clear that NS,int(C)NNS,int(D) € NS, int(CND).

Let C={p,s},D={qs}. Then NS,int(C) = {p,s},NS,int(D) = ¢,CUD = {p,q,s},
NS, int(CUD) = {p,q,s}and NS,int(C)UNS int(D) = {p, s}.

Itis clear that NS,int(CUD) € NS ,int(C)UNS,int(D).

Theorem 4.7:

Let C and D be two sets ina N. T.S. (U, ¢ (M)). The following properties hold:
(i) NS,cl($) = ¢, NS,cl(U) = U.

(ii) € € NS,cl(C).

(iii) C €D = NS,cl(C) € NS cl(D).

(iv) NS, cl(END) € NS,cl(C)NNScl(D).

(V) NScl(C)UNScl(D) € NS, cl(CUD).

(Vi) NS,cl(NS,cl(C)) = NS,cl(C).

Proof: (i) and (ii) are evident.

(iii) By part (ii), D € NS, cl(D). Since C € D, we have C S NS,cl(D). But NS cl(D) is a
NS_-C.S.. Thus Ngsg-cl(D) isa NS ,-C.S. containing C. Since NS,cl(C) is the smallest NS -
C.S. containing C, we have NS,cl(C) € NS, cl(D). Hence,CSD = NS, cl(C) S
NS,cl(D).

(iv) We know that CND < € and CND < D. Therefore, by part (iii), NS,cl(CND) <
NS, cl(C) and S,cl(CND) € NS,cl(D). Hence NS,cl(CND) < NS, cl(C)NNS ,cl(D).

(v) Since € € CUD and D < CUD, it follows from part (iii) that NS, cl(C) € NS, cl(CUD)
and NS ,cl(D) < NS, cl(CUD). Hence NS,cl(C)UNScl(D) € NS, cl(CUD).

(vi) Since NS,cl(C) is a NS,-C.S., we have by proposition (4.3) part (ii), S,cl(NS,cl(C))
= NS,cl(C).
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The equality in (iv) and (v) is not true in general, as the following example shows:

Example 4.8:

In example (4.6), the family of all Na-C.S. of U is: NaC(U,M) =
{U,{p,q,s},{q.7}{q} ¢} The  family of  all NS,-C.S. of U IS:
NS,C(U, M) = NaC(U,M)U{{p,s},{r}}. Let ¢ ={p,r},D ={q,r}. Then NS, cl(C) =
U,NS,cl(D) ={q,r},eND = {r}, NS, cl(CND) = {r} and NS,cl(C)NNScl(D) = {q,7}.
Itis clear that NS ,cl(C)NNS cl(D) € NS, cl(CND).

Let C={ps},D={r}. Then NS,l(C)={p,s},NS,cl(D)={r},CcUD ={p,r,s},
NS cl(CUD) = U and NS cl(C)UNScl(D) = {p,,s}.

Itis clear that NS ,cl(CUD) € NS, cl(C)UNS cl(D).

Proposition 4.9:

For any subset € of a N.T.S. (U, tx(M)), then:

(i) Nint(€) € Naint(C) <€ NS,int(C) € NS,cl(C) € Nacl(C) < Ncl(C).
(ii) Nint(NS,int(€)) = NS,int(Nint(€)) = Nint(C).

(iii) Naint(NS,int(€)) = NS,int(Naint(C)) = Naint(C).

(iv) Ncl(NSacl(C)) = NSacl(Ncl(C)) = Ncl(C).

(V) Nacl(NS,cl(€)) = NS,cl(Nacl(€)) = Necl(C).

(vi) NS, cl(C) = CUNint(Ncl(Nint(Ncl(C)))).

(vii) NS,int(C) = CNNcl(Nint(Ncl(Nint(C)))).

(viii) Nint(Ncl(€)) € NS,int(NS,cl(C)).

Proof: We shall prove only (ii), (iii), (iv), (vii) and (viii).

(i) To prove Nint(NS,int(C)) = NS,int(Nint(C)) = Nint(C).

Since Nint(C) is a N-0.S., then Nint(C) isa NS,-0.S..

Hence Nint(C) = NS,,int(Nint(€)) (by proposition (4.3)). Therefore:

Nint(C) = NSHNE(NINE(C)) wvvvrerererereriieeieseissssssssesissssssssssssss s (1)
Since Nint(C) © NS,int(€C) = Nint(Nint(€)) € Nint(NS,int(C)) =

Nint(€) € Nint(NS,int(C)).

Also, NS,int(C) € € = Nint(NS,int(C)) € Nint(C). Hence:

Nint(C) = Nint(NSLNL(C)) vevrerererereririeriessisessssssesesssssssssssssesssssssssssssssnns (2)
Therefore by (1) and (2), we get Nint(NS,int(€)) = NS int(Nint(€)) = Nint(C).
(iii) To prove Neint(NS,int(C)) = NS,int(Naint(€)) = Naint(C).

Since Naint(C) is Na-0.S., therefore Naint(C) is NS,-0.S.. Therefore by proposition (4.3):
Naint(€) = NSGNt(NANE(C)) ouevererereriieriesiiieiiessiesissssesssssessissssesssssesons (1)
Now, to prove Naint(C) = Naint(NS,int(C)).

Since Naint(C) € NS,int(C) = Naint(Naint(C)) c Naint(NSaint(C)) =
Naint(€) € Naint(NS,int(C)).

Also, NS,int(C) € € = Naint(NS,int(C)) S Naint(C). Hence:

Naint(C) = Natnt(NSHNE(C)) cvvverrrerireiereieerisessissssssssssssssssessssssssss s (2)
Therefore by (1) and (2), we get Naint(NS,int(C)) = NS int(Naint(C)) = Naint(C).
(iv) To prove Ncl(NS,cl(C)) = NS, cl(Ncl(C)) = Ncl(C).

We know that Ncl(C) isa N-C.S., so itis NS,-C.S.. Hence by proposition (4.3), we have:
NCl(C) = NSGCLNCL(C)) cvvrevrreereeereeireeiseeiss s (1)
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To prove Ncl(€) = Ncl(NS,cl(€)). Since NS,cl(€) S Ncl(€) (by part (i)).

Then Ncl(NS cl(€)) < Ncl(Ncl(€)) = Ncl(€) = Ncl(NScl(€)) € Ncl(C).

Since € € NS,cl(C) € Ncl(NS,cl(€)), then € S Ncl(NS,cl(C)). Hence Ncl(€)

Ncl (Ncl(NSacl(C))) = Ncl(NS,cl(€)) = Ncl(€) € Ncl(NS,cl(€)) and therefore:
NCl(C) = NCEl(NS,CLIC)) cvvvvvevvierieiireriessiessiesss s )

Now, by (1) and (2), we get that Ncl(NS,cl(C)) = NS,cl(Ncl(C)).

Hence Ncl(NS,cl(C)) = NS,cl(Ncl(€)) = Ncl(C).

(vii) To prove NS,int(C) = CNNcl(Nint(Ncl(Nint(C)))).

Since NS,int(C) € NS,0(U,M) = NS,int(€) € Ncl(Nint(Ncl(Nint(NS,int(C)))))
= Ncl(Nint(Ncl(Nint(C)))) (by part (ii)).

Hence NS,int(C) S Ncl(Nint(Ncl(Nint(C)))), also NS,int(C) < C. Then:

NS,int(C) € CNNCL(NINt(NCL(NINE(C)))) - currerrererremereeenereeesesieseesesseseeesseseenens 1)

To prove CNNcl(Nint(Ncl(Nint(C)))) isa NS,-0.S. contained in C.

It is clear that CNNcl(Nint(Ncl(Nint(C)))) € Ncl(Nint(Ncl(Nint(C)))) and also it is
clear that Nint(€) € Ncl(Nint(C)) = Nint(Nint(C)) € Nint(Ncl(Nint(C)))

= Nint(C) € Nint(Ncl(Nint(C))) = Ncl(Nint(C)) € Ncl(Nint(Ncl(Nint(C))) and
Nint(C) € Ncl(Nint(C)) = Nint(C) € Ncl(Nint(Ncl(Nint(C)))) and Nint(C) < C

= Nint(C) € CNNcl(Nint(Ncl(Nint(C)))).

We get Nint(C) € CNNcl(Nint(Ncl(Nint(C)))) € Ncl(Nint(Ncl(Nint(C)))).

Hence CNNcl(Nint(Ncl(Nint(C)))) isa NS,-0.S. (by proposition (4.3)).

Also, CNNcl(Nint(Ncl(Nint(€)))) is contained in C. Then CNNcl(Nint(Ncl(Nint(C))))
C NS,int(C) (since NS,int(C) is the largest NS,-0.S. contained in C). Hence:
CNNclI(Nint(Ncl(Nint(C)))) S NS NL(C).covevveveireieieieeeeieiese s 2

By (1) and (2), NS,int(C) = CNNcl(Nint(Ncl(Nint(C)))).

(viii) To prove that Nint(Ncl(€)) € NS,int(NS,cl(C)). Since NS,cl(C) is a NS,-C.S,,
therefore Nint(Ncl(Nint(Ncl(NS,cl(C))))) € NS,clL(€) (by corollary (3.12)).

Hence Nint(Ncl(C)) € Nint(Ncl(Nint(Ncl(C))) S NS,cl(C) (by part (iv)).

Therefore, NS,int (Nint(Ncl(€))) € NS,int(NS,cl(€)) =

Nint(Ncl(€)) S NS,int(NS,cl(C)) (by part (ii)).
Theorem 4.10:

For any subset € of a N.T.S. (U, T (M)). The following properties are equivalent:
(i) C € NS,0(U, M).

(if) K < € € Ncl(Nint(Ncl(X))), for some N-0.S. K.

(iii) K < € < Nsint(Ncl(¥)), for some N-0.S. K.

(iv) € € Nsint(Ncl(Nint(C))).

Proof:

(i) = (ii) Let ¢ € NS,0(U,M), then € < Ncl(Nint(Ncl(Nint(C)))) and Nint(C) < C.
Hence i € C < Ncl(Nint(Ncl(¥X))), where K = Nint(C).

(ii) = (iii) Suppose K < C < Ncl(Nint(Ncl(X))), for some N-0.S. K.

But Nsint(Ncl(K)) = Ncl(Nint(Ncl(%))) (by lemma (2.6)).

Then X <€ C < Nsint(Ncl(¥X)), for some N-0.S. K.

(iii) = (iv) Suppose that X < C < Nsint(Ncl(¥X)), for some N-0.S. K.

Since X isa N-0.S. contained in C. Then X < Nint(C) = Ncl(¥) S Ncl(Nint(C))

= Nsint(Ncl(K)) € Nsint(Ncl(Nint(C))). But C € Nsint(Ncl(X)) (by hypothesis),
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then C € Nsint(Ncl(Nint(C))).

(iv) = (i) Let C < Nsint(Ncl(Nint(C))).

But Nsint(Ncl(Nint(C))) = Ncl(Nint(Ncl(Nint(C)))) (by lemma (2.6)).
Hence € Ncl(Nint(Ncl(Nint(C)))) = C € NS,,0(U , M).

Corollary 4.11:

For any subset D of a N. T.S. (U, tx(M)), the following properties are equivalent:
(i) D € NS,C(U,M).

(ii) Nint(Ncl(Nint(F))) € D < F, for some F N-C.S..

(iii) Nscl(Nint(F)) € D < F, for some F N-C.S..

(iv) Nscl(Nint(Ncl(D))) < D.

Proof:

(i) = (ii) Let D € NS,C(U,M) = Nint(Ncl(Nint(Ncl(D)))) < D (by corollary (3.12))
and D < Ncl(D). Hence we get Nint(Ncl(Nint(Ncl(D)))) € D € Ncl(D).
Therefore Nint(Ncl(Nint(F))) € D < F, where F = Ncl(D).

(it) = (iii) Let Nint(Ncl(Nint(F))) € D < F, for some F N-C.S..

But Nint(Ncl(Nint(F))) = Nscl(Nint(F)) (by lemma (2.6)).

Hence Nscl(Nint(F)) € D < F, for some F N-C.S..

(iii) = (iv) Let Nscl(Nint(F)) € D < F, for some F N-C.S..

Since D c F (by hypothesis), hence Ncl(D) € F = Nint(Ncl(D) € Nint(F) =
Nscl(Nint(Ncl(D))) € Nscl(Nint(F)) € D = Nscl(Nint(Ncl(D))) < D.

(iv) = (i) Let Nscl(Nint(Ncl(D))) < D.

But Nscl(Nint(Ncl(D))) = Nint(Ncl(Nint(Ncl(D)))) (by lemma (2.6)).

Hence Nint(Ncl(Nint(Ncl(D)))) €D = D € NS,C(U,M).

5. CONCLUSION

The class of NS ,-0.S. defined using Na-0.S. forms a nano topology and lay between
the class of N-0.S. and the class of Ns-0.S.. The NS,-0.S. can be used to derive a new
decomposition of nano continuity, nano compactness, and nano connectedness.
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