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Abstract. In this paper, we study the complete and horizontal lift of the silver structure 

in the tangent bundle and prolongation of mentioned structure to tangent bundle of order 2. 
We also investigate integrability and parallelism of silver structure in tangent bundle. 
Moreover, we define a silver semi-Riemannian metric in tangent bundle. 
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1. INTRODUCTION  
 
 

 The  golden ratio is an irrational number which has an important place in  the human 
history. We have seen this ratio in the structure of music compositions, proportions of audio 
frequency of harmonies, proportions of the human body, temples, statues, and fractals. Even if 
it is not famous as much as golden ratio, one of the irrational numbers, which glamors people, 
is silver ratio which is known 1 ൅ √2. The value of the silver ratio is 2,4142135623. .. and 
represented by ߠ. 

The  golden ratio is a number which Fibonacci numbers converge. Similarly, the silver 
ratio is also a number which Pell numbers converge. We shall divide into two parts a line 
segment such that the ratio of the sum of two-fold of the big part with the small part to the big 

part equals the ratio of the big part to the small part. If we take 
௔

௕
ൌ  in the ratio ݔ

ଶ௔ା௕

௔
ൌ ௔

௕
, we 

get algebraic equation ݔଶ ൌ ݔ2 ൅ 1. The positive root of this equation is 1 ൅ √2, equals to 
silver ratio. 

In [1, 5], the geometry of golden structure which has the structure polynomial 
ܳሺܺሻ ൌ ܺଶ െ ܺ െ  ,is studied. Recently, the golden structure has been studied in [2, 3, 5, 7 ܫ
8, 11, 12, 13]. 

In 2013, Özkan and Peltek [9] defined the silver structure, which is a new polynomial 
structure, by tensor field Θ of type ሺ1,1ሻ which has structure polynomial, ܳሺܺሻ ൌ ܺଶ െ 2ܺ െ
 on a differentiable manifold. Later, Özkan and Peltek [10] examined geometry of silver ,ܫ
structure on a differentiable manifold. 

When we exclude manifolds which are diffeomorphic to manifold ܯ, it has the close 
relationship with manifold ܯ that is total space of tangent bundle of manifold ܯ which is 
represented by ܶܯ. So, we wonder whether a silver structure on manifold ܯ has relationship 
with a silver structure in ܶܯ. 

In this paper, firstly we introduce the silver structure. After, we study complete lifts of 
the silver structures in ܶܯ, and we give some examples of the silver structure in ܶܯ. 
Furthermore, we investigate the integrability of the silver structure, and the parallelism of the 
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silver structure in ܶܯ. Next, we define silver semi-Riemannian manifold in tangent bundle. 
After that, we study horizontal lifts of the silver structures in tangent bundle. Finally, we 
study the second lift of the silver structure in tangent bundle of order two ଶܶܯ. 
 

 
2. PRELIMINARIES 
 
 

Throughout this paper, all manifolds, bundles, tensor fields, and connections are 
assumed to be of ܥஶ. 

 
Definition 1 ([9,10]) Let ܯ be a ܥஶ െdifferentiable manifold. A tensor field ߆ of type 

ሺ1,1ሻ that satisfies following equation 
ଶ߆  ൌ ߆2 ൅  (2.1) ܫ
 

where ܫ denotes the identity ሺ1,1ሻ tensor field, is called a silver structure on manifold ܯ.  
 
Theorem 1 ([9,10]) If ܲ is an almost product structure on manifold ܯ, then 
 
߆  ൌ ܫ ൅ √2ܲ (2.2) 
 

is a silver structure on manifold ܯ. Conversely, if ߆ is a silver structure on ܯ then  
 

 ܲ ൌ ଵ

√ଶ
ሺ߆ െ  ሻ (2.3)ܫ

 
is an almost product structure on manifold ܯ.  

 
Let the operators ݈ and ݉ be defined as [10] 
 

 
݈ ൌ ଵ

ଶ√ଶ
߆ െ ଶିఏ

ଶ√ଶ
,ܫ

݉ ൌ െ ଵ

ଶ√ଶ
߆ ൅ ఏ

ଶ√ଶ
ܫ
 (2.4) 

where ߠ ൌ 1 ൅ √2. Then we have  
 

 ݈ଶ ൌ ݈,݉ଶ ൌ ݉, ݈݉ ൌ ݈݉ ൌ 0, ݈ ൅ ݉ ൌ  (2.5) ,ܫ
 
߆݈  ൌ ݈߆ ൌ ߆݉,݈ߠ ൌ ݉߆ ൌ ሺ2 െ  ሻ݉. (2.6)ߠ

 
Thus there exist in ܯ two complementary distributions ܦ௟ and ܦ௠ corresponding to 

the projection tensors ݈ and ݉, respectively [10]. 
 

 
3. THE COMPLETE LIFT OF SILVER STRUCTURE IN THE TANGENT BUNDLE 
 
 

Let ܯ be an ݊ െdimensional differentiable manifold of class ܥஶ and ௣ܶܯ be tangent 
space at a point ݌ of ܯ. Then, 

 
ܯܶ  ൌ ⋃ ௣ܶܯ௣∈ெ  
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is a tangent bundle on manifold ܯ. The tangent bundle ܶܯ is a 2݊ െdimensional 
differentiable manifold. 

Let Θ be a tensor field of type ሺ1,1ሻ on ܯ. The complete lift Θ஼ of Θ with local 
components Θ௜

௛ has components of the form [15] 
 

஼߆  ൌ ቆ
௜߆
௛ 0

௜߆߲
௛ ௜߆

௛ቇ. 

 
Let ߔ,߆ be two tensor fields of type ሺ1,1ሻ on ܯ. From [15], 
 
 ሺߔ߆ሻ஼ ൌ  ஼. (3.1)ߔ஼߆
 

By taking ߆ ൌ  in (3.1), we have ߔ
 

 ሺ߆ଶሻ஼ ൌ ሺ߆஼ሻଶ. (3.2) 
 

Similarly, we have ሺ߆ଷሻ஼ ൌ ሺ߆஼ሻଷ by taking ߔ ൌ  ,ଶ in (3.1). By repeating the same process߆
we obtain 
 

 ሺ߆௞ሻ஼ ൌ ሺ߆஼ሻ௞, ݇ ∈ Ժା. (3.3) 
 

Moreover; from [15], 
 

 ሺ߆ ൅ ሻ஼ߔ ൌ ஼߆ ൅  ஼. (3.4)ߔ
 
 
By taking complete lift of both sides of equation (2.1) and using (3.3), (3.4) and 

஼ܫ ൌ  we obtain ,ܫ
 
 ሺ߆஼ሻଶ ൌ ஼߆2 ൅  ஼. (3.5)ܫ
 

Thus, we can give the following proposition. 
 
Proposition 1 ([9,10]) Let ߆ be a tensor field of type ሺ1,1ሻ on ܯ. Then the complete 

lift ߆஼ of ߆ is a silver structure on ܶܯ if and only if ߆ is silver structure on ܯ.  
 
Let Θ be a silver structure on ܯ. Then complete lifts ݈஼ of ݈ and ݉஼ of ݉ are 

complementary projection tensors on ܶܯ. Thus there exit in ܶܯ two complementary 
distributions ܦ௟

஼ and ܦ௠஼  determined by ݈஼ and ݉஼, respectively. 
 
Proposition 2 ([9,10]) i) If ߆ is silver structure on manifold ܯ, then the silver 

structure ߆஼ is an isomorphism on the tangent space ௤ܶሺܶܯሻ for ∀ݍ ∈  .ܯܶ
ii) ߆஼ is invertible and its inverse ߆෠஼ ൌ ሺ߆஼ሻିଵ satisfies following equation 
 

 ൫߆෠஼൯
ଶ
ൌ െ2߆෠஼ ൅  .ܫ

  
Remark 1 i) If ܶ is an almost tangent structure on manifold ܯ, then ܶ஼ and െܶ஼ are 

also almost tangent structures on tangent bundle ܶ[15] ܯ. 
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 ii) If ܲ is an almost product structure on manifold ܯ, then ܲ஼ and െܲ஼ are almost 
product structures on tangent bundle ܶ[6] ܯ. 

 ii) If ܬ is an almost complex structure on manifold ܯ, then ܬ஼and െܬ஼ are almost 
complex structures on tangent bundle ܶ[15] ܯ.  

 
We can find a similar relation in a silver structure. 
 
Proposition 3 ([9,10]) If ߆ is a silver structure on ܯ, then ߆෨ ൌ ܫ2 െ  ஼ is also a߆

silver structre on ܶܯ.  
 
We can give the following theorem by taking complete lifts of both sides of equations 

(2.2), (2.3) and using Remark 1. 
 
Theorem 2 Let ܲ is an almost product structure on manifold ܯ. Then the almost 

product structure ܲ஼ induce a silver structure on ܶܯ as follows 
 
஼߆  ൌ ܫ ൅ √2ܲ஼. (3.6) 

 
Conversely, let ߆ is a silver structure on ܯ. Any silver structure ߆஼ yields an almost product 
structure on ܶܯ as following 
 

 ܲ஼ ൌ ଵ

√ଶ
ሺ߆஼ െ  .ሻܫ

  
From [9, 10], we obtain the following definitions. 
  
    Let ሺܯ, ܶሻ be an almost tangent manifold. The tensor field Θ௧

஼ on ܶܯ defined by 
 
 Θ௧

஼ ൌ ܫ ൅ √2ܶ஼ 
 

is called the tangent silver structure on ܶܯ. The polynomial equation satisfied by Θ௧
஼ is 

 
 ሺΘ௧

஼ሻଶ െ 2Θ௧
஼ ൅ ܫ ൌ 0. 

 
    Let ሺܯ, ሻ be an almost complex manifold. The tensor field Θ௝ܬ

஼ on ܶܯ defined by 
 
 Θ௝

஼ ൌ ஼ܫ ൅  ஼ܬ2√
 

is called the complex silver structure on ܶܯ. Θ௝
஼satisfies the equation 

 

 ൫Θ௝
஼൯

ଶ
െ 2Θ௝

஼ ൅ ܫ3 ൌ 0. 
  

From Example 2.5 of [10], we can give following example. 
 
Example 1 Let  
 
 Θி಴ ൌ ܫ ൅ ,஼ܨ2√ Θ௉಴ ൌ ܫ ൅ √2ܲ஼, Θ௃಴ ൌ ܫ ൅  ஼ܬ2√
 

where ܨ, ܲ are tensor fields of type ሺ1,1ሻ on ܯ and ܬ ൌ ܲ ∘  Thus we have .ܨ
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 √2Θ௃಴ ൌ Θ௉಴Θி಴ െ Θ௉಴ െ Θி಴ ൅  ܫߠ
 
and the triple ൫Θி಴, Θ௉಴, Θ௃಴൯ is: 

 1) An almost hyperproduct (ahp)-structure on ܶܯ if and only if so is ൫߆ி, ,௉߆  .௃൯߆
 2) An almost biproduct complex (abpc)-structure on ܶܯ if and only if so is 

൫߆ி, ,௉߆  .௃൯߆
 3) An almost product bicomplex (apbc)-structure on ܶܯ if and only if so is 

൫߆ி, ,௉߆  .௃൯߆
 4) An almost hypercomplex (ahc)-structure on ܶܯ if and only if so is ൫߆ி, ,௉߆  .௃൯߆
 

 
4. INTEGRABILITY CONDITIONS OF SILVER STRUCTURE IN TANGENT 
BUNDLE 
 
 

Let Θ be a silver structure on ܯ. Then the Nijenhuis tensor ஀ܰ of Θ is a tensor field of 
type ሺ1,2ሻ given by [15] 

 
 ஀ܰሺܺ, ܻሻ ൌ Θଶሾܺ, ܻሿ ൅ ሾΘܺ, Θܻሿ െ ΘሾΘܺ, ܻሿ െ Θሾܺ, Θܻሿ 

 
where ܺ, ܻ ∈ Γሺܶܯሻ. 

We have from [10] that  
 

 ௉ܰሺܺ, ܻሻ ൌ
ଵ

ଶ ஀ܰሺܺ, ܻሻ (4.1) 

 
where ௣ܰ is Nijenhuis tensor of ܲ almost product structure. 

For ܺ, ܻ ∈ Γሺܶܯሻ and tensor field Θ of type ሺ1,1ሻ on ܯ we get [15] 
 
 ሺܺ ൅ ܻሻ஼ ൌ ܺ஼ ൅ ܻ஼, ሾܺ, ܻሿ஼ ൌ ሾܺ஼, ܻ஼ሿ, ஼ܺ஼߆ ൌ ሺܺ߆ሻ஼. (4.2) 
 

From (2.4), (2.5), (2.6), (3.1) and (3.2), we have 
 

 ݈஼ ൌ ଵ

ଶ√ଶ
஼߆ െ ଶିఏ

ଶ√ଶ
஼݉,ܫ ൌ െ ଵ

ଶ√ଶ
஼߆ ൅ ఏ

ଶ√ଶ
 ,ܫ

 ݈஼ ൅ ݉஼ ൌ ,ܫ ݈஼݉஼ ൌ ݉஼݈஼ ൌ 0, ሺ݈஼ሻଶ ൌ ݈஼, ሺ݉஼ሻଶ ൌ ݉஼, (4.3) 
 
஼݈஼߆  ൌ ݈஼߆஼ ൌ ,஼݈ߠ ஼݉஼߆ ൌ ݉஼߆஼ ൌ ሺ2 െ  ሻ݉஼. (4.4)ߠ

 
Let Θ, ܲ a silver structure and an almost product structure on ܯ, respectively. For 

ܺ, ܻ ∈ Γሺܶܯሻ the Nijenhuis tensor ܰ௉಴ of ܲ஼ on ܶܯ is 
 
 ܰ௉಴ሺܺ

஼, ܻ஼ሻ ൌ ሺܲ஼ሻଶሾܺ஼, ܻ஼ሿ ൅ ሾܲ஼ܺ஼, ܲ஼ܻ஼ሿ െ ܲ஼ሾܲ஼ܺ஼, ܻ஼ሿ 

 െܲ஼ሾܺ஼, ܲ஼ܻ஼ሿ (4.5) 
 
and the Nijenhuis tensor ܰ஀಴ of Θ஼ on ܶܯ is 
 
 ܰ௵಴ሺܺ

஼, ܻ஼ሻ ൌ ሺ߆஼ሻଶሾܺ஼, ܻ஼ሿ ൅ ሾ߆஼ܺ஼, ஼ܻ஼ሿ߆ െ ,஼ܺ஼߆஼ሾ߆ ܻ஼ሿ െ	߆஼ሾܺ஼,  ஼ܻ஼ሿ. (4.6)߆
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Proposition 4 The complete lift ܦ௠஼  of distribution ܦ௠ in ܶܯ is integrable if and only 
if ܦ௠ is integrable in manifold ܯ.  

 
Proof. The distribution ܦ௠ is integrable if and only if [15] 
 
 ݈ሾ݉ܺ,ܻ݉ሿ ൌ 0, (4.7) 
 

for ܺ, ܻ ∈ Γሺܶܯሻ. Taking complete lift of both sides of equation (4.7) and using equation 
(4.2), we obtain  
 

 ݈஼ሾ݉஼ܺ஼,݉஼ܻ஼ሿ ൌ 0, (4.8) 
 

where ܺ, ܻ ∈ Γሺܶܯሻ. Therefore, the conditions (4.7) and (4.8) are equivalent which 
completes the proof.  

 
Proposition 5 For every ܺ, ܻ ∈  ௠ be integrable inܦ ሻ, let the distributionܯሺܶ߁

manifold ܯ. That is, ݈ ௵ܰሺ݉ܺ,ܻ݉ሻ ൌ 0 [10]. Then ܦ௠஼  is integrable in ܶܯ if and only if 
 
 ݈஼ܰ஀಴ሺ݉

஼ܺ஼,݉஼ܻ஼ሻ ൌ 0. 
  

Proof. By means of (3.5), (4.4) and (4.6) we can write 
 
 ܰ஀಴ሺ݉

஼ܺ஼,݉஼ܻ஼ሻ ൌ ሺ2ߠ െ 2ሻΘ஼ሾ݉஼ܺ஼,݉஼ܻ஼ሿ ൅ ሺ2ߠ ൅ 2ሻሾ݉஼ܺ஼,݉஼ܻ஼ሿ. 
 

By multiplying throughout with 
ଵ

଼
݈஼ and using (4.4), we have the equation 

 

 
ଵ

଼
݈஼ܰ஀಴ሺ݉

஼ܺ஼,݉஼ܻ஼ሻ ൌ ݈஼ሾ݉஼ܺ஼,݉஼ܻ஼ሿ ൌ ሺ݈ ஀ܰሺ݉ܺ,ܻ݉ሻሻ஼. 
 
If we consider ݈ ஀ܰሺ݉ܺ,ܻ݉ሻ ൌ 0. Then, 
 

 ݈஼ܰ஀಴ሺ݉
஼ܺ஼,݉஼ܻ஼ሻ ൌ 0. 

Thus, the proof is completed.  
 
Proposition 6 The complete lift ܦ௟

஼ of a distribution ܦ௟ in ܶܯ is integrable if and only 
if ܦ௟ is integrable in ܯ.  

 
Proof. The distribution ܦ௟ is integrable if and only if for every ܺ, ܻ ∈ Γሺܶܯሻ, [15] 
 
 ݉ሾ݈ܺ, ݈ܻሿ ൌ 0. (4.9) 
 

By taking complete lifts the both sides of equation (4.9) and using (4.2), we get 
 

 ݉஼ሾ݈஼ܺ஼, ݈஼ܻ஼ሿ ൌ 0 
 

where is ݉஼ ൌ ሺܫ െ ݈ሻ஼ ൌ ܫ െ ݈஼. Therefore, above two conditions are equivalent. Thus, the 
theorem is proved.  
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Proposition 7 The distribution ܦ௟ is integrable in manifold ܯ for ܺ, ܻ ∈  ሻ. If soܯሺܶ߁
݉ ௵ܰሺ݈ܺ, ݈ܻሻ ൌ 0 [10]. Then, the distribution ܦ௟

஼ is integrable in ܶܯ if and only if 
 
 ݉஼ܰ஀಴ሺ݈

஼ܺ஼, ݈஼ܻ஼ሻ ൌ 0. 
  

Proof. In consequence of equations (3.2), (3.5), (4.4) and (4.6) we have 
 
 ܰ஀಴ሺ݈

஼ܺ஼, ݈஼ܻ஼ሻ ൌ ሺ2 െ ,ሻΘ஼ሾ݈஼ܺ஼ߠ2 ݈஼ܻ஼ሿ ൅ ሺ2ߠ ൅ 2ሻሾ݈஼ܺ஼, ݈஼ܻ஼ሿ. 
 

By multiplying with 
ଵ

଼
݉஼ throughout the above equation and using (4.4), we get 

 

 
ଵ

଼
݉஼ܰ஀಴ሺ݈

஼ܺ஼, ݈஼ܻ஼ሻ ൌ ݉஼ሾ݈஼ܺ஼, ݈஼ܻ஼ሿ ൌ ሺ݉ ஀ܰሺ݈ܺ, ݈ܻሻሻ஼. 

 
From ݉ ஀ܰሺ݈ܺ, ݈ܻሻ ൌ 0, we acquire the equation 
 

 ݉஼ܰ஀಴ሺ݈
஼ܺ஼, ݈஼ܻ஼ሻ ൌ 0 

and completed proof.  
 
Proposition 8 For ܺ, ܻ ∈ ሻ, there is a relation between ܰ௉಴ and ܰ௵಴ܯሺܶ߁  as 

following 

 ܰ௉಴ሺܺ
஼, ܻ஼ሻ ൌ ଵ

ଶ
ܰ஀಴ሺܺ

஼, ܻ஼ሻ. (4.10) 

  
Proof. It is obvious from (3.6), (4.1), (4.2) and (4.5).  
 
Thus we can give the following theorem. 
 
Proposition 9 Let ܲ be an almost product structure on manifold ܯ and ߆஼ be silver 

structure on ܶܯ. Then, ߆஼ is integrable in ܶܯ if and only if ܲ is integrable on manifold ܯ.  
 
Proof. It is obvious from (4.10).  
 
Proposition 10 Let the silver structure ߆ be integrable in manifold ܯ. Then the silver 

structure ߆஼ is integrable in ܶܯ if and only if ܰ௵಴ሺܺ
஼, ܻ஼ሻ ൌ 0.  

 
Proof. From equation (4.6) 
 
 ܰ ஀಴ሺܺ

஼, ܻ஼ሻ ൌ ሺΘଶሻ஼ሾܺ஼, ܻ஼ሿ ൅ ሾΘ஼ܺ௖஼, Θ஼ܻ஼ሿ െ Θ஼ሾΘ஼ܺ஼, ܻ஼ሿ െ Θ஼ሾܺ஼, Θ஼ܻ஼ሿ. 
 

Since equation (4.2) and Θ is a silver structure on manifold ܯ, we obtain 
 

 ܰ஀಴ሺܺ
஼, ܻ஼ሻ ൌ ሺ ஀ܰሺܺ, ܻሻሻ஼ ൌ 0. 

Thus, the theorem is proved.  
 
Both distributions ܦ௟ and ܦ௠ are integrable, if the silver structure Θ is integrable [10]. 

Therefore, we can give following proposition. 
 
Proposition 11 If ߆஼is integrable in ܶܯ then both of the distribution ܦ௟

஼ and ܦ௠஼  are 
also integrable in ܶܯ.  
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Recall that if ׏ is linear connection on ܯ then the complete lift ߘ஼ of ߘ is linear 

connection on ܶܯ. 
Let ߘ be a linear connection on manifold ܯ. To the pair ሺ߆஼,  ஼ሻ we have two otherߘ

linear connections in ܶ[7] ܯ 
  
    The Schouten connection 
 
෩௑಴׏ 

஼ ܻ஼ ൌ ݈௖ሺ׏௑಴
஼ ݈஼ܻ஼ሻ ൅ ݉஼ሺ׏௑಴

஼ ݉஼ܻ஼ሻ. 
 
    The Vra෬nceanu connection 
 
෱௑಴׏ 

஼ ܻ஼ ൌ ݈஼ሺ׏௟಴௑಴
஼ ݈஼ܻ஼ሻ ൅ ݉஼ሺ׏௠಴௑಴

஼ ݉஼ܻ஼ሻ ൅ ݈஼ሾ݉஼ܺ஼, ݈஼ܻ஼ሿ 
 ൅݉஼ሾ݈஼ܺ஼,݉஼ܻ஼ሿ. 

  
From [10], we can say following theorems. 
 
Proposition 12 The projections ݈஼ and s	஼ are parallel with respect to Schouten and 

Vr ෬ܽnceanu connections for every ߘ஼ on ܶܯ. Moreover, ߆஼ is parallel with respect to 
Schouten and Vr ෬ܽnceanu connections.  

 
Proof. From (4.3), for ܺ, ܻ ∈ Γሺܶܯሻ, 
 
෩௑಴݈׏ 

஼ܻ஼ ൌ ෩௑಴׏
஼ ݈஼ܻ஼ െ ݈஼ሺ׏෩௑಴

஼ ܻ஼ሻ ൌ ݈஼ሺ׏௑಴
஼ ݈஼ܻ஼ሻ െ ݈஼ሺ׏௑಴

஼ ݈஼ܻ஼ሻ ൌ 0 
 

 ሺ׏෱௑಴
஼ ݈஼ሻܻ஼ ൌ ෱௑಴׏

஼ ݈஼ܻ஼ െ ݈஼ሺ׏෱௑಴
஼ ܻ஼ሻ 

  ൌ ݈஼൫׏௟಴௑಴
஼ ݈஼ܻ஼൯ ൅ ݈஼ሾ݉஼ܺ஼, ݈஼ܻ஼ሿ െ ݈஼൫׏௟಴௑಴

஼ ݈஼ܻ஼൯ 
  െ݈஼ሾ݉஼ܺ஼, ݈஼ܻ஼ሿ 
  ൌ 0. 

 
The above equations can be written similarly for ݉஼.  

 
Proposition 13 The distributions ܦ௟

஼ and ܦ௠஼  are parallel with respect to Schouten 
and Vr ෬ܽnceanu connections for the linear connection ߘ஼ on ܶܯ.  

 
Proof. Let ܺ ∈ Γሺܶܯሻ and ܻ ∈  and ܯܶ ௟. Thus, there exist vector field ܺ஼ onܦ

ܻ஼ ∈ ௟ܦ
஼. Since ݉஼ܻ஼ ൌ ሺܻ݉ሻ஼ ൌ 0, ݈஼ܻ஼ ൌ ሺ݈ܻሻ஼ ൌ ܻ஼ 
 
෩௑಴׏ 

஼ ܻ஼ ൌ ݈஼ሺ׏௑಴
஼ ܻ஼ሻ ∈ ௟ܦ

஼, 
 

෱௑಴׏ 
஼ ܻ஼ ൌ ݈஼ሺ׏௟಴௑಴

஼ ܻ஼ሻ ൅ ݈஼ሾ݉஼ܺ஼, ܻ஼ሿ ∈ ௟ܦ
஼. 

 
Similar relations hold for ܦ௠஼ . 
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5. SILVER SEMI-RIEMANNIAN METRICS IN TANGENT BUNDLE 
 
 

Let ܯ be ܥஶ െmanifold and ݃ be semi-Riemannian metric on ܯ. A semi-Riemannian 
almost product structure is a pair ሺ݃, ܲሻ where ܲ is a almost product structure related by  

 
 ݃ሺܲܺ, ܻܲሻ ൌ ݃ሺܺ, ܻሻ 
 

or equivalently, ܲ is a ݃-symmetric endomorphism 
 

 ݃ሺܲܺ, ܻሻ ൌ ݃ሺܺ, ܻܲሻ 
 

for every ܺ, ܻ ∈ Γሺܶܯሻ [4]. 
 
Proposition 14 ([15]) Let ݃ be a semi-Riemannian metric on ܯ. Then ݃஼ is a semi-

Riemannian metric on ܶܯ.  
 
The pair ሺ݃஼, ܲ஼ሻ is semi-Riemannian almost product structure on ܶܯ if and only if 

ሺ݃, ܲሻ is a semi-Riemannian almost product structure on ܯ. Thus, we get  
 
 ݃஼ሺܲ஼ܺ஼, ܲ஼ܻ஼ሻ ൌ ݃஼ሺܺ஼, ܻ஼ሻ 

or equivalently 
 ݃஼ሺܲ஼ܺ஼, ܻ஼ሻ ൌ ݃஼ሺܺ஼, ܲ஼ܻ஼ሻ. 
 

We can give following proposition from equations (2.2) and (3.6), 
 
Proposition 15 The almost product structure ܲ is a ݃ െsymmetric endomorphism if 

and only if the silver structure ߆஼ is a ݃஼ െsymmetric endomorphism.  
 
Definition 2 ([10]) A silver semi-Riemannian structure on ܯ is a pair ሺ݃,  ሻ such that߆
 
 ݃ሺܺ߆, ܻሻ ൌ ݃ሺܺ,  ,ሻܻ߆
 

for ܺ, ܻ ∈ Γሺܶܯሻ. The triple ሺܯ, ݃, Θሻ is a silver semi-Riemannian manifold.  
 
 
Definition 3 A silver semi-Riemannian structure on ܶܯ is a pair ሺ݃஼,  ஼ሻ such that߆
 
 ݃஼ሺΘ஼ܺ஼, ܻ஼ሻ ൌ ݃஼ሺܺ஼, Θ஼ܻ஼ሻ 
 

for ܺ, ܻ ∈ Γሺܶܯሻ. The triple ሺܶܯ, ݃஼, Θ஼ሻ is a silver semi-Riemannian manifold.  
 
Proposition 16 If ߆ is a silver semi-Riemannian structure on ܯ, then the complete lift 

  .ܯܶ ஼ is a silver semi-Riemanian structure on߆
 
Corollary 1 Let ሺܯ, ݃,  ሻ be a silver semi-Riemannian manifold. Then, on the silver߆

semi-Riemannian manifold ሺܶܯ, ݃஼,  :஼ሻ, we get the following߆
 i) The projectors ݈஼, ݉஼ are ݃஼ െsymmetric endomorphisms, i.e., 
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݃஼ሺ݈஼ܺ஼, ܻ஼ሻ ൌ ݃஼ሺܺ஼, ݈஼ܻ஼ሻ,
݃஼ሺ݉஼ܺ஼, ܻ஼ሻ ൌ ݃஼ሺܺ஼,݉஼ܻ஼ሻ.

 

 
ii) The distributions ܦ௟

஼ and ܦ௠஼  are ݃஼ െorthogonal, i.e., 
 
 ݃஼ሺ݈஼ܺ஼,݉஼ܻ஼ሻ ൌ 0. 
 
iii) The silver structure ߆஼ is ܰ௵಴ െsymmetric, i.e., 
 
 ܰ௵಴ሺ߆

஼ܺ஼, ܻ஼ሻ ൌ ܰ௵಴ሺܺ
஼,  .஼ܻ஼ሻ߆

  
Proposition 17 On a locally product silver semi-Riemannian manifold, the silver 

structure ߆஼ is integrable.  
 
Theorem 3 If the linear connection 
 

௑಴׏ 
஼ ܻ஼ ൌ ଵ

ସ
ቂ3׏ഥ௑಴

஼ ܻ஼ ൅ Θ஼൫׏ഥ௑಴
஼ Θ஼ܻ஼൯ െ Θ஼ ቀ׏ഥ௑಴

஼ ஼
ܻ஼ቁ െ ഥ௑಴׏

஼ Θ஼ܻ஼ቃ 

  ൅ܱ௉಴ܳ
஼ሺܺ஼, ܻ஼ሻ 

 
where ׏ഥ஼ is complete lift of a linear connection ׏ഥ and ܳ஼ is complete lift of an ሺ1,2ሻ െtensor 
field ܳ for which ܱ௉ܳ is an associated Obata operator 
 

 ܱ௉ܳሺܺ, ܻሻ ൌ
ଵ

ଶ
ሾܳሺܺ, ܻሻ ൅ ܲܳሺܺ, ܻܲሻሿ 

 
for the corresponding almost product structure (2.3) then Θ஼ is parallel with respect to ׏஼ 
linear connection, i.e., ׏஼Θ஼ ൌ 0. 
 
 
6. THE HORIZONTAL LIFT OF SILVER STRUCTURE 
 
 

The horizontal lift ܮு of a tensor field ܮ of arbitrary type on ܯ to ܶܯ is defined by 
 
ுܮ  ൌ ஼ܮ െ  ܮఊ׏

where ܮ is a tensor field defined by 
 

ܮ  ൌ ௞...௝ܮ
௜...௛ ப

ப௫೔
⊗. . . ப

ப௫೓
⊗ ௞ݔ݀ ⊗. . .⊗  ௝ݔ݀

 
in ܯ with affine connection ׏ and ׏ఊܮ is a tensor field on ܶܯ given by  
 

ܮఊ׏  ൌ ൫ݕ௟׏ఊܮ௞...௝
௜...௛ ൯ ப

ப௬೔
⊗. . .⊗ ப

ப௬೓
⊗ ௞ݔ݀ ⊗. . .⊗  ௝ݔ݀

 
with respect to the induced coordinates ሺݔ௛,  .ଵሺܷሻ [15]ିߨ ௛ሻ inݕ

 
Theorem 4 Let ߆ be a tensor field of type ሺ1,1ሻ. Then the horizontal lift ߆ு of ߆ is an 

silver structure on ܶܯ if and only if so is ߆.  
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Proof. For any tensor field Θ of type ሺ1,1ሻ, we have [15]  
 
 ሺΘଶሻு ൌ ሺΘுሻଶ. (6.1) 
 

Taking the complete lift on both sides of equation (2.1), we get ሺΘଶ െ 2Θ െ ሻுܫ ൌ 0. Using 
(6.1) and ܫு ൌ  we get ,ܫ

 ሺΘுሻଶ െ 2Θு െ ܫ ൌ 0 
 

which shows that Θு is a silver structure on ܶܯ.  
 

Let Θ be a silver structure on ܯ. Then the horizontal lift ݈ு of ݈ and ݉ு of ݉ are 
complementary projection tensors on ܶܯ. Thus there exist in ܶܯ two complementary 
distributions ܦ௟

ு and ܦ௠ு  determined by ݈ு and ݉ு respectively. 
 
 
7. PROLONGATION OF A SILVER STRUCTURE TO TANGENT BUNDLE OF 
ORDER 2 
 
 

Let ܯ be an ݊ െdimensional diffrentiable manifold and ଶܶܯ be the second order 
tangent bundle over ܯ. 

Let ܨ be tensor field of type ሺ1,1ሻ on manifold ܯ. The 2݊݀-lift of tensor field ܨ is 
denoted ܨூூ. From [14, 15], there is following relation for ܨ,  are two tensor fields of type ܩ
ሺ1,1ሻ  

 ሺܩܨሻூூ ൌ  .ூூܩூூܨ
Thus, we obtain 

 ሺܨଶሻூூ ൌ ሺܨூூሻଶ. (7.1) 
Also, there exists equation 

 ሺܨ ൅ ሻூூܩ ൌ ூூܨ ൅  ூூ. (7.2)ܩ
 

If we take 2݊݀-lifts of the both sides of equation (2.1) and using (7.1), (7.2) and ܫு ൌ  we ,ܫ
get 

 ሺΘூூሻଶ ൌ 2Θூூ ൅  .ூூܫ
 

Thus, we can give the following theorem. 
 
Theorem 5 The second lift ߆ூூ of ߆ is an silver structure on ଶܶܯ if and only if so is ߆.  
 
 
Theorem 6 The second lift ߆ூூ of ߆is integrable in ଶܶܯ if and only if ߆ is integrable 

in ܯ.  
 
Proof. It is obvious from [16, 15] 
 

 ܰூூሺܺ, ܻሻ ൌ ൫ܰሺܺ, ܻሻ൯
ூூ

 
 

where ܰூூ and ܰ the Nijenhuis tensor of Θூூ and Θ respectively. 
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