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Abstract. In this paper, the skew cyclic codes over the ring R = F, + uF, + vF; +
uvF,, where u*> = 1,v* = 1,uv = vu,q = p™,p is an odd prime are studied. The structural
properties of them are investigated.
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1. INTRODUCTION

As the probability of obtaining the codes which have got big minimum distance are
increased, to study about skew codes is vantage.

There are a lot of papers about skew codes such as skew cyclic, skew constacyclic,
skew quasicyclic codes, skew generalized quasicyclic codes. At the beginning, these type
codes were introduced over finite fields [7, 13, 19]. Later, they were introduced over many
finite rings.

The skew cyclic codes are generalization of the notion of cyclic codes. There are also
a lot of studies about skew cyclic codes [1-6, 8-12, 14-18]. In these papers, the structural
properties of them were investigated. The Gray images of them were determined. The
generator polynomials of them and their duals were described. Moreover, in some of these
papers, the idempotent generators of them were considered.

In this paper, we study skew cyclic codes over ring the R = F, + uF, + vF, + uvk,
where u? = 1,v2 = 1,uv = vu and g = p™, p is an odd prime.

The automorphisms 8, on the ring R are defined as follows,

6::R —> R
t

t t t
a = ay +ua; +va, + uvas — 6,(a) = al +ua’ +va) +uval

One can verify that 8, is an automorphism on R and 6, = 6¢.
This automorphism acts on F, as follows

0. F - F

t
a+— aP
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It may be note that the order of this automorphism is [{8;)| = ?

The paper is organized as follows. In section 2, some knowledges about the ring R are
given. In section 3, the non trivial automorphism over R is given and we introduce skew
cyclic codes over R. It is shown that C is a skew cyclic code over R if and only if C;, C,, C5
and C, are all skew cyclic codes over F,. The structure of skew cyclic codes over R is given.

2. PRELIMINARIES

Let R be denote the commutative ring F, + uF, + vF, + uvk,, where u* = 1,v* =
1,uv = vu and F; is a finite field with q elements, g = p™, p is an odd prime.
Let

2+1
/11=<q 2 >(1+u+v+uv)

_(d*+1 q>—1

/12—< 2 >(1+u)+< 2 >(v+uv)
_(d*+1 q>—1

/13—< 2 >(1+v)+< 2 >(u+uv)

2 2 _
A4=<q :1>(1+uv)+<q 2 1)(u+v)

It is easy to show that A7 = A;, 4;4; = 0 and Y-, A, = 1 where i,j = 1,2,3,4 and
i #j.

This shows that R = 4, F, + A,F; + A3F, + A,F,. For any r € R, the element r can be
expressed uniquely as r = Y7, A;a;, where a; € F, fori=1,234.

We define the Gray map as follows,

®:R - F}
a+ub+vc+uvd — f
where

B=0q*+1D4a+b+c+d),(¢g*+ 14 (a+b) +(q? — D4 c+d),(¢* +
14—1a+c+g2—14—16+a,g2+14—1a+d+qg2—14—1(6+c))

This can be extended from R™ to F;".

For any element r = a + ub + vc + uvd € R, we define the Lee weight of r as
w(r) = wy(B), where wy is the Hamming weight for g-ary codes.

For any element x, y € R, the Lee distance is given by d;(x,y) = w,(x — y).
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Theorem: The Gray map is an isometry from (R™, Lee distance) to (Fq4”, Hamming
distance).

Proof: For any x;,x, € R and 1 € Fy, ®(x; + x3) = ®(x;) + P(x;) and ¢ (Ax,) =
AD(x;). So @ is linear. From the definition, we have d;(x;,x;) =w,(x; —x,) =
WH(CD(x1 - xz)) = WH(CD(xl) - ‘b(xz)) = dH(‘b(xﬂ,CD(xz)) .

Theorem: If C is a linear code of length n over R with rank k and minimum Lee
distance d, then ®(C) is [4n, k, d] linear code F;.

Theorem: If C is self orthogonal, then ®(C) is self orthogonal.

Proof: Let C be self orthogonal and x = a4 + ua; + va, + uvas, x = by + ub; +
vb, + uvb; € C where, ay, ..., as, by, ..., b3 € Fq".

xxX = aygby + a;b; + a,b, + azbs + u(agh; + a;by + a,bs + azb,)
+v(ayb, + a;b; + a,by + azb,) + uv(aghbs + a,b, + a,by + asby)
Since C is self orthogonal code, we have
agby + a;by + a,b, + azb; =0
agb, + a;by + a,b; + azb, =0
agb, + a;b; + a,by + azb; =0
agbs + a;b, + a,b; + azby, =0
P (x). ®(x) = ((¢% + D4 Yap + a, + a; + as), (q% + 147 (ap + a;)
+(q* — D47 (az + a3), (% + D47 (a + ap)
+ (¢ — D47 (a; + a3), (¢ + D471 (ay + a3)
+(q? — D47 (ay + a3)). ((q% + D47 (by + by + by + bs), (% + 1)47 (b
+by) + (q° — D47 (b, + b3), (q° + D47 (o + by)
+ (g% — D4A71(by + b3), (g% + 147 (b + b3) + (g% — 1)471(by + b))
=0
Hence ®(C) is self orthogonal.
Let 44, A,, A3, A, are linear codes, then we denote that

ABA,BPA;PA, ={a; +a, +az +aa; €A, 1 <i<4}
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A1®A,QA;QA, = {(ay,a,,a3,a4):a; €EA;, 1 <i <4}
Definition: Let C be a linear code of length n over R. Define
€, ={(q* + D4 (ap + a; + a, + a3) € F' : ay + ua, + va, + uvas € C}
C, = {4 (ap + ay) + (¢* = D4 Y (a, + a3) € F' = ay + ua, + va, + uva; € C}
C; ={(q*> + D47 (ap + a,) + (¢*> — )47 (a, + a3) € F}': ay +ua, + va, + uvas € C}
Co ={(g*> + D47 (ap + a3) + (¢*> — D47 (a, + a,) € F': ay +ua, + va, + uvas € C}

Theorem: Let C be a linear code of length n over R. Then ®(C) = C;QC,QC;QC,
and |C| =[G ]G || C5]]Cyl.

Proof: Let (X1, ..., X, Vs eoos Vio» Z1s o s Zip b1y oo ) € ©(C). Let
¢ =@+ D4 (g +y+z +t) FuldT N +y) + (@ - DAz + )]
+v[(q* + DA (i +2) + (% — DA™ (i + t)]
+uv[(q® + D470 +t) + (@2 — D47 (i + 2)]
where 1 < i < n. By using & is bijection, we have ¢ = (¢4, ¢y, ..., ¢,) € C. By the definition
of C,C,,C; and C,, we get (xq,..,x,) €C;, V1, ., Yn) € Cp, (24,...,2,) € C3 and
(t1, o ty) € Cy. Hence  (Xq, cee) Xy Vs ooes Yios Z1s eoer Zpy E1y ooy t) € CLQC,QC3QC,.  This
means that ®(C) € C;RC,RC;RC,.

On the other hand, let (xq, ..., %5 Y1, «o» Yo» Z1, wer Zny b1, oo t) € C1QC,QC;RC,,
where x = (x4, ...,x,) €C1, y = (y1, ., V) € C3, 2 = (24, ...,2,) E Czand t = (tq, ..., t,) €
C4. There are a = (ay,...,ay),b = (by, ..., by), ¢ = (¢y,...,¢n), d =(dy,...,dy) € C such
that

a; = X; + 44Dy
b =y + A3q;
Ci = Z; + /127"1'
di = ti + /1151'
where p;, q;,7;, s; € F;. As C is a linear code, then
e=al(g?+ D4 A +u+v+u)]+b[47 1A +u) + (g% — D4 (v + uv)]
+c[(@?+ 14 A +v) + (¢ — D4 (u + uv)]

+d[(g?+ D47 A +uv) + (¢ — D4 (u + v)]
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=[(@*+ D4 (x+y+z+0)]+uld M (x+y)+ (> — 1471 (z + )]
+v[(¢?+ D4 (x+2)+ (g> — D)4 Y (y + t)]

+uv[(g? + D4 1 (x +t) + (¢> — D471 (y + 2)]

It follows that ®(e) = (x,y,z,t) € ®(C). So C;RC,RC;RC, < O(C).
Hence C,QC,QC;QRC, = d(C). As & is bijection, then |C|=|P(C)|=
|C1®C2®C3®C4| = |C1||C2||C3||C4|-

Lemma: If G; is generator matrix of g-ary linear codes C;, for i = 1,2,3,4, then the
generator matrix of C is
/11G1
/1262
/1363
/14-64-

G =

Lemma: Let d; be minimum Lee weight of linear code C over R. Then
d, = dH(CD(C)) = min{dy (C;), dy(C;), dy(C3), dy(Ch)}
3. SKEW CYCLIC CODES OVER R
We are interested in studying skew cyclic codes by using the ring R. By using non
trivial ring automorphism 6, on the ring R, we introduce the skew polynomial ring

R[x,0,] = {ay, + a;x + . +a,_1x" 1:a; ER,n € N}

This ring is a noncommutative ring. The addition in the ring R[x, 6;] is the usual
polynomial addition and multiplication is defined using the rule as follows

(ax?)(bx’) = ab(b)x™
Definition: A subset C of R™ is called a skew cyclic code of length n if C satisfies the

following conditions,
i.  Cisasubmodule of R™,

ii If Cc = (Co, "'JCTL—I) € C then O'gt(C) S (Qt(Cn_l), Bt(CO), ...,Qt(cn_z)) S C

Let f(x)+ (x™—1) be an element in the set R,, = R[x,6,]/(x™ — 1) and let
r(x) € R[x, 6,]. Define multiplication from left as follows,

r) ) + (" = 1D)=r)f () + (" = 1)

forany r(x) € R[x, 0,].
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Theorem: R, ,, is a left R[x, 8,]-module where multiplication defined as in above.

Theorem: A code C is a skew cyclic code of length n if and only if C is a left
R[x, 6;]-submodule of the left R[x, 8,]-module R, ,.

Theorem: Let C be a linear code of length n over R and
C = L C1DA,C,DA;C;01,C,, Where Cy, C,, C3 and C, are linear codes of length n over F.
Then C is a skew cyclic code with respect to the automorphism 6, over R if and only if
C1, C3, C5 and C, are all skew cyclic codes over F,.

Proof: Let (cf,..,ch) €C;, i=1.234. Assume that ¢; = Aic] + ,¢7 + A3¢7 +
A4c]f‘ forj =1,2,..,n,then ¢ = (c¢q, ...,c,) € C. As C is a skew cyclic code in according to
the automorphism 6., we have gy, (c) = (8:(cy,), 0:(c1), ..., 0:(cn—1)) € C. We know that
0g,(c) = Al(et(crll)' 6:(ci), . 9t(‘¢%—1)) + et /14(6t(cg); 6:(ct), -, gt(cff—ﬂ)- Hence
(Ht(c,il), 0.(ch), ..., Ht(cﬁl_l)) € C; fori = 1,2,3,4. We have C;, C,, C; and C, are skew cyclic
codes in according to automorphism &, over F,.

Conversely, assume that C,,C,,C; and C, are skew cyclic codes in according to
automorphism 6, over F, and ¢ = (cy, ..., ¢,,) € C where ¢; = A,¢f + A,¢] + A3¢7 + A,¢ for
j=12,..,n,then (ci, ..., ck) € C;, i = 1,2,3,4. Note that

UGt(C) = Al(et(c%)» et(cll); ey gt(crlz—1)) + -t /14(9t(63), Qt(cf): ey Qt(c;‘{_l)) € C.

Theorem: Let €y, C;, C3 and C, are skew cyclic codes over F, and g;(x) be the monic
generator polynomials of them for i =1,234, respectively. Let
C = L1C,®A,C,DA;C;DA,C,. Then there exist a unique polynomial g(x) = A,9,(x) +
A292(x) + A393(x) + 1494(x) € R[x,0,] such that C =< g(x) > and g(x) is a right
divisor of x™ — 1 and |C| = g*"Zi-14e99i(®),

Corollary : If C is a skew cyclic code in according to the automorphism 6, over R,
then the dual code C+ is also a skew cyclic code in according to the automorphism 8, over R.

Theorem: Let (n,p) = 1, where p is the order of 8, and C be a skew cyclic code of
length n, then C is a cyclic code of length n over R.

Corollary: Let (n,p) =1, where p is the order of 6, and x™ — 1 = [T\—, £ (),
where f;(x) € F,[x, 8;] is irreducible, then the number of distinct skew cyclic codes of length
n over R is equal to the number of ideals in R[x]/(x™ — 1), i.e. [Ti—,(p; + 1)3.
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4. CONCLUSION

The skew cyclic codes over the finite ring R are studied. A new Gray map from R to
F} is defined. The non trivial automorphism over R is given and the skew cyclic codes over

R are introduced. A linear code over R is represented by means of four g-ary codes. It is
shown that C is a skew cyclic code over R if and only if C;, C,, C; and C, are all skew cyclic
codes over F.
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