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Abstract. In this paper, the skew cyclic codes over the ring 

, where 1, 1, , ,  is an odd prime are studied. The structural 
properties of them are investigated. 
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1. INTRODUCTION  
 
 

As the probability of obtaining the codes which have got big minimum distance are 
increased, to study about skew codes is vantage. 

There are a lot of papers about skew codes such as skew cyclic, skew constacyclic, 
skew quasicyclic codes, skew generalized quasicyclic codes. At the beginning, these type 
codes were introduced over finite fields [7, 13, 19]. Later, they were introduced over many 
finite rings. 

The skew cyclic codes are generalization of the notion of cyclic codes. There are also 
a lot of studies about skew cyclic codes [1-6, 8-12, 14-18]. In these papers, the structural 
properties of them were investigated. The Gray images of them were determined. The 
generator polynomials of them and their duals were described. Moreover, in some of these 
papers, the idempotent generators of them were considered. 

In this paper, we study skew cyclic codes over ring the , 
where 1, 1,  and ,  is an odd prime. 

The automorphisms  on the ring  are defined as follows, 
 

: →  
 

⟼  
 
One can verify that  is an automorphism on  and .  
This automorphism acts on  as follows 
 

: →  
 

⟼  
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It may be note that the order of this automorphism is |〈 〉| . 

The paper is organized as follows. In section 2, some knowledges about the ring  are 
given. In section 3, the non trivial automorphism over  is given and we introduce skew 
cyclic codes over . It is shown that  is a skew cyclic code over  if and only if , ,  
and  are all skew cyclic codes over . The structure of skew cyclic codes over  is given. 

 
 

2. PRELIMINARIES 
 
 
Let R be denote the commutative ring , where 1,

1,  and  is a finite field with  elements, ,  is an odd prime. 
Let  
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It is easy to show that , 0 and ∑ 1 where , 1,2,3,4 and 

. 
This shows that . For any ∈ , the element  can be 

expressed uniquely as ∑ , where ∈  for 1,2,3,4. 
We define the Gray map as follows, 
 

Φ: →  
 

⟼  
 

where  
 

1 4 , 1 4 1 4 ,
14 1 2 14 1 , 2 14 1 2 14 1 ) 

 
This can be extended from  to . 
For any element ∈ , we define the Lee weight of  as 

, where  is the Hamming weight for -ary codes. 
For any element , ∈ , the Lee distance is given by  , . 
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Theorem: The Gray map is an isometry from ( , Lee distance) to ( , Hamming 
distance). 

 
Proof: For any , ∈  and ∈ , Φ Φ Φ  and Φ

Φ . So Φ is linear. From the definition, we have ,
Φ Φ Φ Φ ,Φ 	. 

 
Theorem: If  is a linear code of length  over  with rank k and minimum Lee 

distance , then Φ  is 4 , ,  linear code . 
 
Theorem: If  is self orthogonal, then Φ  is self orthogonal. 
 
Proof: Let  be self orthogonal and , ́

∈  where, , … , , , … , ∈ . 
 

́  
 

	 
 
Since  is self orthogonal code, we  have 
 

0 
 

0 
 

0 
 

0 
 

Φ .Φ ́ 1 4 , 1 4

1 4 , 1 4

1 4 , 1 4

1 4 . 1 4 , 1 4

1 4 , 1 4

1 4 , 1 4 1 4

0 

 
Hence Φ  is self orthogonal. 
Let , , ,  are linear codes, then we denote that  
 

⨁ ⨁ ⨁ :	 ∈ , 1 4  
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⨂ ⨂ ⨂ , , , :	 ∈ , 1 4  
 
Definition: Let  be a linear code of length  over . Define  
 

1 4 ∈ ∶ ∈  
 

4 1 4 ∈ ∶ 	 ∈  
 

1 4 1 4 ∈ ∶ 	 ∈  
 

1 4 1 4 ∈ ∶ 	 ∈  
 
Theorem: Let  be a linear code of length  over . Then Φ ⨂ ⨂ ⨂  

and | | | || || || |. 
 
Proof: Let , … , , , … , , , … , , , … , ∈ Φ . Let 
 

1 4 4 1 4

1 4 1 4

1 4 1 4  

 
 where 1 . By using Φ is bijection, we have	 , , … , ∈ . By the definition 
of , ,  and , we get , … , ∈ , , … , ∈ , , … , ∈  and 
, … , ∈ . Hence , … , , , … , , , … , , , … , ∈ ⨂ ⨂ ⨂ . This 

means that Φ ⊆ ⨂ ⨂ ⨂ . 
On the other hand, let , … , , , … , , , … , , , … , ∈ ⨂ ⨂ ⨂ , 

where , … , ∈ , , … , ∈ , , … , ∈  and , … , ∈
. There are , … , , , … , , , … , , , … , ∈  such 

that  
 

 
 

 
 

 
 

 
where , , ,	 ∈ . As  is a linear code, then 
 

1 4 1 4 1 1 4

1 4 1 1 4

1 4 1 1 4  
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1 4 4 1 4

1 4 1 4

1 4 1 4  

 
It follows that Φ , , , ∈ Φ . So ⨂ ⨂ ⨂ ⊆ Φ .  
Hence ⨂ ⨂ ⨂ Φ . As Φ is bijection, then | | |Φ |

| ⨂ ⨂ ⨂ | | || || || |. 
 
Lemma: If  is generator matrix of -ary linear codes , for 1,2,3,4,  then the 

generator matrix of  is 

 

 
Corollary: If Φ ⨂ ⨂ ⨂ , then ⨁ ⨁ ⨁ . 
 
Lemma: Let  be minimum Lee weight of linear code  over . Then 
 

Φ min , , ,  
 
 

3. SKEW CYCLIC CODES OVER  
 
 
We are interested in studying skew cyclic codes by using the ring . By using non 

trivial ring automorphism  on the ring , we introduce the skew polynomial ring 
 

, ⋯ . : ∈ , ∈  
 
This ring is a noncommutative ring. The addition in the ring ,  is the usual 

polynomial addition and multiplication is defined using the rule as follows 
 

 
 
Definition: A subset  of 	 is called a skew cyclic code of length  if  satisfies the 

following conditions, 
i.  is a submodule of ,  

ii. If   , … , ∈  then , , … , ∈  
 
Let  1  be an element in the set , , / 1  and let 

∈ , . Define multiplication from  left as follows, 
 

1 )=	 1  
 

for any ∈ , . 
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Theorem: , 	 is a left , -module where multiplication defined as in above. 
 

Theorem: A code  is a skew cyclic code of length  if and only if  is a left 
, -submodule of the left  , -module , . 

 

Theorem:  Let  be a linear code of length  over  and 
⨁ ⨁ ⨁ , where , ,  and  are linear codes of length  over . 

Then  is a skew cyclic code with respect to the automorphism  over 	 if and only if 
, ,  and  are all skew cyclic codes over . 

 

Proof: Let , … , ∈ , 1,2,3,4. Assume that 
 for 1,2, … , 	, then , … , ∈ . As  is a skew cyclic code in according to 

the automorphism , we have , , … , ∈ . We know that 

, , … , ⋯ , , … , . Hence 

, , … , ∈  for 1,2,3,4	.	We have , ,  and  are skew cyclic 

codes in according to automorphism  over . 
Conversely, assume that , ,  and 		are skew cyclic codes in according to 

automorphism  over 	and , … , ∈  where  for 

1,2, … , , then , … , ∈ , 1,2,3,4. Note that  
 

, , … , ⋯ , , … , ∈ . 
 

Theorem: Let , ,  and  are skew cyclic codes over	  and  be the monic 
generator polynomials of them for 1,2,3,4, respectively. Let 

⨁ ⨁ ⨁ . Then there exist a unique polynomial 
∈ ,  such that 	  and  	 is a right 

divisor of   1 and | | ∑ . 
 

Corollary : If  is a skew cyclic code in according to the automorphism  over , 
then the dual code  is also a skew cyclic code in according to the automorphism  over . 

 

Theorem: Let , 1, where  is the order of  and  be a skew cyclic code of 
length , then  is a cyclic code of length  over . 

 

Corollary: Let , 1, where  is the order of  and 1 ∏ , 
where ∈ ,  is irreducible, then the number of distinct skew cyclic codes of length 

 over  is equal to the number of ideals in / 1 , i.e. ∏ 1 . 
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4. CONCLUSION  

 
 
The skew cyclic codes over the finite ring  are studied. A new Gray map from 	to 

		 is defined. The non trivial automorphism over  is given and the skew cyclic codes over 

 are introduced. A linear code over   is represented by means of four -ary codes. It is 
shown that  is a skew cyclic code over  if and only if , ,  and  are all skew cyclic 
codes over .  
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