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Abstract. In this paper, the skew cyclic codes over the ring ܴ ൌ ௤ܨ ൅ ௤ܨݑ ൅ ௤ܨݒ ൅

ଶݑ ௤, whereܨݒݑ ൌ 1, ଶݒ ൌ 1, ݒݑ ൌ ,ݑݒ ݍ ൌ ,௠݌  is an odd prime are studied. The structural ݌
properties of them are investigated. 

Keywords: skew cyclic codes; automorphism; Gray map. 
 
 
1. INTRODUCTION  
 
 

As the probability of obtaining the codes which have got big minimum distance are 
increased, to study about skew codes is vantage. 

There are a lot of papers about skew codes such as skew cyclic, skew constacyclic, 
skew quasicyclic codes, skew generalized quasicyclic codes. At the beginning, these type 
codes were introduced over finite fields [7, 13, 19]. Later, they were introduced over many 
finite rings. 

The skew cyclic codes are generalization of the notion of cyclic codes. There are also 
a lot of studies about skew cyclic codes [1-6, 8-12, 14-18]. In these papers, the structural 
properties of them were investigated. The Gray images of them were determined. The 
generator polynomials of them and their duals were described. Moreover, in some of these 
papers, the idempotent generators of them were considered. 

In this paper, we study skew cyclic codes over ring the ܴ ൌ ௤ܨ ൅ ௤ܨݑ ൅ ௤ܨݒ ൅  ,௤ܨݒݑ
where ݑଶ ൌ 1, ଶݒ ൌ 1, ݒݑ ൌ ݍ and ݑݒ ൌ ,௠݌  .is an odd prime ݌

The automorphisms ߠ௧ on the ring ܴ are defined as follows, 
 

:௧ߠ ܴ → ܴ 
 

ܽ ൌ ܽ଴ ൅ ଵܽݑ ൅ ଶܽݒ ൅ ଷܽݒݑ ⟼ ௧ሺܽሻߠ ൌ ܽ଴
௣೟ ൅ ଵܽݑ

௣೟ ൅ ଶܽݒ
௣೟ ൅ ଷܽݒݑ

௣೟ 
 
One can verify that ߠ௧ is an automorphism on ܴ and ߠ௧ ൌ ଵߠ

௧.  
This automorphism acts on ܨ௤ as follows 
 

:௧ߠ ௤ܨ →  ௤ܨ
 

ܽ ⟼ ܽ௣
೟
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It may be note that the order of this automorphism is |〈ߠ௧〉| ൌ

௠

௧
. 

The paper is organized as follows. In section 2, some knowledges about the ring ܴ are 
given. In section 3, the non trivial automorphism over ܴ is given and we introduce skew 
cyclic codes over ܴ. It is shown that ܥ is a skew cyclic code over ܴ if and only if ܥଵ, ܥଶ, ܥଷ 
and ܥସ are all skew cyclic codes over ܨ௤. The structure of skew cyclic codes over ܴ is given. 

 
 

2. PRELIMINARIES 
 
 
Let R be denote the commutative ring ܨ௤ ൅ ௤ܨݑ ൅ ௤ܨݒ ൅ ଶݑ ௤, whereܨݒݑ ൌ 1, ଶݒ ൌ

1, ݒݑ ൌ ݍ ,elements ݍ ௤ is a finite field withܨ and ݑݒ ൌ ,௠݌  .is an odd prime ݌
Let  

ଵߣ ൌ ቆ
ଶݍ ൅ 1
4

ቇ ሺ1 ൅ ݑ ൅ ݒ ൅  ሻݒݑ

 

ଶߣ ൌ ቆ
ଶݍ ൅ 1
4

ቇ ሺ1 ൅ ሻݑ ൅ ቆ
ଶݍ െ 1
4

ቇ ሺݒ ൅  ሻݒݑ

 

ଷߣ ൌ ቆ
ଶݍ ൅ 1
4

ቇ ሺ1 ൅ ሻݒ ൅ ቆ
ଶݍ െ 1
4

ቇ ሺݑ ൅  ሻݒݑ

 

ସߣ ൌ ቆ
ଶݍ ൅ 1
4

ቇ ሺ1 ൅ ሻݒݑ ൅ ቆ
ଶݍ െ 1
4

ቇ ሺݑ ൅  ሻݒ

 
It is easy to show that ߣ௜

ଶ ൌ ௝ߣ௜ߣ ,௜ߣ ൌ 0 and ∑ ௞ߣ
ସ
௞ୀଵ ൌ 1 where ݅, ݆ ൌ 1,2,3,4 and 

݅ ് ݆. 
This shows that ܴ ൌ ௤ܨଵߣ ൅ ௤ܨଶߣ ൅ ௤ܨଷߣ ൅ ݎ ௤. For anyܨସߣ ∈ ܴ, the element ݎ can be 

expressed uniquely as ݎ ൌ ∑ ௜ܽ௜ߣ
ସ
௜ୀଵ , where ܽ௜ ∈ ݅ ௤ forܨ ൌ 1,2,3,4. 

We define the Gray map as follows, 
 

Φ:ܴ →  ௤ସܨ
 

ܽ ൅ ܾݑ ൅ ܿݒ ൅ ݀ݒݑ ⟼  ߚ
 

where  
 

ߚ ൌ ሺሺݍଶ ൅ 1ሻ4ିଵሺܽ ൅ ܾ ൅ ܿ ൅ ݀ሻ, ሺݍଶ ൅ 1ሻ4ିଵሺܽ ൅ ܾሻ ൅ ሺݍଶ െ 1ሻ4ିଵሺܿ ൅ ݀ሻ, ሺݍଶ ൅
14െ1ܽ൅ܿ൅2ݍെ14െ1ܾ൅݀,2ݍ൅14െ1ܽ൅݀൅2ݍെ14െ1ሺܾ൅ܿሻ) 

 
This can be extended from ܴ௡ to ܨ௤ସ௡. 
For any element ݎ ൌ ܽ ൅ ܾݑ ൅ ܿݒ ൅ ݀ݒݑ ∈ ܴ, we define the Lee weight of ݎ as 

ሻݎ௅ሺݓ ൌ  .ary codes-ݍ ு is the Hamming weight forݓ ሻ, whereߚுሺݓ
For any element ݔ, ݕ ∈ ܴ, the Lee distance is given by  ݀௅ሺݔ, ሻݕ ൌ ݔ௅ሺݓ െ  .ሻݕ
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Theorem: The Gray map is an isometry from (ܴ௡, Lee distance) to (ܨ௤ସ௡, Hamming 
distance). 

 
Proof: For any ݔଵ, ଶݔ ∈ ܴ and ߣ ∈ ଵݔ௤, Φሺܨ ൅ ଶሻݔ ൌ Φሺݔଵሻ ൅ Φሺݔଶሻ and Φሺݔߣଵሻ ൌ

,ଵݔଵሻ. So Φ is linear. From the definition, we have ݀௅ሺݔΦሺߣ ଶሻݔ ൌ ଵݔ௅ሺݓ െ ଶሻݔ ൌ
ଵݔு൫Φሺݓ െ ଶሻ൯ݔ ൌ ଵሻݔு൫Φሺݓ െ Φሺݔଶሻ൯ ൌ ݀ு൫Φሺݔଵሻ, Φሺݔଶሻ൯	. 

 
Theorem: If ܥ is a linear code of length ݊ over ܴ with rank k and minimum Lee 

distance ݀, then Φሺܥሻ is ሾ4݊, ݇, ݀ሿ linear code ܨ௤. 
 
Theorem: If ܥ is self orthogonal, then Φሺܥሻ is self orthogonal. 
 
Proof: Let ܥ be self orthogonal and ݔ ൌ ܽ଴ ൅ ଵܽݑ ൅ ଶܽݒ ൅ ݔ́ ,ଷܽݒݑ ൌ ܾ଴ ൅ ଵܾݑ ൅

ଶܾݒ ൅ ଷܾݒݑ ∈ ,where, ܽ଴ ܥ … , ܽଷ, ܾ଴, … , ܾଷ ∈  .௤௡ܨ
 

ݔ́ݔ ൌ ܽ଴ܾ଴ ൅ ܽଵܾଵ ൅ ܽଶܾଶ ൅ ܽଷܾଷ ൅ ሺܽ଴ܾଵݑ ൅ ܽଵܾ଴ ൅ ܽଶܾଷ ൅ ܽଷܾଶሻ 
 

൅ݒሺܽ଴ܾଶ ൅ ܽଵܾଷ ൅ ܽଶܾ଴ ൅ ܽଷܾଵሻ ൅ ሺܽ଴ܾଷݒݑ ൅ ܽଵܾଶ ൅ ܽଶܾଵ ൅ ܽଷܾ଴ሻ	 
 
Since ܥ is self orthogonal code, we  have 
 

ܽ଴ܾ଴ ൅ ܽଵܾଵ ൅ ܽଶܾଶ ൅ ܽଷܾଷ ൌ 0 
 

ܽ଴ܾଵ ൅ ܽଵܾ଴ ൅ ܽଶܾଷ ൅ ܽଷܾଶ ൌ 0 
 

ܽ଴ܾଶ ൅ ܽଵܾଷ ൅ ܽଶܾ଴ ൅ ܽଷܾଵ ൌ 0 
 

ܽ଴ܾଷ ൅ ܽଵܾଶ ൅ ܽଶܾଵ ൅ ܽଷܾ଴ ൌ 0 
 

Φሺݔሻ.Φሺ́ݔሻ ൌ ൫ሺݍଶ ൅ 1ሻ4ିଵሺܽ଴ ൅ ܽଵ ൅ ܽଶ ൅ ܽଷሻ, ሺݍଶ ൅ 1ሻ4ିଵሺܽ଴ ൅ ܽଵሻ

൅ ሺݍଶ െ 1ሻ4ିଵሺܽଶ ൅ ܽଷሻ, ሺݍଶ ൅ 1ሻ4ିଵሺܽ଴ ൅ ܽଶሻ

൅ ሺݍଶ െ 1ሻ4ିଵሺܽଵ ൅ ܽଷሻ, ሺݍଶ ൅ 1ሻ4ିଵሺܽ଴ ൅ ܽଷሻ

൅ ሺݍଶ െ 1ሻ4ିଵሺܽଵ ൅ ܽଶሻ൯. ൫ሺݍଶ ൅ 1ሻ4ିଵሺܾ଴ ൅ ܾଵ ൅ ܾଶ ൅ ܾଷሻ, ሺݍଶ ൅ 1ሻ4ିଵሺܾ଴

൅ ܾଵሻ ൅ ሺݍଶ െ 1ሻ4ିଵሺܾଶ ൅ ܾଷሻ, ሺݍଶ ൅ 1ሻ4ିଵሺܾ଴ ൅ ܾଶሻ

൅ ሺݍଶ െ 1ሻ4ିଵሺܾଵ ൅ ܾଷሻ, ሺݍଶ ൅ 1ሻ4ିଵሺܾ଴ ൅ ܾଷሻ ൅ ሺݍଶ െ 1ሻ4ିଵሺܾଵ ൅ ܾଶሻ൯

ൌ 0 

 
Hence Φሺܥሻ is self orthogonal. 
Let ܣଵ, ,ଶܣ ,ଷܣ   ସ are linear codes, then we denote thatܣ
 

ସܣ⨁ଷܣ⨁ଶܣ⨁ଵܣ ൌ ሼܽଵ ൅ ܽଶ ൅ ܽଷ ൅ ܽସ:	ܽ௜ ∈ ,௜ܣ 1 ൑ ݅ ൑ 4ሽ 
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ସܣ⨂ଷܣ⨂ଶܣ⨂ଵܣ ൌ ሼሺܽଵ, ܽଶ, ܽଷ, ܽସሻ:	ܽ௜ ∈ ,௜ܣ 1 ൑ ݅ ൑ 4ሽ 
 
Definition: Let ܥ be a linear code of length ݊ over ܴ. Define  
 
ଵܥ ൌ ൛ሺݍଶ ൅ 1ሻ4ିଵሺܽ଴ ൅ ܽଵ ൅ ܽଶ ൅ ܽଷሻ ∈ ௤௡ܨ ∶ ܽ଴ ൅ ଵܽݑ ൅ ଶܽݒ ൅ ଷܽݒݑ ∈  ൟܥ
 

ଶܥ ൌ ൛4ିଵሺܽ଴ ൅ ܽଵሻ ൅ ሺݍଶ െ 1ሻ4ିଵሺܽଶ ൅ ܽଷሻ ∈ ௤௡ܨ ∶ 	 ܽ଴ ൅ ଵܽݑ ൅ ଶܽݒ ൅ ଷܽݒݑ ∈  ൟܥ
 

ଷܥ ൌ ൛ሺݍଶ ൅ 1ሻ4ିଵሺܽ଴ ൅ ܽଶሻ ൅ ሺݍଶ െ 1ሻ4ିଵሺܽଵ ൅ ܽଷሻ ∈ ௤௡ܨ ∶ 	 ܽ଴ ൅ ଵܽݑ ൅ ଶܽݒ ൅ ଷܽݒݑ ∈  ൟܥ
 

ସܥ ൌ ൛ሺݍଶ ൅ 1ሻ4ିଵሺܽ଴ ൅ ܽଷሻ ൅ ሺݍଶ െ 1ሻ4ିଵሺܽଵ ൅ ܽଶሻ ∈ ௤௡ܨ ∶ 	 ܽ଴ ൅ ଵܽݑ ൅ ଶܽݒ ൅ ଷܽݒݑ ∈  ൟܥ
 
Theorem: Let ܥ be a linear code of length ݊ over ܴ. Then Φሺܥሻ ൌ  ସܥ⨂ଷܥ⨂ଶܥ⨂ଵܥ

and |ܥ| ൌ  .|ସܥ||ଷܥ||ଶܥ||ଵܥ|
 
Proof: Let ሺݔଵ, … , ,௡ݔ ,ଵݕ … , ,௡ݕ ,ଵݖ … , ,௡ݖ ,ଵݐ … , ௡ሻݐ ∈ Φሺܥሻ. Let 
 
ܿ௜ ൌ ሺݍଶ ൅ 1ሻ4ିଵሺݔ௜ ൅ ௜ݕ ൅ ௜ݖ ൅ ௜ሻݐ ൅ ௜ݔሾ4ିଵሺݑ ൅ ௜ሻݕ ൅ ሺݍଶ െ 1ሻ4ିଵሺݖ௜ ൅ ௜ሻሿݐ

൅ ଶݍሾሺݒ ൅ 1ሻ4ିଵሺݔ௜ ൅ ௜ሻݖ ൅ ሺݍଶ െ 1ሻ4ିଵሺݕ௜ ൅ ௜ሻሿݐ

൅ ଶݍሾሺݒݑ ൅ 1ሻ4ିଵሺݔ௜ ൅ ௜ሻݐ ൅ ሺݍଶ െ 1ሻ4ିଵሺݕ௜ ൅  ௜ሻሿݖ

 
 where 1 ൑ ݅ ൑ ݊. By using Φ is bijection, we have	ܿ ൌ ሺܿଵ, ܿଶ, … , ܿ௡ሻ ∈  By the definition .ܥ
of ܥଵ, ,ଶܥ ,ଵݔସ, we get ሺܥ ଷ andܥ … , ௡ሻݔ ∈ ,ଵݕଵ, ሺܥ … , ௡ሻݕ ∈ ,ଵݖଶ, ሺܥ … , ௡ሻݖ ∈  ଷ andܥ
ሺݐଵ, … , ௡ሻݐ ∈ ,ଵݔସ. Hence ሺܥ … , ,௡ݔ ,ଵݕ … , ,௡ݕ ,ଵݖ … , ,௡ݖ ,ଵݐ … , ௡ሻݐ ∈  ସ. Thisܥ⨂ଷܥ⨂ଶܥ⨂ଵܥ
means that Φሺܥሻ ⊆  .ସܥ⨂ଷܥ⨂ଶܥ⨂ଵܥ

On the other hand, let ሺݔଵ, … , ,௡ݔ ,ଵݕ … , ,௡ݕ ,ଵݖ … , ,௡ݖ ,ଵݐ … , ௡ሻݐ ∈  ,ସܥ⨂ଷܥ⨂ଶܥ⨂ଵܥ
where ݔ ൌ ሺݔଵ, … , ௡ሻݔ ∈ ݕ ,ଵܥ ൌ ሺݕଵ, … , ௡ሻݕ ∈ ݖ ,ଶܥ ൌ ሺݖଵ, … , ௡ሻݖ ∈ ݐ ଷ andܥ ൌ ሺݐଵ, … , ௡ሻݐ ∈
ܽ ସ. There areܥ ൌ ሺܽଵ, … , ܽ௡ሻ, ܾ ൌ ሺܾଵ, … , ܾ௡ሻ, ܿ ൌ ሺܿଵ, … , ܿ௡ሻ, ݀ ൌ ሺ݀ଵ, … , ݀௡ሻ ∈  such ܥ
that  

ܽ௜ ൌ ௜ݔ ൅  ௜݌ସߣ
 

ܾ௜ ൌ ௜ݕ ൅  ௜ݍଷߣ
 

ܿ௜ ൌ ௜ݖ ൅  ௜ݎଶߣ
 

݀௜ ൌ ௜ݐ ൅  ௜ݏଵߣ
 

where ݌௜, ,௜ݍ ௜ݏ	,௜ݎ ∈  is a linear code, then ܥ ௤. Asܨ
 

݁ ൌ ܽሾሺݍଶ ൅ 1ሻ4ିଵሺ1 ൅ ݑ ൅ ݒ ൅ ሻሿݒݑ ൅ ܾሾ4ିଵሺ1 ൅ ሻݑ ൅ ሺݍଶ െ 1ሻ4ିଵሺݒ ൅ ሻሿݒݑ

൅ ܿሾሺݍଶ ൅ 1ሻ4ିଵሺ1 ൅ ሻݒ ൅ ሺݍଶ െ 1ሻ4ିଵሺݑ ൅ ሻሿݒݑ

൅ ݀ሾሺݍଶ ൅ 1ሻ4ିଵሺ1 ൅ ሻݒݑ ൅ ሺݍଶ െ 1ሻ4ିଵሺݑ ൅  ሻሿݒ
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ൌ ሾሺݍଶ ൅ 1ሻ4ିଵሺݔ ൅ ݕ ൅ ݖ ൅ ሻሿݐ ൅ ݔሾ4ିଵሺݑ ൅ ሻݕ ൅ ሺݍଶ െ 1ሻ4ିଵሺݖ ൅ ሻሿݐ

൅ ଶݍሾሺݒ ൅ 1ሻ4ିଵሺݔ ൅ ሻݖ ൅ ሺݍଶ െ 1ሻ4ିଵሺݕ ൅ ሻሿݐ

൅ ଶݍሾሺݒݑ ൅ 1ሻ4ିଵሺݔ ൅ ሻݐ ൅ ሺݍଶ െ 1ሻ4ିଵሺݕ ൅  ሻሿݖ

 
It follows that Φሺ݁ሻ ൌ ሺݔ, ,ݕ ,ݖ ሻݐ ∈ Φሺܥሻ. So ܥଵ⨂ܥଶ⨂ܥଷ⨂ܥସ ⊆ Φሺܥሻ.  
Hence ܥଵ⨂ܥଶ⨂ܥଷ⨂ܥସ ൌ Φሺܥሻ. As Φ is bijection, then |ܥ| ൌ |Φሺܥሻ| ൌ

|ସܥ⨂ଷܥ⨂ଶܥ⨂ଵܥ| ൌ  .|ସܥ||ଷܥ||ଶܥ||ଵܥ|
 
Lemma: If ܩ௜ is generator matrix of ݍ-ary linear codes ܥ௜, for ݅ ൌ 1,2,3,4,  then the 

generator matrix of ܥ is 

ܩ ൌ ൦

ଵܩଵߣ
ଶܩଶߣ
ଷܩଷߣ
ସܩସߣ

൪ 

 
Corollary: If Φሺܥሻ ൌ ܥ ସ, thenܥ⨂ଷܥ⨂ଶܥ⨂ଵܥ ൌ  .ସܥସߣ⨁ଷܥଷߣ⨁ଶܥଶߣ⨁ଵܥଵߣ
 
Lemma: Let ݀௅ be minimum Lee weight of linear code ܥ over ܴ. Then 
 

݀௅ ൌ ݀ு൫Φሺܥሻ൯ ൌ minሼ݀ுሺܥଵሻ, ݀ுሺܥଶሻ, ݀ுሺܥଷሻ, ݀ுሺܥସሻሽ 
 
 

3. SKEW CYCLIC CODES OVER ࡾ 
 
 
We are interested in studying skew cyclic codes by using the ring ܴ. By using non 

trivial ring automorphism ߠ௧ on the ring ܴ, we introduce the skew polynomial ring 
 

ܴሾݔ, ௧ሿߠ ൌ ሼܽ଴ ൅ ܽଵݔ ൅⋯ .൅ܽ௡ିଵݔ௡ିଵ: ܽ௜ ∈ ܴ, ݊ ∈ ܰሽ 
 
This ring is a noncommutative ring. The addition in the ring ܴሾݔ,  ௧ሿ is the usualߠ

polynomial addition and multiplication is defined using the rule as follows 
 

൫ܽݔ௜൯൫ܾݔ௝൯ ൌ ௧ߠܽ
௜ሺܾሻݔ௜ା௝ 

 
Definition: A subset ܥ of ܴ௡	 is called a skew cyclic code of length ݊ if ܥ satisfies the 

following conditions, 
i. ܥ is a submodule of ܴ௡,  

ii. If   ܿ ൌ ሺܿ଴, … , ܿ௡ିଵሻ ∈ ఏ೟ሺܿሻߪ then ܥ ൌ ሺߠ௧ሺܿ௡ିଵሻ, ,௧ሺܿ଴ሻߠ … , ௧ሺܿ௡ିଶሻሻߠ ∈  ܥ
 
Let  ݂ሺݔሻ ൅ ሺݔ௡ െ 1ሻ be an element in the set ܴ௧,௡ ൌ ܴሾݔ, ௡ݔ௧ሿ/ሺߠ െ 1ሻ and let 

ሻݔሺݎ ∈ ܴሾݔ,  ,௧ሿ. Define multiplication from  left as followsߠ
 

ሻݔሻሺ݂ሺݔሺݎ ൅ ሺݔ௡ െ 1ሻ)=	ݎሺݔሻ݂ሺݔሻ ൅ ሺݔ௡ െ 1ሻ 
 

for any ݎሺݔሻ ∈ ܴሾݔ,  .௧ሿߠ
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Theorem: ܴ௧,௡	 is a left ܴሾݔ,  .௧ሿ-module where multiplication defined as in aboveߠ
 

Theorem: A code ܥ is a skew cyclic code of length ݊ if and only if ܥ is a left 
ܴሾݔ, ,ݔ௧ሿ-submodule of the left  ܴሾߠ  .௧ሿ-module ܴ௧,௡ߠ

 

Theorem:  Let ܥ be a linear code of length ݊ over ܴ and 
ܥ ൌ ,ଵܥ ସ, whereܥସߣ⨁ଷܥଷߣ⨁ଶܥଶߣ⨁ଵܥଵߣ ,ଶܥ  .௤ܨ ସ are linear codes of length ݊ overܥ ଷ andܥ
Then ܥ is a skew cyclic code with respect to the automorphism ߠ௧ over ܴ	 if and only if 
,ଵܥ ,ଶܥ  .௤ܨ ସ are all skew cyclic codes overܥ ଷ andܥ

 

Proof: Let ൫ܿଵ
௜ , … , ܿ௡௜ ൯ ∈ ݅ ,௜ܥ ൌ 1,2,3,4. Assume that ௝ܿ ൌ ଵߣ ௝ܿ

ଵ ൅ ଶߣ ௝ܿ
ଶ ൅ ଷߣ ௝ܿ

ଷ ൅
ସߣ ௝ܿ

ସ for ݆ ൌ 1,2, … , ݊	, then ܿ ൌ ሺܿଵ, … , ܿ௡ሻ ∈  is a skew cyclic code in according to ܥ As .ܥ
the automorphism ߠ௧, we have ߪఏ೟ሺܿሻ ൌ ሺߠ௧ሺܿ௡ሻ, ,௧ሺܿଵሻߠ … , ௧ሺܿ௡ିଵሻሻߠ ∈  We know that .ܥ

ఏ೟ሺܿሻߪ ൌ ,௧ሺܿ௡ଵሻߠଵ൫ߣ ௧ሺܿଵߠ
ଵሻ, … , ௧ሺܿ௡ିଵߠ

ଵ ሻ൯ ൅ ⋯൅ ,௧ሺܿ௡ସሻߠସ൫ߣ ௧ሺܿଵߠ
ସሻ, … , ௧ሺܿ௡ିଵߠ

ସ ሻ൯. Hence 

ቀߠ௧൫ܿ௡௜ ൯, ௧൫ܿଵߠ
௜൯, … , ௧൫ܿ௡ିଵߠ

௜ ൯ቁ ∈ ݅ ௜ forܥ ൌ 1,2,3,4	.	We have ܥଵ, ,ଶܥ  ସ are skew cyclicܥ ଷ andܥ

codes in according to automorphism ߠ௧ over ܨ௤. 
Conversely, assume that ܥଵ, ,ଶܥ  are skew cyclic codes in according to		ସܥ ଷ andܥ

automorphism ߠ௧ over ܨ௤	and ܿ ൌ ሺܿଵ, … , ܿ௡ሻ ∈ where ௝ܿ ܥ ൌ ଵߣ ௝ܿ
ଵ ൅ ଶߣ ௝ܿ

ଶ ൅ ଷߣ ௝ܿ
ଷ ൅ ସߣ ௝ܿ

ସ for 

݆ ൌ 1,2, … , ݊, then ൫ܿଵ
௜ , … , ܿ௡௜ ൯ ∈ ݅ ,௜ܥ ൌ 1,2,3,4. Note that  

 

ఏ೟ሺܿሻߪ ൌ ,௧ሺܿ௡ଵሻߠଵ൫ߣ ௧ሺܿଵߠ
ଵሻ, … , ௧ሺܿ௡ିଵߠ

ଵ ሻ൯ ൅ ⋯൅ ,௧ሺܿ௡ସሻߠସ൫ߣ ௧ሺܿଵߠ
ସሻ, … , ௧ሺܿ௡ିଵߠ

ସ ሻ൯ ∈  .ܥ
 

Theorem: Let ܥଵ, ,ଶܥ  ሻ be the monicݔ௤ and ݃௜ሺܨ	ସ are skew cyclic codes overܥ ଷ andܥ
generator polynomials of them for ݅ ൌ 1,2,3,4, respectively. Let 
ܥ ൌ ሻݔସ. Then there exist a unique polynomial ݃ሺܥସߣ⨁ଷܥଷߣ⨁ଶܥଶߣ⨁ଵܥଵߣ ൌ ଵߣ ଵ݃ሺݔሻ ൅
ሻݔଶ݃ଶሺߣ ൅ ሻݔଷ݃ଷሺߣ ൅ ሻݔସ݃ସሺߣ ∈ ܴሾݔ, ܥ ௧ሿ such thatߠ ൌ൏ ݃ሺݔሻ ൐	  and  ݃ሺݔሻ	 is a right 

divisor of   ݔ௡ െ 1 and |ܥ| ൌ ∑ସ௡ିݍ ௗ௘௚௚೔ሺ௫ሻ
ర
೔సభ . 

 

Corollary : If ܥ is a skew cyclic code in according to the automorphism ߠ௧ over ܴ, 
then the dual code ୄܥ is also a skew cyclic code in according to the automorphism ߠ௧ over ܴ. 

 

Theorem: Let ሺ݊, ሻߩ ൌ 1, where ߩ is the order of ߠ௧ and ܥ be a skew cyclic code of 
length ݊, then ܥ is a cyclic code of length ݊ over ܴ. 

 

Corollary: Let ሺ݊, ሻߩ ൌ 1, where ߩ is the order of ߠ௧ and ݔ௡ െ 1 ൌ ∏ ௜݂
௣೔ሺݔሻ௥

௜ୀଵ , 
where ௜݂ሺݔሻ ∈ ,ݔ௤ሾܨ  ௧ሿ is irreducible, then the number of distinct skew cyclic codes of lengthߠ
݊ over ܴ is equal to the number of ideals in ܴሾݔሿ/ሺݔ௡ െ 1ሻ, i.e. ∏ ሺ݌௜ ൅ 1ሻଷ௥

௜ୀଵ . 
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4. CONCLUSION  

 
 
The skew cyclic codes over the finite ring ܴ are studied. A new Gray map from ܴ	to 

  is defined. The non trivial automorphism over ܴ is given and the skew cyclic codes over		௤ସܨ

ܴ are introduced. A linear code over  ܴ is represented by means of four ݍ-ary codes. It is 
shown that ܥ is a skew cyclic code over ܴ if and only if ܥଵ, ܥଶ, ܥଷ and ܥସ are all skew cyclic 
codes over ܨ௤.  
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