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Abstract. The present paper is the investigation of some integrals for the generalized
Bessel-Maitland functions, which are expressed in the terms of hypergeometric and beta
function. Some interesting special cases involving Jacobi, Legendre polynomial are deduced.
The integrals established in this paper are of general character.
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1. INTRODUCTION

The special function of the form defined by the following series representation as
0 (_Z)k
J(2) = ,
0 (2) g‘) I'(v+ puk +1) k!
is known as Bessel-Maitland function. In fact, the application of Bessel —Maitland function
are found in the diverese field on mathematical physics, engineering, biological, chemical in
the book of Watson [9].

An interesting generalization of the Bessel function is defined by Jain and Aggarwal

[1] as follow.

© _ k v+20+2k

‘]élo-(z):z ( 1) (2/2) ,
’ koo [ (c+k+1)I"(v+ 0+ uk+1) k!

(u>0; zeC) (1.2

ZeC\(-0,0]; u>0; v, oeC. (1.2)

Further, the generalized Bessel —Maitland function investigated and studied by Pathak
[3] and defined it as:

(1.3)

2 (7 (<)
J47(7) = q
a2 kZO T+ pk+1) k!’
where g, v, yeC, Re(u)>0, Re(v)>0, Re(y)>0, and qe(0,)UN and (y), =1,
(g = ' (r +ak)/I"(y), denotes the pochhammer symbol.

We have also some special cases related with the Mittag -Leffler function of the
generalized Bessel-Maitland function, as follow.
(i) If vis replaced by v-land z by -z, (1.3) reduces to generalized Mittag-Leffler
function, was given by Shukla and Prajapati [7] as

Jzil;l}jq (Z) = EZS (Z)’ (14)
where u, v, y€C, Re(u)=0, Re(v)>0, Re(y)=0, and qe(0,))UN
(i) If visreplaced by v -1, z by —z and q=1 (1.3) reduces to

J5i1(2) = E ,(2), (1.5)
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was introduced by Prabhakar [4].

(iii) If visreplaced by v-1, z by —z and y =1, g=1 (1.3) reduces to

3i1(2) = E, ,(2), (1.6)
was studied byWiman [10].

(iv) If v=0, y=1, g=1and z isreplaced by -z, (1.3) reduces to
J§1(2) = E, (2), (1.7)

was introduced by Ghosta Mittag-Leffler [2].

Recently Singh and Rawat [8], established certain integrals for the generalized
Mittag- Leffler function. In the present paper, we established integrals with Bessel-Maitland
function, add one more dimension to this study by introducing certain integral for the
generalized Jacobi polynomials. The integral established in this paper are believed to be a new
contribution in the theory of fractional calculus.

2. INTEGRALS WITH GENERALIZED JACOBI POLYNOMIALS

The p,(f"“'d) is the generalized Jacobi function, which is defined and studied by Kalla
et al. [6].

-n, N+a +p+1, c;

1) 1-x

plesod) () = (@ Dn_ =X 2.1)
F(n+1)32 a+1d; 2

where

deC-Z2 uU{0}: a,neC-Z; peC;Red-B-¢)>0. (2.2)

In dealing with Jacobi function, It is natural to make much use of our knowledge of
the hypergeometric function by Rainville ([5], p.45)

+1
Iy = [(@=x) @+ %)’ P A% (x) 37 [2(L+ x)"]dx

-1

2 2 (P [-2@L+X)"]¢
_ A% Spl(a, p.c d) q
—jl(l X {1+ x)°P, (X)k%r(uwm)k! dx

Interchanging the order of integration and summation which is permissible under the
condition, then the above expression becomes
(Mg (2)° ¢

=2 o alcrny i) G G xR 200 () 2.3)

Now using (2.3) and formula from Kalla et al. [6, p. 372], we get

" -Nn, n+a +p+1 ¢, A+1;
22,1+5+1(a+1)nf(/1+1) 3 I" (6 +hk+1) JW(Z“Z) .

rin+l) Sr(A+o+hk+2) =1

1-x
2

(2.4)

a+1 d, A+0+hk+2;

Provided
(i) i, v, yeC, Re(u)=0, Re(v)=>0, Re(y)=0, and qe(0,)UN
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(i) a>-1land g >-1.

1
I = [@=x)@+x) P79 (x) P = D (x) 37 [2(1-x)"Tdx

+

iR

o (g (D E ) ]
= Zf(uf;k+1) . J‘(l_x)/l "KL+ xR Ao ) (x) Pl e e D) (x) dx
k=0 I

Now using (2.1) in the above expression, we get
L& Da (D (o) & (M) (M +p +o+1), (€),
Sr+uk+) K F(M+) & (p +1), (d), 2"k

Again using (2.1) and (2.6), we obtain

(2.5)

+1
J‘(l_ X)A+hk+k (1+ X)5 Pn(a, p.c.d) (X) dx
-1

(2.6)

3 Du (2" r(p+m+1) @+)y & M)y (=) (M +p +0+1), (0 +a +B+1), (€), (€,

STr+ruk+) Kk r(m+d) 7 (n+) & T(p+k+1) (o +1), (), (f), 2% (k!)?

+1
% J‘(l_ X)/I+hk+2k (1+ X)b‘ dx

-1

(2.7)
Using the known result by Rainville ([5], p.261)

+1
[A=x)""@+x)*" dx = 22" B(a+n+1 f+n+1) (2.8)

1

From equation (2.7)

_ geoil I'(p+m+l) IMNa+n+l) & (Em) (=n)(M +p +0+D), (0 +a + B +1),(c), (€),
I (m+1) r(n+) & I'(p+k+1) (@ +k+1) (d), (f), 2% (k)2
x 37(2"2) B(A+hk+2k+1, 5+1)

(2.9)

Provided
(i) Re(u) =0, Re(v) >0, NRe(y)=0, and ge(0,)UN
(i) R(PB) >-1, 2and h are positive numbers.

L= [ x) (L XV R 599 () 327 2 X (Lo x) T

-1

» —_7)k +1
_ F((?’)qk li :)L) - J'(l_ X)/1+hk(1+ X)5+tk Pl fied) (4 d
k=0 U+ﬂ + H

=
(2.10)
Using (2.1) in (2.10), we obtain

B (V)qk (—Z)k I(a+]), & (=n), (n+a +B+1), (C),
_kzof(u+,uk+1) kI 7'(n+1) & 7'(¢+)), (d), 2 (k")

-1

Now using (2.8) and (2.11), we get

_ gi+oil I"(a+]), i (=n), (n +a +B+1), (c),
'(n+l) o I(a+1), () (kY
Provided

ISSN: 1844 — 9581

]‘1(1_ X)n+/1+h k+k—n (1+ X)n+§+tk—n dX

(2.11)

372" 2) B(A+hk+k+1, 5+tk+1) (2.12)

Mathematics Section



360 Integrals Involving Generalized Bessel-Maitland Function D.L.Suthar, Haile Habenom

(i) Re(u) >0, Re(v)=>0, Re(y)=0, and gqe(0,)UN
(i) R(a) >-1 and R(pB) >-1.

+1

ly= [@=x)'@+x)° B9 (x) 37 [2(L+x) " ]dx

_ i (P)ax (-2)" ]1(1_)()4 (L ) "KPA09) (x) dx (2.13)
S+ uk+1) k! " |

By using (2.1) in (2.13), we obtain

:i (") gk (-2) Ia+l), & (-n), (" +a +ﬁ’+lk)k ©)y ]‘l(l_x)n+1+k—n(1+X)n+5—hk—n dx
Sr+uk+) Kkl ©(n+l) & I(a+), d), 2°(K) 2

(2.14)
Now using (2.8) in (2.14), we get

e L (@+)), & (=) (n+a + B+, (C)¢ 14y (o-n _
T & e, @), () 32" 2)B(A+ ksl s-nks)  (215)

Provided
(i) Re(u)=0, Re(v)=>0, Re(y)=0, and gqe(0,)UN
(i) R(a) >-1 and R(pB) >-1.

Iy = +jl(l— X)* L+ x)" Rl 20D (x) 3 7 [2(L-x) @+ x) " dx

-1

_ (7)qk (_Z)k ¥ 2+h K 5tk (a, B ¢, d)
T AT+ uk ) K Ja-x) @Ry (x) dx (2.16)
— L

Using (2.1) in (2.16), we obtain

:i (N 2 Ma+1), & (n), (0 +a +B+1), ©), ]1(1_X)n+z+hk+k_n(1 X gy
ST+pk+) K T(n+)) & Ha+l), d), 2°K) 2

(2.17)
Now using (2.8) and (2.17), we get

_groallaty & O (0 tad Fil O yur(ont7)g(a+hk+k+1, 6-tk+1) (2.18)
I'(n+l) o I(a+D), (d) (k) ’
Provided
M Re(u) >0, Re(v)>0, Re(y)=0, and ge(0,HUN
(i) R(a) >-1 and R(B) >-1.

WWW.josa.ro Mathematics Section



Integrals Involving Generalized Bessel-Maitland Function D.L.Suthar, Haile Habenom 361

3. SPECIAL CASES

For c¢=d, (2.1) reduces in to Jacobi polynomial P‘*# (x)which is defined in
Rainville [5]

— (3.1)
n' a+1; 2

-n, Nn+a +p+1;
« a+l 1-x
Pn( ) (x) = QsF{ ]

If we set « = 8 =0, the polynomial in (3.1) becomes the Legendre polynomial ([5]).
From (3.1), If x=1 it also follow that P{*# (x) is a polynomial of degree n and that

Pl (1) = G ﬂ;})n (32)
From 1, integral, we obtain
+1
g = [@=x) @+ xR (x) 3/ [2(1+ x)" Jdx (3.3)

-1

- 1 A+1;
o (@D, F(A+D) & I (S+hk+D) non+a+p+l A+l

1-—
Z Jfé(zhz) sF
I'(n+1) o (A+5+hk+2) a+1, A+5+hk+2; 2

Now from |, integral, we obtain
+1 .
o= [@=x) @+ xR (O R (x) 357 121~ x)' o
-1
_ g I'(p+m+l) I'e+n+l) & (m) (-n),(m+p +o+l), (n+a +F+1),
I (m+1) r(n+l) & I'(p+k+1) I'(a +k+1) 2% (k1)?
x 347(2"2) B(A+hk+2k+1, 5+1) (3.4)

If we replace 2 =21-1and a« = = p=c =35 =0, then the integral |, transforms in
to the following integral involving Legendre polynomials.

Iy = +f(l- X)* P, (x) 3/ [z(1-x)"Tdx

(=m), (=) (M +2), (N +1) 4y (i
ZF(k+1)F(k+1) 2% (k2 O ('2)Barhkr2e, ) (3.5)

Now from |, integral, we obtain

Iy = [ L xR (x) 3242 T2l ) (L+ x) o

-1

= gron F;"(‘:ﬂ) Z( ”)}(Fa:‘i‘):é;;l)k 300 2) B(A+hk+k+1 5+tk+1)  (3.6)

Ifweset 1=1-1 §=06-1and a = B = 0, then the integral |, transforms in to the
following integral involving Legendre polynomials.

lo = [ XV s P, (9 347 T2l x)" (1 x) Jox

-1

zgwli—(‘”)k(gl‘)”)k 30720 2) B(A+hk+k, & +1K) (3.7)
k=0
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Now from |, integral, we obtain
+1
lyy = [ x) @+ x)° P (x) 3f7 [2(L+ x) " 1dx
-1
_ g e+, & En)(h+a+p+1), Jmr
rin+l) <  I'(a+1), (k)
Now from |4 integral, we obtain

[(2"2)B(A+k+1 S-hk+1) (3.8)

l, E]l(l—x) L+ x) P (x) 37 T2 x)" L+ x) " dx

-1
A+0+1 F(a+1)n - ( n)k (n +a +ﬂ+1)k J/l e
r(n+l) & T(a+1), (k)
If we replace 1=1-1, 6§=6-1 and a =B = 0, then the integral I,takes the
following integral involving Legendre polynomials.
+1 N
s = [@= X)L+ %) P (%) 347 [2(0 - x)" (L+ x) " 1o

-1

=gy CMED 5 (ont5) g (1 1 hk sk, 5-tk) (3.10)
k=0 (k1)?

Y2 2)B(A+hk+k+1 5-tk+l)  (3.9)

4. CONCLUDING REMARKS

In the present paper, we investigate new integrals involving the generalized Bessel-
Maitland function, in terms of the hypergeometric function and beta function. Some special
cases of integrals invovling the generalized Mittag -Leffler function have been investigated in
the literature by a many authors with different arguments.

It is interesting to observe that the results given by Singh and Rawat [8, eq.16, 19, 22,
25, 26, 27 and 28] follow from the special cases results derived in this paper, if we use (1.4)
and some suitable parametric replacements.
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