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Abstract. An efficient method for the characterization of some important classes of 
matrices, using the rank, is the method of elementary operations in the partitioned matrices. 
We will use this method for idempotent matrices, involutory matrices, tripotent matrices and 

other classes of matrices with annihilator polynomials of the form
pk xxxf )( . 
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1. CHARACTERIZATION OF TRIPOTENT MATRICES 
 
 
 We recall that a matrix )(CnMA  is called tripotent if the following relation holds: 

AA 3 . 
 
 Theorem 1.1. For every matrix )(CnMA  the following statements are equivalent: 
 a) AA 3 ; 

 b) nIArankArank n  )( 2 ; 

 c) nAArankIArank n  )()( 2 ; 

 d) nAArankIArank n  )()( 2 ; 

 e) nAIrankAIrankArank nn 2)()(  ; 

 f) )()( 22 AArankAArankArank  . 
 
 Proof. We prove that every assertion is equivalent with a). 
 If AA 3  then the eigenvalues of the matrix A satisfy: 3 , thus }1,0,1{ . 
 From the relation AA 3  it follows that the Jordan canonical form AJ  satisfies 

AA JJ 3  and AJ  is a diagonal matrix. Thus 
 
















000
00
00

p

k

A I
I

J  

                                                 
 
1 Technical University of Cluj-Napoca, Department of Mathematics, 400114 Cluj-Napoca, Romania. 
E-mail: Vasile.Pop@math.utcluj.ro.  



The method of elementary operations in…                                                                                           Vasile Pop 

 

www.josa.ro                                                                                                                                                   Mathematics Section  

296

where k is the number of eigenvalues equal to 1, p is the number of eigenvalue equal to 1  
and pknq   is the number of eigenvalue equal to 0. 
 In the assertions b), c), d), e, f) we can replace A with AJ , AJrankArank   and we 
have: 
 

pkArank  , qIArank n  )( 2 , qpIArank n  )( , 

kAArank  )( 2 , qkIArank n  )( , pAArank  )( 2  
 
and all the relations b), c), d), e), f) are satisfied. 
 For the converse implications: b), c), d), e), f)  a) we start with block matrix M 
corresponding to every relation in which we make elementary operations (which preserve the 
rank), therefore  we obtain a matrix N which contains the block AA 3 . 

 We denote by iQ  the matrices of the elementary operations on columns and by iP  the 
matrices of elementary operations on rows. 
 
b)  a) We have 
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and it follows 
 

NrankIArankArankMrank n  )( 2  

nAArankIrankAArank n  )()()( 33 . 
 

From b) it follows 0)( 3  AArank , hence AA 3 . The matrices of elementary operations 

1Q , 2Q , 1P , 2P  are 
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so: 2112 QQMPPN  . 
 
c)  a) 
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We have: 
 

NrankAArankAIrankMrank n  )()( 2  

)()(
2

1
)2( 33 AAranknAArankIrank n   

 
From c) it follows 0)( 3  AArank , hence AA 3 . The matrices of elementary operations 
are: 
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so: 2112 QQMPPN  . 
 
d)  a) 
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We have 
 

)()( 2 AArankAIrankMrank n   

nAArankIrankAArankNrank n  )()2()(
2

1 33  

 
and from d) it follows 0)( 3  AArank , hence AA 3 . 
 
e)  a) We will make elementary operations in a matrix with 9 blocks 
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and we have: 
 

nAArankNrankAIrankAIrankArankMrank nn 2)()()( 3   
 

and from c) we obtain: 0)( 3  AArank , hence 03  AA . 
 The transform matrices on lines and column are: 
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f)  a) 
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We have: )()()( 322 AArankArankNrankAArankAArankMrank   and 

from f) it follows 0)( 3  AArank , hence 03  AA . 
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The elementary matrices corresponding to the elementary operations are: 
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and we have: 32112 QQQMPPM  . 
 
 Remark 1.1. The last characterization ( f) from statement Theorem 1.1 without proof 
can be found in [2]. 
 
 
2. CHARACTERIZATION OF IDEMPOTENT AND INVOLUTORY MATRICES 
 
 
 Recall that )(CnMA  is an idempotent matrix if AA 2  and A is an involutory 

matrix if nIA 2 . 
 
 Theorem 2.1. [1] For a matrix )(CnMA  the following assertions are equivalent: 
 a) AA 2 ; 

 b) nAIrankArank n  )( . 
  
 Proof. a)  b): If AA 2  then the eigenvalues of A satisfy 2 , then }1,0{ . 

 The Jordan canonical form of A verifies AA JJ 2  and then all Jordan cells have 

dimension 1, so AJ  is a diagonal matrix 
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where k is the number of eigenvalues of A equal to 1. 
 We have:   kJrankPJPrankArank AA  1  

and   knJIrankPJIPrankAIrank AnAnn   )()()( 1 , 

hence nAIrankArank n  )( . 
 
b) a): We consider the block matrix 
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and we apply the elementary operations which preserve the rank 
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and we have: 
 

NrankAIrankArankMrank n  )(  
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and from b) it follows 0)( 2  AArank , hence 02  AA . 

 The matrices of elementary operations on rows 1P , 2P  and on columns 1Q , 2Q  are: 
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and we have: 2112 QQMPPN  . 
 
 Theorem 2.2. [3] For a matrix )(CnMA  the following statements are equivalent: 

 a) nIA 2 ; 

 b) nAIrankAIrank nn  )()( . 
 

 Proof. If nIA 2  then the eigenvalues of A satisfies the relation 12  , hence 

}1,1{ . The canonical form AJ  verifies the same relation nA IJ 2  and it is a diagonal 
matrix: 
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where k is the number of the eigenvalues equal to 1 and kn   is the number of eigenvalues 
equal to 1 . 
 We have: 
 

knJIrankAIrank Ann  )()(  
and 

kJIrankAIrank Ann  )()( , 
therefore: 

nknkAIrankAIrank nn  )()( . 
 

For the converse implication we consider the block matrix 
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in which we consider the following elementary operations: 
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We have: 
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and from b) it follows 0)( 2  AIrank n , hence 02  AIn . 

 The matrices 1P , 2P  of the elementary operations on rows and 1Q , 2Q , 3Q  of the 
elementary operations on columns are: 
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and 32112 QQQMPPN  . 
 
 
3. CHARACTERIZATION USING THE RANK OF SOME MATRICES HAVING  
      ANNIHILATOR POLYNOMIALS OF THE FORM pk xxxf )(  
 
 
 We present below three results whose proofs can be done using the same ideas and 
methods used in previous theorems. 
 
 Theorem 3.1. For a matrix )(CnMA  the following  statements are equivalent: 
 a) 32 AA  ; 

 b) nAIrankArank n  )(2 . 
 
 Theorem 3.2. For a matrix )(CnMA  the following statements are equivalent: 
 a) 53 AA  ; 

 b) nAIrankArank n  )( 23 ; 

 c) nAArankAIrank n  )()( 43 ; 

 d) nAArankAIrank n  )()( 43 ; 

 e) nAIrankAIrankArank nn 2)()(3  ; 

 f) ArankAArankAArank  )()( 432 ; 
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 g) ArankAArankAArank  )()( 432 ; 

 h) 34343 )()( ArankAArankAArank  . 
 
 Theorem 3.3. If qp,  are positive integers and )(CnMA  then the following 
statements are equivalent: 
 a) qpp AA  ; 

 b) nIArankArank n
qp  )( . 
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