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Abstract. If F is a family of functions, we define a sequence by alternative recurrence
with respect to the family F a sequence (a,), that verifies the relation

a,,e{f(a,,a,,)| f eF} for any n>1, where the first two terms a,,a, are given. We

prove that for particular cases of family we can obtain the regular networks in the complex
plane.
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1. SEQUENCES DEFINED BY ALTERNATIVE RECURRENCES

Let F ={f, |iel} beafamily of functions f,:C—>C or f,:R—>R,iel, where
| is a set of indices.

Definition 1.1. A sequence defined by an alternative recurrence of order | determined
by F is a family of sequences (a,),, Which verifies the recurrence relation

a,, {f,(a,)|iel}, forany ne N, where the first term a, € C or a, € R is given.
We denote by A(F,a,) the set of all these sequences and by M (F,a,) the set of all

terms of all these sequences (the set of all numbers z for which there is a sequence
(a,), € A(F,a,) and ke N suchthat a, =z ).

Remark 1.1. a) In the set A(F,a,) there are also sequences defined by ordinary
recurrences of order I. If we fix an indice i, € | then such a sequence is (a,), Wwhere
a,, = f, (a,) , forany neN . The general term of such a sequence is a, = f,"(a,), where
fh = fi0 o fio 0...0 fio'

b) If F={f,, f,}and f,of,=f,of,, then

M(F.a,) ={f,"(f;'(a,)) Im,n e N}.
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c) The set A(F,a,) may contain convergent and divergent sequences, also bounded or

unbounded sequences, monotone or non-monotone sequences, as it can be seen from the next
example.
Example 1.1. Let F={f,f, f,}, f.,f,,f;:R>R, f =1 f,=-1,

f,(x)=e* -1, xeR and the sequences (a®),, (@?),, (@), defined by alternative
recurrence:

" _{fl(an), n iseven a® = (—)™  for n>1

" 1f,(a,), n isodd ’
which is bounded, non-monotone and divergent.

NG _{fz(an), n=0

" 1f,(@,), nx>1

which is monotone, convergent and lima'® =0
nN—o0

S5 S
vl
= o

a(3) _ { fl(an)v

n+l — fs(an),

which is monotone, unbounded and lima®® = .

n—ow

Remark 1.2. An open problem related to the study of alternative recurrence sequences
is the following one:

Open problem. Find the conditions that should be satisfied by functions in F and the
initial term a, such that all sequences in A(F,a,) have the same behavior related to

monotonicity, boundedness and convergence. An example can be found in [6].
Let G={g,|jeJ} be a family of functions of two variables g; :CxC —C or

g,:RxR—>R.

Definition 1.2. We call a sequence defined by an alternative recurrence of order I,
determined by the family of maps G, any sequence (a,), which verifies the recurrence

relation a,, €{9;(a,,a,,)| jJ} for any n>1, where the first two terms a;,a, €C or
a,,a, € R are given (the initial conditions).

We denote by A(G,a,,a,) the set of all these sequences and with M (G, a,,a,) the set
of all terms of these sequences.

Remark 1.3. If we consider a family of maps of k variables H ={h, |i e I}, with
h,:C* - C or h :R“ >R, similarly we can define sequences determined by alternative
recurrences of order k, in which each term a, has the alternative of being chosen by selecting
maps h,, € H by the formula a, =h;, (a,,8, 5, a,)-
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Similarly we have open problems regarding the simultaneous behavior of the
sequences from A(G,a,,a,;), to the form or the structured of the set M(G,a,,a,) or the

density of M(G,a,,a,) inCorR.
2. PLANE POLYGONAL NETWORKS

Definition 2.1. We call plane polygonal network any cover of the plane (z) = U P,
iel

by polygons P, iel in which any two polygons have disjoint interiors and any two
polygons with common points (on this boundaries) have exactly one common vertex or
exactly one common edge. The polygonal edges are called the network segments and the
polygonal vertices are called the network nodes [4, 5].

Remark 2.1. Generally we consider polygonal networks in which all the polygons
from the cover are congruent.

Recall the following classic result [2, 3].

Theorem 2.1. There are only three type of plane polygonal network formed by
congruent regular polygons: the triangular network, the square network (plane lattice) and the
hexagonal network.

Remark 2.2. a) The set of the nodes of the triangular network of edge 1 in the
complex plane is
+iv3

N, ={m+ne|m,neZ}, where g=1—=cos£+isin£.
2 3 3
b) The set of nodes of the square network of edge 1 in the complex plane is
N, ={m-+ni|m,neZ}=Z[i].

c) The set of nodes of the hexagonal network of edge 1 is

N, :{3k+ p\/§i,3k +1+ p\/§i,3k +1+%+(p+%}/§i+3k+2+%+(p+%]\/§i | k, pez}

3. REGULAR NETWORKS DEFINED BY ALTERNATIVE RECURRENCES

We will show that any of the three types of regular polygonal networks from Theorem
2.1 can be obtained using alternative recurrences with two linear maps of the form

f.(zzuy=@1-a)z+a-u, z,ueC

and
f;(zzuy=(1-a)z+a-u, z,ueC,
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where a e C is specially chosen.
Let aeC befixedand F ={f,, f,}.

We consider the sequences defined by alternative recurrence:

z,,{dl-a)z,+a-z,,,1-a)z,+a-z,,},n=>1
and let A(F,z,,z,) be the set of all these sequences, where z,,z, € C are fixed numbers with

Z, #7,.
Theorem 3.1. If aeC and |al<1 then all the sequences (z,), which verifies the

recurrence:
z,,, {1l-a)z,+a-z,,,(1-a)z,+a-z,,} forany n>1, z,,z, €C

are convergent.

Proof: We have

or
Znq— 2L, = _g(zn - Zn—l)'
In both cases

|Zn+1_zn |:|a|'|zn_zn—l |:"':|a|n '|21_ZO :

We have:

| Zn+p —Z, |S| Zn+p - Zn+p—1 |+ | Zn+p—l - Zn+p—2 |+"'+ | Zy1— 12, |
<(a™™* +|a|™P? +.+]al") |z, -z, |

n_1_|a|p. | |21_ZO|_| |n

={a —
TR A e

so for | a|<1 the sequence (z,), is a Cauchy sequence, hence convergent.
Theorem 3.2. The sequence (z,), defined by the recurrence relation:
z,,=00-a)z,+a-z,,, n21, z,,2,eC, z,#1,
is a periodic sequence if and only if there is k e N, k > 2 such that a* =1 and a = -1
Proof: We have:
-2, =(-a)(z, - 2,4) =...=(-2)"(z, - 2,)
and then

Mathematics Section

WWW.josa.ro



Networks defined by alternative recurrences ... Vasile Pop 129

Z, = (Zn - Zn—l) +(anl - anz) to.t+ (Zl - ZO) + 2,
=7,+(z,—z,)l-a+a’ —..+(-a)"")
1-(-a)"

=2, +(z _Zo)?’

for a=-1.
Being defined by a recurrence of order Il, the sequence is periodic if and only if there
isn>1suchthat z, =z,and z,,, =2, ©1-(-a)"=0 < (-a)" =1 < a*" =1.

Corollary 3.2. a) For a =

the sequence (z,), is periodic of period 3.

1+i/3
2

b) For a =+i the sequence (z,), is periodic of period 4.

141
c) For a= LTI\@ the sequence (z,), is periodic of period 6.

n

L
Theorem 3.3. For ¢ = 1_;@ the set of terms of all sequences (z,), which verifies

the recurrence:
z,,e{l-¢&)z,+¢-2,,,1-&)z, +& -z, ,} forany n>1, z, =0, z, =1
Is the set of nodes of triangular network of edge 1, i.e. A(F,0,1) = N,.
Proof: From z,, -z, =¢(z,,—2,) or z,.,—2, =&(z,,—z,) it follows that

|Z -z, |:| Ly =2y, |:"':| Z; — L |:1

n+1

and the angle ZA ,A/A, ., is % We can see the sequence (z,), as a path Aj, A,..., A, ...

with nodes in the triangular network which begin in A, =0 and the first step is AjA, A =1.

To show that we can find any node of the network through a path is enough to show
that for any point 0 of network we can attend in any neighbour point (at a distance 1 from it).

Let ABCDEF be a hexagon with edge 1 and center O, its vertices being nodes of
triangular network and suppose that the step which we reach the node 0 is AO. The path
AOBCODEOF is passing through all neighbouring points.

Theorem 3.4. The set of all terms of sequences (z,), which verifies the alternative
recurrences:

z,., €{Q-0)z, +iz, ,,@+i)z, —iz,,} forany n>1, z, =0, z, =1
is the lattice network ZJi].

Proof: Similarly to Theorem 3.3 we have:
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|Z -, |:| Z, =7, |:---=| Z, — L |=1

n+1

and the angle ZA, A A, 4 :%. We regard the sequence (z,), as a path Aj, A,..., A,,... In

the lattice network which startsat Ay =0, A =1.

It is enough to show that from any node O we can reach to any of its neighbours:
A,B,C,D. If the step through which we reach 0 is AO, then to B we can reach directly

through A,O,B, in D we reach directly through A,O,D and in C we can reach by
A,0,B,E,C where E isa vertex of square COBE.

—1+i\/§

Theorem 3.5. For o = the set of all terms of all sequences given by the

alternative recurrence:
z,,s{l-0)z,+w-2, ,,l-@)z,+®-2,,} forany n>1, z, =0, z, =1
Is the set of nodes of regular hexagonal network of edge 1: M (F,0,1) = N,.

Proof: As in the preceding theorem it is enough to show that from any node O of
hexagonal network we can reach in any of the three neighbour nodes A, B,C. From the

relation z ., -z, =w(z,,—2,) or z,, -2, =w(z,, —2,) it follows that any step has length
1 and the angle ZA, A A, ., IS 2?7[ If in O we reach from A thenin B and C we can reach

directly: Z/AOB = ZAOC = 2{

Remark 3.1. For the case of Theorem 3.3, 3.4, 3.5 we can also ask the following
combinatorial problems:
a) for what values of n there are sequences with z, =07?

b) for k € N, how many sequences (z,), have the property that z, =07
c) for what values of a from Theorem 3.1 the set of all terms of sequences (z,), is
dense in C?
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