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Abstract. The fractional calculus operators has gained noticeable importance and
popularity due to its established applications in describing/modeling and solving various
integral equations, ordinary differential equations and partial differential equations in many
fields of science and engineering. The Mittag-Leffler functions are important special
functions, that provides solutions to number of problems formulated in terms of fractional
order differential, integral and difference equations; therefore, it has recently become a
subject of interest for many authors in the field of fractional calculus and its applications. The
aim of this paper is to evaluate two unified fractional integrals involving the product of
generalized Mittag-Leffler function and Appell functionF,(.). These integrals are further

applied in proving two theorems on Marichev-Saigo-Maeda fractional integral operators.
The results are expressed in terms of generalized Wright function and hypergeometric
functions | F (.). Further, we point out also their relevance.

Keywords: Marichev-Saigo-Maeda fractional integral operators, generalized Mittag-
Leffler function, generalized Wright function, generalized hypergeometric series.

1. INTRODUCTION

The fractional calculus operators involving various special functions have found
significant importance and applications in modeling of relevant systems in various fields
science and engineering, such as turbulence and fluid dynamics, stochastic dynamical system,
plasma physics and controlled thermonuclear fusion, nonlinear control theory, image
processing, nonlinear biological systems, astrophysics, and in quantum mechanics. Therefore,
a remarkably large number of authors have studied, in depth, the properties, applications, and
different extensions of various operators of fractional calculus. For detailed account of
fractional calculus operators along with their properties and applications, one may refer to the
research monographs by Miller and Ross [4], Samko et al. [14] and Kiryakova [2].
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In 1903, Gosta Mittag-Leffler [5] introduced the function E_(z), defined by:

S 1 , .
E (2)= Z}mz (a €C); Re(a) >0 (1.1)

A further, two-index generalization of this function was given by Wiman [17] as:

E, 4(2) = Zr( n+ﬂ)” (.8 €C), (1.2)

where Re(a) >0 and Re(p) >0.

By means of the series representation a generalization of Mittag-Leffler function (1.2)
is introduced by Prabhakar [7] as:

L P S
£5.,(2) = gf(ﬂnjt n! (13)

where 3,7,5 eC (Re() >0) . Further, it is an entire function of order [Re(A)]™ [7].

Since the Mittag-Leffler function provides solutions to certain problems formulated in
terms of fractional order differential, integral and difference equations, therefore, a number of
useful generalization of the this function has been introduced and studied many authors.
Recently, Salim and Faraj [13] has introduced and studied a new generalization of the Mittag-
Leffler function, by means of the power series:

; z ()
0,6,q _ qn n
Evyp] P (Z) - ;F(V n+p)(§) pn ‘ (14)

where v, p, 6,& €C; R(v), R(p), R(), R(&), p,g> 0 such that q<R()+ p.
The generalized Wright hypergeometric function jy,(z), for zeC, complex
a,b,eC,and &, B; R (o, 3; 20, 1=1,2,...,p; ] =1,2,...,q) is defined as below:

I'(a + ak) 2
- : (1.5)
b, + BK)k!

-

k=0

_ (@, @)y , i
p‘//q(z) - pl//q{(bp :Bj)l, q|2} z

’:ln

1
[y

i

Wright [18] introduced the generalized Wright function (1.5) and proved several
theorems on the asymptotic expansion of |/, (z) [18-20] for all values of the argument z,

under the condition:

q p
2B — 2 > -1

j=1 i=1
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The generalized hypergeometric  function for complex a,b,eC and
bj #0,-1,... (1=1,2,---,p; ] =1,2,---,q) is given by the power series [1]:

Py B) =3 R (16)

where for convergence, we have |z| <lif p=q+1andforanyzif p<q. The function (1.6)
is a special case of the generalized Wright function (1.5) for o, =...=a, = g =..= g, =1:

(1.7)

Hl—'(bj) |:(ai;1)1 ) :|
o W ’ |Z

cee " oo " :J:l
pFalB 2,0 0iz)= (b, 1), ,

[Ir@

A useful generalization of the hypergeometric fractional integrals, including the Saigo
operators [10-11], has been introduced by Marichev [3] (see details in Samko et al. [14]) and
later extended and studied by Saigo and Maeda [12] in term of any complex order with Appell

function F,(.) in the kernel, as follows:

Let a,a', 3, B,y € C and x>0, then the generalized fractional calculus operators (the

Marichev-Saigo-Maeda operators) involving the Appell function, or Horn's Fs-function are
defined by the following equations:

, , - X y1, o , , t
(I{ff'ﬁ'ﬁ’yf)(x):—ji((y)_[o(x—t) t Fs(a.aﬁﬁ:y:l—;.l—%jf(t)dt ®@p)>0 (L8

a.a' BBy - Xia’ * 7l a ’ e, . X t
(1527 f)(x)—mfx (t-x)"t F{a,a ,ﬂ.ﬂ,y,l—?l—;]f(t)dt (R(y) >0 (1.9)
For the definition of the Appell function F,(.) the interested reader may refer to the

monograph by Srivastava and Karlson [16] (see [1, 6]). Following Saigo et al. [10, 15], the
image formulas for a power function, under operators (1.8) and (1.9), are given by:

(IS‘;“"’*”}"yxp’l)(X)zr ppry-a-a=pp+f-a xPaar (1.10)
’ p+p.pry—a-ad.p+y-a-p

where R(p) > max{0 R(a+a'+ f-y),R(a' - B} and R(y) >0.

(Igfyfa”ﬁ'ﬂ”yxpil)(x) = X"“a’wl]{l—p—ﬂ, l-p—-y+a+a,1-p+a+p -y

. (1.11)
1-pl-p+a+a'+p -y, 1-p+a—-p

wher R(p) <1+ min{R(-B),R(a +a' - y),R(a+ B —y)} and R(y) >0.
The symbol occurring in (1.10) and (1.11) is given by:
r{a’ b, c} _ T@Tr)r()
d,e, f r(d)re)r(f)
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The computations of fractional integrals (and fractional derivatives) of special
functions of one and more variables are important from the point of view of the usefulness of
these results in the evaluation of generalized integrals and the solution of differential and
integral equations (for example see [8]-[9]). Motivated by these avenues of applications, here
we establish two image formulas for the generalized Mittag-Leffler function (1.4), involving
left and right sided operators of Saigo-Meada fractional integral operators [12], in term of the
generalized Wright function [18].

2. MAIN RESULTS

In this section, we establish image formulas for the generalized Mittag-Leffler
function involving left and right sided operators of Saigo-Meada fractional integral operators
(1.8) and (1.9), in term of the generalized Wright function. These formulas are given by the
following theorems:

Theorem 2.1. Let a,a',8,8,7,0,p€C and p,q>0,v>0,q<R(V)+p be such
that
R(y) >0 R()>-1

R(p+v)>max[0 R(a+a'+ B —y), R - )]
then there hold the formula:

(Ig’f"ﬂ'ﬂ"'y (tp—lEf‘vgvvg [ctu]))(x) — Xp"”’—;j(;)F@)

X W |: (,0+]/—Q'—O{,—,B, U)’ (p+ﬁl_a'1 U),(ﬁ, q)! (11 l) |(Cx)uj|
e (p+}/—a—a', U)’ (p"‘}/_a,_ﬂ,l)),(p‘i‘ﬂ', U)!(év p)

(2.1)

Proof: On using (1.4) and writing the function in the series form, the left hand side of
(2.1), leads to

B e 2 g ©" ([ aoapp _
a,a'\f.f 120,89 10 - q a,a' BB ys p+on-1
e L 2T n+ )@ o 0 S (2.2)

Now, upon using the image formula (1.10), which is valid under the conditions stated
with Theorem 2.1, we get

(128 (tr-1g0 £ e x) = XTI $ L@+aI(p+y—a-a'~ f+un)

0+ vip: P () 2y T(E+pnT(p+y—a—a' +un)
T(p+ S —a +on)T(L+n) ((cx)®)"
I'p+y—a'—pg+on)T(p+ B +0on) o 2.3)

Interpreting the right-hand side of the above equation, in view of the definition (1.5),
we arrive at the result (2.1).
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Theorem 2.2. Let a,a',3,8,7,0,p,ucC and p,q,v>0, q<R(v)+ p, such that
R(y)>0,R(v) > -1,
R(p—v) <1+min[R(-B),R(a+a'—y),Ra+ L -7)]
then the following formula holds true:
-p-p—a-a'+
R S o . B e
(@+a'—y+u+p,v), (@+p —y+u+p, v),(u-pB+p, v),05,09), (1 1)
5(//5{ (u+p,0), (a+ad"+ ' —y+u+p,0),(a—B+u+p,v), (p, ), (& p) ‘( ) } (2.4)

Proof: By using (1.4), the left had side of (2.4), can be written as:

oy ] OO
a,a'\p,p, 5,4, q v q a,a'\B.p, on
R e SN L @5)

which on using the image formula (1.11), arrive at

’ ’ ‘ —p—u—a—a'+y
(l g’,_a,ﬁﬂyﬂ/ (t—P—/l E‘?’yg;g[ct—v])kx): X o I'(¢)
5 Llata' —y+ptpronl(atf—y+pu+pton)
0 T(utp+ton)T(a+a'+f ~y+pu+p+uon)
Da=f+ut+omTE+gn) T+ (©)~)"
IF'a-p+u+p+on)I'(p+on)l (E+pn) n! (2.6)

Interpreting the right-hand side of the above equation, in view of the definition (1.5),
we arrive at the result (2.4).

3. SPECIAL CASES

In this section, we consider some special cases of the main results derived in the

preceding section. If we set @ =0 in the operators (1.8) and (1.9), then we have the following
known identities:

(1808 £ )= (18271 ), (3.1)

(|a+ﬁ0 -n.5', an ( “ﬂ*”fXX). (3.2)

where the hypergeometric operators, appeared in the right hand side are due to Saigo[10],
defined as:

(Igf'f'”f)(x):xr( : =07 R+ froms1—tX)f (1), -
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(1857 £ ) = —2 [°(t = ) PR (@ + fromianl— Xt ()ct.
M) ™ (3.4)

Therefore, if we set o'=0, f=-7, y=a and replace « by a+ f in (2.1) and (2.2),
we get the following results, involving the left and right hand sided Saigo type integral
operators:

Corollary 3.1. Let «,B,7,6,£, peC and p,q,v>0, g<RWV)+p, R(a)>0,
R(p+n— L) >0, then there hold the formula:

(g7 e gl =2"1 1O

|: (p+’7_ﬂv U)! (5’ q)’ (1’ 1) ‘(CX)U:|

(p_ﬁ’ U)v (p+a+7710)1 (5’ p) (35)

Corollary 3.2. Let «,8,n,6,¢& & peC  and  p,gv>0, qgq<REV)+p,
R(a + p) > max[-R(B),R(n] , then the following formula hold:

a,p.n ol =XoB c_f q ) X_p_ﬂ_ﬂr(f)
(IO,— ( i E [Ct ])X ) 1—*(5)
(p+u+pB,0), (p+u+n,0),(5,q), (L1) ‘(CX)U}

) 4""‘[(/3, 0), (p+ V). (p+ p+ar+ f+n, V). (E.P) 36)

Further, if we follow results of Corollaries 3.1 and 3.2, when B =-a«, we arrive at the

following results involving left and right sided Riemann-Liouville fractional integration
operator.

Corollary 3.3. If «,6,&, peC and p,q,v>0, g<RWV)+p, R(a)>0 R(p)>0,
then we have

(|gf+(p LES:£.0 [ot? ])X )= XPTr(E) 21//2[( (6, a), (1 1) ‘(Cx)u}

V.5 p r(5) p+a,v), (& p) (3.7)

Remark 1. If we set &= p=q=1 inequation (3.7), we get the known result given by
Saxena and Saigo [15].

Corollary 3.4. Let «,5,&, peC and p,q,v>0, q<R(WV)+p,
R(ax + p) > max[-R(-«)] , then

@ (4-pmp 6. EQ Fp— X -a,v),(0,9), (1,1 Y
=0 O o

Remark 2. If we set £ =p=q=1 x=a inequation (3.8), we get the known result
given by Saxena and Saigo [15].
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Finally, if we follow Corollaries 3.1 and 3.2, in respective case =0, then we arrive

at the following corollary concerning left and right sided Erdelyi-Kober fractional integration
operators.

Corollary  3.5. Let a,0,&, peC and p,q,v >0, q<RW)+ p,
R(x) >0 R(p +1n) >0, then there hold the formula:

p1e 6,60 xPI0(E) { (p+n,0), (6, ), (1 1) U}
(E (t E) s [ct” ])X) TE) 3V3 (5, 0), (ptatn) (& p)‘(CX) : 9)

Corollary  3.6. Let a,0,&, peC and p,q,v>0, q<RW)+p,
R(a + p) > max[R(r] , then there hold the formula

(kg (g saler ) ()= XLy | (P (it ) G0 B gy
PP () (0, 0), (p+u,0), (p+pu+a+n,v), (& p)

(3.10)
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