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Abstract. In this paper, we defined the correlations based on the extended fractional
Fourier transform domain. The correlation uses two functions to produce a third function in
its own form. This third function is called the correlation of the two functions. Properties of
correlations on the extended fractional Fourier transform domain are also presented.
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1. INTRODUCTION

The fractional Fourier transform (FrFT) is a generalization of the classical Fourier
transform (FT) into fractional domains, is introduced way back in 1920’s, but remained
largely unknown until the work of Namias [5] in 1980. It is used in many areas of
communication systems, signal processing and optics [7, 8]. Number of applications of his
FrFT can be found in [1, 8, 9].

Extended fractional Fourier transform (EFrFT) is the generalization of FrFT can be
seen in Jianwen Hua et. al. [4] with two more parameters as,

AL FOJ) = Fa ()= [ FOKE (0)d ¢ @

Where K:’b (t, U) _ ein[(a t*+b°u )cota—ZabtUCSCaJ

In [3] we are introduced the properties on EFrFT domain, and in [2] we have enhanced
the concept of convolution to the domain of EFrFT.

In this paper, we have defined the correlations of EFrFT and proved some properties
on it.
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2. CROSS-CORRELATION THEOREM FOR EFrFT:

Definition 2.1: For two functions f(t) and g(t) of extended fractional Fourier transform,
the weighted correlation operation can be defined as,

h(O)=(f @g)(t)= [ f(£)g(t+r)e™ =g (2.1)

where @ is the cross correlation operation for the extended fractional Fourier transform.

Theorem 2.1. Let h(t)=(f @ g)(t) be the weighted correlation and F,, G/, and

H., denote the extended fractional Fourier transforms of functions f, g and h respectively,
then

ab'

He, (u) =e ™ e (—u)GE, (u) (2.2)

Proof: By (1.1) and (2.1)
J' J' t+T Zmazr(tﬂ)cotadrlein[(at +b“u )cota—Zabtucsca]dt

—00 —00

Replacing t+z=v=t=v-randdt=dv
Hap(u) = IR S (-u)Ggy (u)
Hence proved.

3. PROPERTIES OF CROSS CORRELATION OF EFrFT

3.1. Commutative Law: If %, G/, and H; denote the extended fractional Fourier
transform of functions f, g and h respectively and

0

h(t)=(f ®g)(t)= [ f(r)g(t+z)e?Iqr

—00

weighted cross correlation of EFrFT of f and g then

(feg)(t)=(g® f)(t)

Proof: Let z(t)=(g ® f)(t)

By (1.1),

Z:b J~ J. g(r t+ T 2|7razr(t+r)cotaei”[(at +b°u )cota—Zabtucsca}dz_dt
Replace t+z=vthent=v—-zanddt=dv.
Therefore

Z;t’b(u):e—izrbzu2 cotaG;b (—U)Faofb(U) (31)

Therefore from (2.2) and (3.1)
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How ()= 225 (u)
Thatis (f @ g)(t)=(g® f)(t)
3.2. Associative Law: If F/,, G/, and H;, denote the extended fractional Fourier
transform of functions f, g and h respectively and

0

h(t)=(f ®g)(t)= [ f(r)g(t+z)e™ I dr

—00

then

[(feg)ayt)=[fe(g@y)()
Proof: The proof is simple and hence omitted.

3.3. Distributive Law: If F7, G, and HJ  denote the extended fractional Fourier
transform of functions f, g and h respectively and

h(t)=(f@g)(t)=] f(r)g(t+r)e™= = dr
then

[fo(g+y)]t)=[(feg)+(fay)]t)

Proof: Let z,(t)=[ f ®(g+Y)](t)
By (1.1), EFrFT of z,(t) will be,

74 (1) = ® OOf . t+ )+ v(t4r eZinazr(tH)cotaei”(aztz+b2U2)°0ta—2i”abtUCSCadTdt
= f@ a(t+o)+y(t+7)]

Substituting t + 7 =w thent =w— 7 and dt = dw, we obtain
Zt, o (u) = R (—u)[ GF, (u) + Y5 (u)] (3.2)

Let zz(t):[(f ©g)+(f @y)](t):(f @g)(t)+(f@y)(t)
By (1.1), EFrFT of z,(t) will be,

222 (0)= [T {[ 1 (2t r)e I e [ 1 (e y (e e e

—00

i;r(azt2 +b%u? )cota—Zi;rabtu csca

dt
Substituting t + 7 =w thent = w—7 and dt = dw, we obtain

Zg o (u) = B (—u)[GE, (u)+ Y5 (u) ] (3.3)

Therefore from (3.2) and (3.3)

[fo(g+y)]t)=[(feg)+(fay)]t)

Hence proved.

3.4. Evenness: If F7, G, and H; denote the extended fractional Fourier
transform of f, g and h respectively and
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h(t)=(f@g)(t)=] f(r)g(t+r)e™= = dr

—0

(f@g)(t)=(g® f)(-t)=(f ®g)(-t)

Proof: Let h(t)=(f @ g)(t)
By (2.2)

then

Hfzab( ) e—l/zbu COtaFa( U)G:‘b(u) (34)

Let h2 (t) :( fo g)(_t) — J_OC f (T) g (—t + T)eZiﬂazr(—Hr)cotadT
By (1.1)

2 2. (¢ t iz| (a%t? +b%u? ) cot @ —2abtu csc
Hy oo ( '[ j —t+7)e™™ rCtrjeoteq 2 I ) ]dt
-0 J —0

Replacmg r—-t=—v=>t=r+vanddt=dv

Han(U) = e_i”bzuzcm':aafb (u)GZy (-u) (3.5)
Let hy(t)=(g® f)(-1)
Therefore by (1.1)
3 . b J-_OCJ- g Zmazr(r_t)cotaein[(aztz+b2u2)cota—ZabtuCSCaJdet

Replace 7 —t=—-vthent=v+7 and dt=dv
Hyop (u) =€ 4Gy, (u) Ry, (-u) (36)
By (3.4), (3.5) and (3.6)

(f@g)(t)=(g® f)(-t)=(f @ g)(-t)

4. AUTO-CORRELATION THEOREM FOR EFrFT:

Definition 4.1. For any functions f(t) and h(t), the weighted correlation operation
can be defined as

h(t)=(f0 f)(t)=[" f(z)f(t+r)e e (4.1)

—0

where [J is the auto-correlation operation for the extended fractional Fourier transform.

Theorem 4.1. Let h(t)=(f0 f)(t) is the weighted correlation and F;, and H/
denote the extended fractional Fourier transforms of functions f and h respectively, then

Haa,b(u) = e—iﬂbZUZCOtaFaovtb (_U)Fao,‘b (U) (42)

Proof: By (1.1) and (4.1)
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2 iz| (a®t? +b?u? ) cot r—2abtu csc
J' J‘ t+ T Zma T(Hr)coladz_.e [( ) }dt

Replacmg t+r=v=>t=v—randdt=dv
Hop (u) = g R (-u) Ry (u)
Hence proved.

5. PROPERTIES OF AUTO-CORRELATION OF EFrFT:

5.1. Commutative Law: If F and H; denote the extended fractional Fourier
transform of functions f and h respectively where h is auto correlation

h(t)=(f0 £)(t)=[ f(z)f(t+r)e e

—00

(10 O®=(f0 1))

then

Proof: It is obvious.

5.2. Associative Law: If F7 and H denote the extended fractional Fourier
transform of functions f and h respectively and

h(t)=(f0 f)(t)=[" f(z)f(t+r)e = qr
[(fO £)0 f](t)y=[f0(fO f)](t)

Proof: By associative law of cross-correlation of EFrFT.

[(fO )0 f](t)=[f0(fO f)](t)

5.3. Distributive Law: If F7 and H; denote the extended fractional Fourier
transform of functions f and h respectively and

h(t)=(f0 f)(t)=[" f(z)f(t+r)e™=CIqr

—00

(00 (4]0 =[(10 )+(10 )]

Proof: By distributive law of cross-correlation of EFrFT.

[F0 ()]0 =[(f0 O+(10 1))

then

then

5.4. Evenness: If F and H; denote the extended fractional Fourier transform of
functions f and h respectively and

h(t)=(f0 £)(t)=[ f(z)f(t+r)e e

—00

(fO f)(t)=(f0 f)(-t)

then
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Proof: By evenness of cross-correlation of EFrFT.

(10 1)O)=(T0 1))
6. CONCLUSIONS

In this paper, we have defined the weighted cross-correlation and auto correlation in
the extended fractional Fourier transform domain. We have also established the cross
correlation theorem and proved some related properties. It should also be noted that the
theorem and properties are converted to the case of FrFt if we put a=b=1 and moreover they
are transformed to the case of conventional FT, if further a is taken as m/2. All these
properties and theorem can be utilized in the theory of signal processing.
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