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Abstract. Recently developed concepts of Quaternion Fourier transform and
Fractional Quaternion Fourier transform based on Quaternion Algebra has been found to be
useful for color image processing and signal analysis. In this paper we extend the concept of
quaternion to Linear Canonical transform which will be more useful tool, because Linear
Canonical transform is the generalization of Fractional Fourier transform and classical
Fourier transform with three more degrees of freedom. First we shall define quaternion
Linear Canonical transform and prove some of its properties.

Keywords: Quaternion Fourier transform, Fractional Quaternion Fourier, Linear
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1. INTRODUCTION

Fractional Fourier transform and Linear Canonical transform proved their applicability
in many areas such as signal processing and filtering etc. hence these topics are for interest of
research of many researchers in recent years. The Linear Canonical Transform is an integral
transform which is generalization of Fractional Fourier Transform with more parameters and
more degrees of freedom than Fractional Fourier Transform. It was first introduced in 1970’s
and found to be more convenient tool in the area of signal analysis, signal processing, water
marking etc. The generalized Linear Canonical transform is defined in [2] is given by,

[LeTIF(D]](w) = Fy(w) = (F(2), K, (£, 1))

(1.1)
where the kernel is,
Il_ inEuz —iniut fREt=
K, (u, t)=*q|2mb e b e B e b, b0
(1.2) ]
=d-e™%% . f(du), b=0

and a, b, c, d are real numbers with ad-bc = 1. The kernel can also be viewed as a 2x2 matrix
A:[a b
c d

We have studied some analytical aspects of Linear Canonical transform in [2]. Pie and
Ding discussed Eigen functions of Linear Canonical transform in [5] and uncertainty principle
in [4].Today there are number of papers involving Linear Canonical Transform still no one
has involve the Linear Canonical Transform of Quaternion signals (or hyper-complex

] with determinant ad-bc=1.
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signals).The concept of Quaternion was introduced by Hamilton in1843 [3]. It is the
generalization of a complex number. Quaternion signals are also called hyper-complex
signals. Complex signals have two components: the real part and the imaginary parts.
However a quaternion signal has four parts, one real component and three imaginary parts:

q=4q,+iq; +jq; + kg, = q, + q,J,
where q;,q;,q, € R and i, j,k are three imaginary units which satisfy following relationship.
it=jl=k*=—1andij=—ji=kjk=—kj=iki=—ik=]j.

The paper is organized as follows. In section Il we propose the definition of
Quaternion Linear Canonical transform. In section Il we have proved some properties of

Quaternion Linear Canonical Transform. Convolution of Quaternion Linear Canonical
transform is introduced in section 1V. Section V concludes.

2. QUATERNION LINEAR CANONICAL TRANSFORM (QLCT)

2.1. DEFINITION

For any given quaternion signal f(x,y) = f.(x, ¥) + if (x,¥) +jf;(x, ¥) + kf, (x, v),
(f(x.3), filx ). f;(x,y), fi,(x,y)are real ones), the QLCT of f(x,y) denoted by

F;j_"'P *(u, v); is defined as
F% (u,v) = FA% {f (x, ) Hu, v)
= 72K (xw)f ()K= (v,v)dxdy

A, 1 L (au®+ax® - 1 L{s®+py—yw
where K7 (xeu) = |~ s tat e pedn g = [ L ggleteeton) g
aY 2mib j A Inig

8= a9

Note here that if (a’ b} = { cosa Smﬂ) and (p q) = ( cosp Emﬁ) the

e d —sina cosa r 5 —sinfi  cosfi
above definition reduced to that of fractional Fourier transform as in [1].

2.2. INVERSION THEOREM

If F;‘jz"qi (u, v) denotes quaternion Linear Canonical transform of a quaternion f(x, )

then it is possible to reconstruct f{(x, y) from F;‘j:_’A;_ (u, v)
Proof:
R [ )

= .ric .r_i K:l;‘_ (u,s) F':.i_‘—"qz (u, 19]!{;;: (v, w)dudv

= 7 2K @7 [T K& e f oK (v)dady )K= (v,w)dudv
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[ 1 KR )7 [T kM )] £00y) +ifi(x3) + 5, (6y) + kEJK (7, v)dxdy)

K (v,w)dudv
= 7 17 £ {7 kS kM @wdu] x [[7 K (0, w)K (y,v)dv]} dxdy
T RO [l o (u, K (x,10) du| x [~ Kk (WK (3, v) dv|} dxdy
1707 e {7k kM wdu] x [[7 k% (0w)K ™ (3, v)dv] | dxdy
s [ 17 R {[17 K5 )k o wdu] x [ K w.w)k™ (v, v)dv]} dxdy
(1)

Now consider, ‘
_I'f; K:L' (u, 5) K:l'- (x,u)du

. —ir = 2y, I L ir, = zy L
-1 —l a2 —2 1 — u® |-
| _rj; ez lau"+ds :|+hu o Jrc-c @b Ldx” fau :I hxidu

IS

Y 2mib Y Zmih Yo
id sz —3"1‘]
=g2p" 8(s — x)
So, .
LI Ay _ plat=s)
-r—uc K™ (ws) K*(x,u)du = e 3(s — x) 2
Similarly, 3
7 K5 w) K= (3 v)dv = e ™) 5w — ) )

Substituting (2) and (3) in (1) we get,

F;j:_"‘l;_ [ F;j_;fla (u, v]]
= [ 1 G 55 ) 66— ) x 50T s — )}y
# %7, fiCon) fem ) (s — ) x @30 5w — y) axay
SR S ERY {e%':xz_sz] -8(s —x) X o5 ) 5w — y]}dxd}r
e [, 7 £ulo ) (55 65— x) x 507 5w — )] dxay

r

=[* [% fxy) {—3' (s —xw—y) eﬁ')“'w‘?'}dxdy

3. PROPERTIES OF QUATERNION LINEAR CANONICAL TRANSFORM

3.1 For any given quaternion function f,, (x,y)(n € X), the following relationship is true:
'F;i"_-lﬂzza'n{fn [:x’}rj} = Eanﬁi‘_,ﬂz {fn [x!}F:]} [:a'n E Hj'
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Proof: Since LCT is one of the linear operator, property 3.1 is obtained directly from
Definition 1.2.

3.2 Odd Even Invariant Property:
Agdy Ay pdnds SAlA, oA A A A
F‘E:‘JE- 4'F;J-;|'_ T = 'F;J_;l z 'F;J}'E 4 = F‘E"l} E-F;J;'. 3

Proof: For any one quaternion signal f(x,y), from definition, we can obtain

R FA S {f (x,9)}

=" T k5w {7 [T K (0w f (x,y) X K (v, v)dxdy}K™ (v, w) dudy

= = oo Az A, b Ay Ay

=/ f_x{[f_x K (u, )K" (x, w)du] X fx,¥) X [f_x K= (y,v)K; (v,w)dv]}dxdy

...... )
For 1 D signal the [©_ K#:(x, t) - K*2(t,y)dt = K*+42 (x,y)

Consider,

K, (x,t)- Kg(t,v)dt whereﬂ={ )Es‘:( )
[7 Ku(,8) - Ka(t,5) @ By p=(? 1
i g, .oy i I LT S R S
e |1 —(dx®+ar®)-cxe | 1 e )_Ef}
= f-.x p— g b [ q dt

‘lq;. ‘bq&. q
- l'{li z,PF = ffd 2% 2 Jx ¥
1 SEereBym) e HEE)er (34
— I|TEz~b g -}J"Eemb q-} -g B q-} dt
4 2mib -2miq -
—— i z 2y o (ilgx+byl : _zbg
_ Ethl_ﬂ'ql’ +bpy”) [ 2mbg E{‘ Bg .}x[iuq+h.ﬂ
N'qubq Nl—il:fzq+bs}
1 ifegtdsy o, irbtapy o i .
| eﬂl::rzq+b3.x +2|::r1q+bs}} rzq+bsx}

- "'dl 2wi(ag + bs)
=K,z (2, %)
f:: K,(x,t) - Kg(t,y)dt = K, 5 (x,y)

So equation (1) becomes
= [ 7 (K (o, D F (K (v, w)} dedy

= E A (1) @
We have,
Fi S E 2l (e )} = F 4 () 3
The result can be obtained similarly
= 3 (f (o)} = B, (f (x,) @

33IFF % {f(x,y)} = F#%{f(u,v)}, then F +%{f(x,»)} = F+*{f(—u,—v)}
F;i_‘.*‘qz Ef[:_x__ };j} = F;i_'—”q"" {f[—u, ?.?:]} and -F;i?‘qz Ef[:xr _}Fj} = F;j_‘_*“lz U(u’ —‘E:J:]}

Proof:
[1

4,4 1 ]
2atly =
F )} ﬂ,l' 2mib 4 Injq

id oz i@ o i RS IT
[ [ e Tw B f(—x,—y)-e=’ = € dxdy
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— |IT | (1 ‘{‘J +‘L }f_ Jr_ == ——' ..A:'S'f(S Z:]EE ""——'—L]'zdsdz

| ¥

R 2mib ﬂq u?_;lq

Fle% (F (x,9)} = f;i;-*“z {f(~u,—v)}
The result can be obtained similarly
A (f (—x,)} = E%* {f(~w, %)} and

For%{f(x, —3)} = EF= {f (u,—v)}

A, pA,.A, Ady pAd, pAsd, AN (pdcd pdn Ay pd, Ay
34 F;.i' F;.i' _F;.:' 'F;.i' ' [ - [F;} F;} )F;_;u

Proof: This property is obtained from Property (3.2) directly.

4. CONVOLUTION IN QLCT

Convolution of any integral transform plays an important role in its development and
applicability. Here we have developed convolution in quaternion Linear Canonical transform
where convolute for which we have proved.

Theorem 1. For any real, scalar or complex signal f(x, ¥) and convolution kernel h{x, ¥} and
g(x,v) = fx,y) »h(x,y) £
[1 [1 —i[%:%%;.—*} eil::%:r »*)

I3

aY 2mib a.ql 2mig

flax,v) = h(x, U:]nt}z o FJZ}]

where = is the Linear Canonical Transform convolution operator, then

Facte (g (x, )} = e 20 T a7 (2, ) YA ()
Proof:
Fé4z (g (2, v) }u, v)
= _Iric JI'_:‘:: K44z (x, v, u, ng(x vidxdy

— |'T | ll,r—LL += L J,-_ f_‘x {—:r += _‘, } lrx¢+ }L} (x v]cixdv

[5

A 2mib -»ql urzq

_ (JJ,‘:L ) l{—..i +—L _r_u: I_DC z{ —ru+ }L}I: }f(x 1;:] h[x U:]ez{ +|-'}:'.}

;wzba\l"wq
* dxdy
B (*q'lﬂl = ) e }f_ = fm)- )

2mib Y 2mig

{f_ f h(x —1, y —n)ez? {Ix S e } E{ il }L}dxriv}drdn

(1 '_ L2 z l—1' :v,l il —ru w,l
— | 1 | ez[r¢+1, J,-_ J.-_m { +£ } { += }f(T njd,rdn

[5

Rl 2mib NILTzq

— - . _ o

I| 1 I| 1 eil::%u'-‘w%y"‘-}f;q =] ei[§31+§z} :f —su+ za}h( z]dsdz e__[%uz_l_%yz}
) Zmib Y, Zmig —oe Yoo
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o) (e ) - A (s, )

Next theorem we prove for the quaternion functions f(x,v), h(x, v).

Theorem 2: For two given quaternion functions f(x,v) = f,(x. v) + f, (x,¥)j and
h(x,y) = h,(x.¥) + hy, (x.3)j where f, (x,¥) = f.(x,¥) +if;(x.¥) and

ol y) = fi(x,¥) + if (x,3), b (x,¥) = h(x,¥) + ih,(x, ),

hy, (x,¥) = h;(x,¥) + ih,(x,y) and defining

glx,y) = f(x,vj *h(x,y) =(f*h)(x,y) £

= [ | _{_x 2 a” }[:( ‘-I- v )f[x,v] h(x,y) = ( Evz]]

I3

Rt 2mib ﬂq unq
where = is the Linear Canonical convolutlon operator, then

Fict(g(xy)) = &6 8) [Paks (£ (o)} - Pt i, (5,2)) = P, (o) -
Fact (i (5,2} + &6 5 (Faeta (£, (o m)} - Pty (-5 —2)) +
Facta {f, (zn)}- F-4 %R, (=s,—2)}}j

Proof: Substituting the values of f(x, ¥) and h(x, ¥} in g(x, v), we get

—
[ 1 _lr_ +=y } {x } .
N'szb ﬁqlzwzq |: [f (.‘I "Jj + fb (x U:]j ]
[haGo3) + by (x,3)f 135" 0 }]
'_ o
_ [ [ FGe }[ H(E*+E7) HES zz}.z_‘}]
ﬂqIZsz -»qIZTzq f (.’I U:] h [:x V:]E
1 roifa B —ira p
[ [, 26t [ Yo%) y _}) ]
*.,Jl 2mib ﬁql Ew:q -E' 1 fE (.‘?C,}Fj ) h’b (x,}r:]e ? J
M E r |J. —ira -
+le,nb ﬂqlg,nq 1 fb (x,v) = h_(x,v)e 7 j
My ! roffa ira n
e f—x +E By } { 2, F :'-} i z+£}_z-‘}i|
*qlzwzb ‘bql;"fiq | fb [:x V:] h (x V]E? 7
=L+, +1;+1, )
Now,
| - -
_ G Z(EeB7) [ {7 1647
[1 - ﬂ.‘|21rzb N'qu f (.’I U:] h [:x V:]E
Using theorem 1, we get
(1 I_ (2 _L =(E:24E il =ru v
Iy f 242 f_ [ e HE +En®)—i(Gruszay) £ (o) ded

Y 2mib ‘\Il urzq

% |I|,,T |'T —|:/—¢+ =y* f_ f_ '-{—3 +—z} f3u+ za}h ( z]risriz e 3t J+hl}

B 2mib -»ql ;w:q

= e )P (1)) FAA (hy (5,2)))
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I = |"'| y |"'| y
Y 2mib 4 2mig

8, 2,P 2 ffaz,p2 “ifa 2. F =
= | = .=3='-[i'1Jf e }[e‘(”x 2 }fa(x,}’j*(h (x,y)e= & 2 })}]
1 |1 llr-ﬂrL f s f-x+ i) 10 [ F(F+57)

- —oa

NIZsz NILTzq Rt 2mib N'Eniq

Y ezf—x _}- }fﬂ [.’x,};":] - (hb [x,}F:]E?“EI +§}' })_jldxciy
: i{au’. v } L{ETE_FE 1}
[ 1 |1 m + o n®
- 'j (d\l Imib ‘lql Em'q) € -r— -r— (T’Tﬂ € b 1

® {ffm _I"_Em hy(x—1, v— T;]E_;[El:x_r} +§':‘v—r"} } :{ 54 Tg H} dxdv} drdn

Substituting x —t = —sand ¥ —n = —z in above equation we get

- (‘JT l_) e Ve et 7o)

2mih 14 mwig

‘ I13-5+§5' } e—i[%(—s+r}u+%{—z+n}v}

{77y (s, e
_ e;{—.; 257 (Fasia (£ ()} - F~4: 4 (b, (—s,—2)}Y

Slmllarly we can find I; and I, using the theorem 1

cisciz} drdn

l

I, = e 5°) [Facta (£, (5,m)} - 44y (=5, —2)}} and
1, = 76 Pastat, ()} - P i (5 )

Substituting the values of Iy, I, I3, I, in equation (1) we get,

Pat(gloy)) = o0 ) (Pata(f, () Pt (5,20}~ P 0, )}
Fa+4:[h (s, z) }} + eE[F” ) {F""—*Hz f(rn)}-F 44 lh, (—s5,—2)} +
Fact {f, (zn)}- F4 (R, (=5, —2)}}j

5. CONCLUSION

This paper gives the extension of fractional quaternion Fourier transform and gives its
convolution generalization to linear canonical transform for the quaternion function along
with its inverse. Then the fractional quaternion convolution is defined and its properties are
discussed lastly. It is proved that fractional convolution of two quaternion functions in LCT
domain is the sum of the product of its LCT of their components, conjugated operators or sign
change variable functions along with product by chirp function.
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