
Journal of Science and Arts                                                                   Year 14, No. 1(26), pp. 45-52, 2014 

ISSN: 1844 – 9581                                                                                                                                         Mathematics Section 

ORIGINAL PAPER 

INTRODUCTION TO QUATERNION LINEAR CANONICAL 
TRANSFORM 

ALKA S. GUDADHE1, PRANAY P. THAKARE1

_________________________________________________ 
 

Manuscript received: 21.02.2014; Accepted paper: 25.03.2014;  

Published online: 31.03.2014. 
 
 
Abstract. Recently developed concepts of Quaternion Fourier transform and 

Fractional Quaternion Fourier transform based on Quaternion Algebra has been found to be 
useful for color image processing and signal analysis. In this paper we extend the concept of 
quaternion to Linear Canonical transform which will be more useful tool, because Linear 
Canonical transform is the generalization of Fractional Fourier transform and classical 
Fourier transform with three more degrees of freedom. First we shall define quaternion 
Linear Canonical transform and prove some of its properties. 
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1. INTRODUCTION  
 
 

Fractional Fourier transform and Linear Canonical transform proved their applicability 
in many areas such as signal processing and filtering etc. hence these topics are for interest of 
research of many researchers in recent years. The Linear Canonical Transform is an integral 
transform which is generalization of Fractional Fourier Transform with more parameters and 
more degrees of freedom than Fractional Fourier Transform. It was first introduced in 1970’s 
and found to be more convenient tool in the area of signal analysis, signal processing, water 
marking etc. The generalized Linear Canonical transform is defined in  is given by,   
                                  
(1.1) 
 where the kernel is, 

 (u, t)=  ∙           b≠0 

                                                                                                        
(1.2)  
            = ∙ ,                            b=0 
and a, b, c, d are real numbers with ad-bc = 1. The kernel can also be viewed as a 2×2 matrix 
A=  with determinant ad-bc=1.  

 We have studied some analytical aspects of Linear Canonical transform in [2]. Pie and 
Ding discussed Eigen functions of Linear Canonical transform in [5] and uncertainty principle 
in [4].Today there are number of papers involving Linear Canonical Transform still no one 
has involve the Linear Canonical Transform of Quaternion signals (or hyper-complex 
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signals).The concept of Quaternion was introduced by Hamilton in1843 [3]. It is the 
generalization of a complex number. Quaternion signals are also called hyper-complex 
signals. Complex signals have two components: the real part and the imaginary parts. 
However a quaternion signal has four parts, one real component and three imaginary parts: 
 , 
where and  are three imaginary units which satisfy following relationship.  

 and . 
The paper is organized as follows. In section II we propose the definition of 

Quaternion Linear Canonical transform. In section III we have proved some properties of 
Quaternion Linear Canonical Transform. Convolution of Quaternion Linear Canonical 
transform is introduced in section IV. Section V concludes. 

 
 

2. QUATERNION LINEAR CANONICAL TRANSFORM (QLCT) 
 
 
2.1. DEFINITION 
 
 

For any given quaternion signal   
( ), the QLCT of  denoted by 

; is defined as 

 

                                                   
 

where ,  and 

  

Note here that if  and  the 

above definition reduced to that of fractional Fourier transform as in [1]. 
 

 
2.2. INVERSION THEOREM 
 
 

If  denotes quaternion Linear Canonical transform of a quaternion  

then it is possible to reconstruct  from    
Proof: 
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 +  

  

 +       

(1) 
Now consider, 

  

  

  

 
So, 

       (2) 
Similarly, 

     (3) 
Substituting (2) and (3) in (1) we get, 

    

  

 +  

  

 +  

 =  

 
 
3. PROPERTIES OF QUATERNION LINEAR CANONICAL TRANSFORM 
 
 
3.1 For any given quaternion function , the following relationship is true: 
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Proof: Since LCT is one of the linear operator, property 3.1 is obtained directly from 
Definition 1.2. 
 
3.2 Odd Even Invariant Property:  

 
 
Proof: For any one quaternion signal , from definition, we can obtain 
  

  

     
… …    (1) 
For 1 D signal the  
Consider, 

               where  

  

  

  

 
  

 
So equation (1) becomes 

 

                  (2)                                                                                                                        
We have, 

            (3)  
The result can be obtained similarly 

       (4) 
 
3.3 If , then   

  and  
 
Proof: 
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The result can be obtained similarly 

  and 

 
 
3.4 ,  
 
Proof: This property is obtained from Property (3.2) directly. 

 
 
4. CONVOLUTION IN QLCT 
 

Convolution of any integral transform plays an important role in its development and 
applicability. Here we have developed convolution in quaternion Linear Canonical transform 
where convolute for which we have proved.  
 
Theorem 1. For any real, scalar or complex signal  and convolution kernel  and 

  
where  is the Linear Canonical Transform convolution operator, then 

 
Proof: 
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Next theorem we prove for the quaternion functions . 

 
Theorem 2: For two given quaternion functions  and 

 where  and 
, , 
 and defining 

 where  is the Linear Canonical convolution operator, then 
 

 
Proof: Substituting the values of  and  in , we get 
 

 

  

  

  

  

            (1) 
Now, 

  

Using theorem 1, we get 
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Substituting  and  in above equation, we get 

  

  

  
Similarly we can find  and  using the theorem 1 

  and 

  

Substituting the values of  in equation (1) we get, 
 

 
 
5. CONCLUSION 

 
 
This paper gives the extension of fractional quaternion Fourier transform and gives its 

convolution generalization to linear canonical transform for the quaternion function along 
with its inverse. Then the fractional quaternion convolution is defined and its properties are 
discussed lastly. It is proved that fractional convolution of two quaternion functions in LCT 
domain is the sum of the product of its LCT of their components, conjugated operators or sign 
change variable functions along with product by chirp function.  
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