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Abstract. In this article, we have obtained some novel theorems on generating
functions (both bilateral and mixed trilateral) of modified Gegenbauer polynomials by
introducing a partial differential operator obtained by double interpretations to the index (n)
and the parameter (1) of the polynomials under consideration in Weisner’s group-theoretic
method. Some applications of our results are also discussed.
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1. INTRODUCTION

The Gegenbauer polynomials, () is defined in hypergeometric form by [5]:

—n, n+ 24;
1 x
(22), 1.z
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In the present paper, we shall obtain an extension of a bilateral generating function and
mixed trilateral generating function by Weisner’s group theoretic method [3]. The main
results of our investigation are stated in the form of the following theorems.

Theorem 1. If there exists a unilateral generating relation of the form

Glx,w) = Z a, CA(x) wh (1.1)
n=0Q
Then
i3 (1-w) N
1—w) 2 x wi(l —w
( j 1 ?"G( 1 » E)Z wh JH(I,'E?],(]..Z:]
f1—w+wx2 7 \f1-—w+wx2)T {1-w+wx2)2/) 5

where
" k+r+1 k+r+2
=) _ 7=

— 2 2 )n—k A-n+ik k
g, (x,v) = erk =1 —A—K)._, Co T () v™.

k=0

Theorem 2. If there exists a bilateral generating relation of the form
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6Cow,w) = ) a,CHT0)g, @w" (13)
n=0
then
(1-w)* 2 v (1-w) o
- z.!.+£E — 3 | = i, w" o, (xu,v),(14)
([1-w+wx?]" 2 [1-w+wx? ]2 [1-w+wz? 2
where
" (k+r+1) (k+*r+2)
2 n— 2 n— -nt2
o (1, 0) = ,Za T m—)! 7= k) s ot () 9, 00v"
Theorem 3. If there exists a unilateral generating relation of the form
Glx,w) = Z a, Ct (x) w" (1.5)
n=0
then
a1 -
(1—w)" 2 x W
o G —, 1= ) wha,(x,v) (1.6)
f1—w+wx?} 2 f1—w+wx?z {1—-w+wx?]2 =
where
n {k—i-’r—I-l) (k—i—r-l-z)
a (x E:Jj =Za 2 n—k 2 n—k C:‘i—n+k (xji:!k
N ’ k (ﬂ—kj !(1_*’1:];4—;{ Intr—k '
k=0
Theorem 4. If there exists a unilateral generating relation of the form
6o, w) = ) a,Ch, (g, () w" (1.7)
n=0
then
'il—w}':l'_‘i x w oo "
)_+£G 1 .rur E = En:ﬁw J?! [:x_;u, v],(l.S]
[1-wtwx?] 2 [1-w+wax?]2 [1-w+wz? ]2
where
n (k+’r+1) (k+’r+2)
g (x,uv) = Z a 2 -k 2 nok cd-ntk (x) g, (W)v¥,
o 4 (ﬂ—kj !(1_‘:{':]n—k Intr—k K

k=0

Here, we would like to mention that to derive the above theorems we define a novel
partial differential operator and the corresponding extended group which do not seem to
appear before. Moreover, at the end of the paper, with the help of our results we obtain two
new theorems (Theorem 5, Theorem 6) on generating functions. Finally, we like to point it
out that some applications of our theorems are also given in the paper.

2. DERIVATION OF OPERATOR AND EXTENDED FORM OF THE GROUP

At first we seek the following first order linear partial differential operator:

R_fla-i-ﬂa-i-ﬂa-i-ﬂ 2.1
- lax Ea}r Eaz o (':]
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such that

R(CAEr(x) y727) = 0,0t () y™224 72, (2:2)
where Ai (i = 0,1,2,3) are functions of X, y, z but independent of n, /1 and @, is a function of
n, A but independent of x, y, z.

Using (2.2) and with the help of the differential recurrence relation:
(n+r+1)intr+2)
2(1—4A—n)
H2A+3n+r)xP—(m+r+ D]ICHI () (23)
we easily obtain the following linear partial differential operator:

Ad4n

-5 d —_—
x[:l_x‘jacn+r (x) = C,f:fﬂl(x]

-

R= x(1 2)F‘a+[1 3 2j}raa 2x2}r25+(1+ HY (24
- ) T o * z3dy z? 9z T (24)
such that
n+r+1)(n+r+2 .
R(CEN (x) y*2") =( X :]C;f;’;“;:l(x]}r”“z"l_a. (2.5)

2(1—A—n)

Now we find the extended form of the group generated by R i.e., we shall find
e"® f(x,y,2), where f(x, ¥ 2) is arbitrary function and w is an arbitrary constant, real or
complex. Let ¢(x,v,z) be a function such that R ¢ = 0.Then on solving R ¢ = 0, we get
a solution as

vz -
¢ :xr+2 (1-x%)" 2.
Let us transform R to E, where
E= x(1 2j};rza+[1 32]}:33 2ry” 8 2.6
- i ax * z3 dy z? 9z (2:6)
then
E = qb_l(x,}r,zj R ¢(x,v.z2),
i.e,
R = ¢(x,y,z2) E’cﬁ:_l[x,}r,z].
Now let X, Y, Z be a set of new variables for which
EX = -1, E¥Y =0, EZ =0, (2.7)
so that E reducesto D = — %
Now solving (2.7), we get a set of solutions as follows:
z3 x(1—x?) (1—x%)
X=—————, ¥V =———— 7 ="~ (2.8)
2y? (1—x7) y z
from which we get
v 2X73—y? 2X7% —y? (2.9)
x = —1_, };r = —3_, Z = —4 . "
(2x23)2 (2X2%)2 2Xz

Therefore, by Taylor’s theorem, we get ‘
e"Ff(x,y,2) =" ¢ f(x,y,2)

=¢(xy.2) e”F (¢71 (x5, 2)f (x,y.2))
=¢(x,y,2) e P (F(X,Y,2))
=¢(xy.2) (F(X —w,Y,2))
=¢(x,y2)g(x,5.2),

assuming that F(X—w, Y, Z) is transformed into g(x,y,z) by inverse substitution.
On calculation, we have the extended form of the group generated by R
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pal =
]

&

e"Rf(x, v, z) = {1— sza}

al
{1 —2w(l—x°) = }
i }11 ¢ },1
¥l 1—2w— | 1-2w=—%
% f. x o ( 25} 57 |I ? z: }}11 ) (2.10:]
{1—21«'.":1—12:':;_:]2 {1—21«&":1—123':;_:}2 tl_‘“-lxi_x }2_5}

3. DERIVATION OF GENERATING FUNCTION

Now writing f(x,¥,z) = €™ (x) y"z* in (2.10), we get
2 ‘faz—n’“‘}‘%
e“'R[C“” (x) }r”zi) = {1 —2w(1 —xzj;a }

ntr

gy Btd —‘i .
cAm yiz4,  (3.1)

x(1-2wk) A

£F]
f1—2w li1—x“}i—5]"

L

Again, using (2.5), we obtain
e R(CHr () y"z")

n—I-’r-I-l) (n-l-*r—i-z)
k 2 k C.ll+n—k (xj}rnz.l_ (32:]

_i 2w y* k( 2
- Kk I(l_;'lr_ﬂjk ntr+2k

ZE
=t ,we get

k=0
2w }'1
=8

Equating (3.1) and (3.2) and then substituting

SRS ?tl—r)”“‘%c;‘ii( - )
(-t -2

w fMEr+1y mtr+2
ZZ( i !(1J_k{ ), Caireh () £,
=0

(3.3)

A—n)y

which is believed to be new.
Now putting r = 0 in (3.3), we get the result found derived in [7] and other
publications of authors (see Corollary 1).
Now putting r =0 and replacing 2 by 2 —nin (3.3), we get
)

-t -2y &Y pi-ick

= (1) m+2
=Z( i!(}:gﬂi ) Crrk () E*.

k=0
Again, puttingn =0 in (3.4), we get
-3 31— 4 N (%}k A-x K
(1— 721 — t(1 — x2)} :ZW IE(x) ¢k, (3.5)
k=0 K

(1—t(1—x2))

(3.4)

which is also found derived in [7].
Now we proceed to prove the Theorem 1.
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4. PROOF OF THEOREM 1

Let us consider the generating relation of the form:

G(x,w) = Z a, CHr(x) wh. (4.1)
n=>0
Now replacing w by wvy and multiplying both sides of (4.1) by z*, we have
24 G(x, woy) = Z a, (CHm(x) y™z*)(wo)™ (4.2)
n=0

Operating ™™ on both sides of (4.2), we get
&% (21 G(x,wvy)) = "% (Z a,(CX7 () y”z*‘)(wjn). (43)
n=0

Now the left member of (4.3), with the help of (2.10), reduces to
r 1
2y7z 74 AN
{1—2w[1—x2]F } (1—2w}ra) z4

z3 z

® wv}'lfl—zwi—i}
* E i - g " [:4'4j
{1—%—(1—:%%}”‘ {1—2u--:1—x“}£—:]“
The right member of (4.3), with the help of (2.5), becomes
n+’r+1) (n+r+2
&

SN (ZWJ"{ 2 2 } L e e ;
:ZZ% k| (1—1—n), ¢ CaE )y )

n [n+r—k+1) (n+r—k+2
k

2 n—k

N 2 ) - v
=), W) e oy R () yriz A ()
n=0 k=0 k ' [:1 ‘;L ﬂ+k:]k 2 (45:]

v,
we

Now equating (4.4) and (4.5) and then substitutingy =z =1, 2w = w and 2z -

1 oo

(1-w)'"2 x w1l —w)

2 A+£G E 3 = w" Ty [:x! ‘19:],(46:]
{1-w+wx?}72 \{1-wiwx?)Z {1-wtwx?})2 n=0

where

i k+r+1 k+r+2
=) (5

— 2 2 )n—k A-n+2k k
crn(x,iﬂj—Zak =B (—1=0_, Co D5 (x) v

k=0

Corollary 1: Putting r = 0 in Theorem 1, we get the theorem found derived in [7] and
in other publication of the authors accepted for publication (On generating functions of
Gegenbauer polynomials, in Ultra Scientist, 26, 2014)
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5. PROOF OF THEOREM 2

Let us consider the bilateral generating relation of the form:
Glx,u,w)= Z a, C*(x) g, (ww™, (5.1)

n=0
where gn(u) is an arbitrary polynomial of degree n.
Now replacing w by wvy and multiplying both sides of (5.1) by z*, we have

2 6o uwwry) = ) a,(CHr) y's g, W) (52)
n=0
Operating " on both sides of (5.2), we get

ek [z’-' Gx,u, wv}r]) = gk (Z a, [Cﬁj (x) }r”z’l) g, (u) [Wv]”). (5.3)

Now the left member of (5.3), with the help of (2.10), reduces to
" 1
2y7z 4 2\t 2
{1—2w[1—x2]F } (1—zwya) z4

z3 =

z

oy 1- 2wt
® uL}lI.l 41.-'.25}

X G .U, : | (54)
{1—2u-|:1—x=}3:—i}”' {1—:»-.{1—%}?—:]“
The right member of (5.3), with the help of (2.5), becomes
P k{n+r+1) (n+r+2)
2 5
= Z Z a, ( W] 2 k 2 k C;j::;!;j{k [:x:] }F?‘z+.¢kz.-:|.—3kgn [:,u:] [:W'i'.?jn
k! (1—4—n), -
n=0 k=0
- n (n—I-:r—k—I-l) (n—I-r—k—I-EJ
— Z (zwjn Z a 2 k 2 k C.-l+n—2k (x:] Un+kz/1—3kg [:'Lt:] (E)n_k
—~ L n—k I (1—A—ﬂ+kjk ntrtk A n—k 2
(5.5)
Now equating (5.4) and (5.5) and then substitutingy =z =1,2w=w and z ~ Y we
get
a-1 e
(1—w)" 2 x wr(l—w)
HEG L 3 =ZW” a, (x,u,v)
{1—w4+wx?}"2 \{1-w+wx?)2 {1-—w+wx?}z/ = (5.6)

where
. (k ktr+2
( +;‘ - 1)?2—1{ ( - ; . z)n—k Ci—n+2k

a, (x,u,v) =Z a, -1 (1—1-0)_, st e () gy (W v*,

k=0

Corollary 2: Putting r = 0 in Theorem 2, we get exactly the Theorem 2 found derived
in article accepted for publication in Inter. Jour. Math. Anal., 2014, entitled On mixed
trilateral generating functions of Gegenbauer polynomials.
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6. PROOF OF THEOREM 3

R.H.5.= w” g, (x,v)

[N

n=0
o n (k-l-*r—I-l) (k+r—|—2]
z 2 n—ik 2 n—k ~i-n+k k
w" @y Comiri () v
n=0 k=0 O
o o {k-I-'r—I-l) (k+r+2)
— k 2 i 2 n -1
Z a; (W) Z ni(1—1), Con sz (X)W
k=0 n=0
. 1
e (-w)'7z ; x .
=Z iy, (ij lr \} Ck+r‘ 1 [Mlﬂg (34]]
k=0 {1—w+wx? }j‘+ fM1—w+wx?)2
1 o
[l—w] T2 4 ( x ){ W Ik
= T Zakck+r 1 1
2 yA4= T Y5 e Ty
(1—-w+wx?}7"7 5 f1—w+wx2l2/ U1l —w+wx?]2
1
(1—w)* 2 x W
— _G 7 | [ using (1.5)]
{1—w+ wx? ]-j1+ {l—w—i—wxz} {l—w-l-wx 7

=L.H.S,

which is the Theorem 3.

Corollary 3: If we put r =0 in Theorem 3, then we get the following Theorem:

Theorem 5. If
G(x,w) = Z a, CH(x) w™ (6.1)
n=0
then
a1
(1—w)" Z x W
-7 G Zw g, (x,v), (6.2)
(1-w+wa?} {l—w—l-wx:} {l—w—l-wx } =
where

= (5 (5, et
Un[x,iﬂ:]:Zﬂ.k =R (A= D) s CA () v

k=0

7. PROOF OF THEOREM 4

oo
Z w" g, (x,u,v)
n=

o
- " (Ic+*r+1) (k+*r+2)
=an Zﬂ’ 2 n—k 2 n— k[_.'f} ntk (x:]g (u}vk
S, ST N

n=0 k=0

ISSN: 1844 — 9581 Mathematics Section



34 On some generating functions of modified ... Kali Pada Samanta, Asit Kumar Chongdar

o o (k-l—:r"—I-l) (k+r+2)
=) axg,@(wr)* ) T P () W

n=0

k=0
- (1— W]A _% 1 x k .
= Z a, — Ciyr 1 |9, (W (wv)" [using (3.4)]

X
k=0 {1—w+wx? }[’HE“LE. f1—w+wx?}z

IV :
(=) 12‘11:‘:5{1#( a 1).E?;c(u}{ i I

= 1
{1—w+wx2}i+2 =0 f1l—w+wx?}2 {1-w4+wx?}2

—w ‘1_% x wo
( ) E( —, U, ), [ using (1.7)]

(1-w4+wx2?2 \{1-w+wx2)lZ {1-w+twx?)Z

Corollary 4: If we put r =0 in Theorem 4, then we get the following Theorem:

Theorem 6. If

==

Glx,u,w) = Z a CHx)g, (1) w" (7.1)

then
(1—w)*~

x wr = .
f1—w+ wx? }AG 1. 1 :ZW o, (x,u,v), (7.2)

f1—-wt+wx?}z {1-wt+wx?}2) =0

B

where

N k+1 k+ 2
0 e, v) = ). . (f_l’il’h(_ij ) CETE* (g v

k=0

8. APPLICATIONS
8.1. APPLICATION OF THEOREM 3

As an application of Theorem 3, we consider the following generating relation [1, 2]:

{1—2wx+w2}_[5+’1}£?;1( . 1)=Z{T+n] CA _(x) w™.(8.1)
{1—-2wx + wi}z =

a, = [r ;: n)’

G(x,w) ={1—2wx+w2}_[§+i}ﬂ';l( v 1).
{1—2wx+w?}z
Therefore by the application of our Theorem 3 we get the following generalization of
the result (8.1):

a-1 2 2 2. 21— (S+4)
(1—w)" 2{1—-w+wx" {1l —w+wx®—2vwx+v-w} ‘275

If in our theorem, we take

then
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X — vw
xc;‘( ( ) 1)
{1—w+wx?—2vwx+viw?lz

n k—I—r—i—l) (k—i—r-l-z)
Z er n—k 2 nk pd-ntk () vk, (8.2)
g (m—k)1(1—2) i

8.2. APPLICATION OF THEOREM 4

As an application of Theorem 4, we consider the following generating relation [6]:
(r+n)!
L (2a),

1+7, 24042
2’ 2 2

Casr () CEW w

(u? — 1w? (x?—1)

(x—uw)? " (x — uw)?

= (24),.(x — uw) " F, .(8.3)

TR W
Ty 2’
If in our theorem, we take

_(r+n)!
" (2a),

a Gn(w) = CF(w),
then
A +7, 24042
2’ 2 2
(u? — Dw? (x?—-1)

(x —uw)? " (x — uw)?

G(x,u,w) = (24), (x —uw) 2" F,

o + =, A + =
Therefore by the application of our Theorem 4 we get the following generallzatlon of

(8.3):

A+ A4+

(0 L _1:]1-11!'.-1 l:xz—ljllil—w}

(24),(1 —w)* -3 (x —uvw) " F,

le—uwww)?® ' (x—uww)?
cr—l-g, A-I-%:
o n {k—|—r+1) (k—|—r+2)
=Z Zak 2 n-k 2 n=k cA-ntk () g, (Wv* pw™ . (8.4)
[:ﬂ,—f{:] !(1_;{)?2_?{ Intr—k k

n=0 | k=0
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8.3. APPLICATION OF THEOREM 5

As an application of Theorem 5, we consider the following generating relations [2]:

1— = (24 +
= )= > 221 i) we (85)
f1—2wx +w?}z =0 T

ga— A—r
f1—2wx+w? *"2ct

and
[x —1)
Al Z RSN D
A+ E

Therefore, by the application of our Theorem 5, we get the following generalization of
the results (8.5) and (8.6):

1 - ]
A-w)' 7T (1w wx’ Pll-w+ Wx:—szx—kvzwz}_[?”l}
(1—w+wx® — vwx)
xc;}( 3 I
{1—wt+wx?2{l-w+wx®—2vwx+ viw?}2
@ (n  (kE1 k+2
:Z Z G ) k( z ) “k lnt () (8.7)
-k (- ), :
n=0 | k=0
and
E WX
—w)t Tz {1 21-4 _ twxe
(1—w) {1—wHwx?} Exp{l—w—l-wxf}

]

w1 —w)(x*—1)

X of 4(1—w+wx?)?
1

14 =

+2
- {k—i—l) (k+2)
_ n—k 2 n—k .-1 n+k W
= (e . 8.8
212 Gt B, o (58)
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8.4. APPLICATION OF THEOREM 6

As an application of Theorem 5, we consider the following generating relations [2, 4]:

]

N o) GG
{1 —2wx+w"} "exp PR of1 4(1 — 2wx +w?)?
1
A+ E:
- nl A (21-1) n
=Z G Ch ) L pw™ (8.9)
n=0Q n

If in our theorem, we take

!

T2,

and  g,(w) = L% (),
then
wiu® |:x Z_ 1:|
} of1 41— Zwx+w)? |
A+
Therefore, by the application of our Theorem 6, we get the following generalization of
(8.9):

G(x,u,w)=1{1—2wx+ Wf}—-i Exp{ —uw (x—w)

1— 2wz +w?

1
(1—w) "7 {1—w+wx? — 2vwx + viw?} 4

utetw? (1-w) |:x 2 1:|

—upw (x—aw)
|}F1 41 —wHwa®—Zrwx +riw?)®

X exp{

1—w+wz® —Zrwx +vt w?

w (n (k1 k+2
=Y a ((f_ 1;';‘[5 =5 )_”:* A (0 g (Wv* bw™.  (8.10)

n=0 | k=0

9. CONCLUSION

From the above discussion, it is clear that whenever one knows a generating relations
of the form (1.1, 1.3, 1.5, 1.7, 6.1, 7.1) then the corresponding bilateral and mixed trilateral
generating relations can at once be written down from (1.2, 1.4, 1.6, 1.8, 6.2, 7.2). So one can
get a large number of bilateral and mixed trilateral generating relations by attributing different
suitable values to a, in (1.1, 1.3,1.5,1.7,6.1, 7.1).
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