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Abstract. In this article we have presented a novel result in connection with the
unification of a class of trilateral generating relations for certain special functions with
Tchebycheff polynomial by group theoretic method. A good number of applications of our
result are also given in section 3 of this paper.
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1. INTRODUCTION

Theories in connection with the unification of bilateral or trilateral generating relations
for various special functions are of greater importance in the study of special functions. For
previous works in this direction, one can see the works [1-8] and [9-16] in connection with
the unification of bilateral and mixed trilateral generating relations.

In this paper, we have made an attempt to present a novel result in connection with the
unification of trilateral generating relations for certain special functions by group theoretic
method, of course when suitable continuous transformations group can be constructed for the
special function under consideration, with Tchebycheff polynomials. In fact, this method [17]
is based on the theory of one parameter group of continuous transformations by means of
which any unilateral generating relation involving a special function can be transformed in to
a bilateral generating relation and then into a trilateral generating relation with Tchebycheff
polynomial by means of the relation [18]:

Tn(x):%[(x+m)n+(x—my} (1.1)

Furthermore, we would like to mention that in course of application of our result, we
get a good number of theorems on generating relations for various special functions.
The detailed discussion is given below:
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2. GROUP-THEORETIC DISCUSSION

Let us first consider the following unilateral generating relation,
G W)= a, pI ()W’ (2.1)
n=0
where p‘“ (x) is a special function of degree nand of parameter cand a, is independent of

X, W.
Replacing w by vwz and then multiplying both sides of (2.1) by y* we get,

Y6 wa) = X a, ( 200 y°2") () @2)

We now suppose that for the above special function, it is possible to define a linear
partial differential operator R, which generates a continuous transformations group as follows:

R=£(X,V, z)%m(x, y, z)%w:(x, y, z>§+ o(x,y,2.1)

such that
R (&) 00y“2" )=pp.r pEH(0y“ 22" (2.3)
and
e"™ f(x,v,2)=Q(x,y,z,w) F( g(x,y,z,w), h(x,y,z,w) ,k(X,y,Z,W) ) (2.4)

Operating both sides of (2.2) by e"®, we get
e"® (y“G(xw2) )=ewR[Zan (Pi ()y“z") (vw)”]. (2.5)
n=0

The left number of (2.5), with the help of (2.4), becomes
Q(x,y,z,w) (h(x, y,z,w))* G (g(x,y,z,w),vwk(x,y,z,w) ). (2.6)
The right number of (2.5), with the help of (2.3), becomes

© k
k
Z Z Pn+rpn+r+1 --------- Pn+r+k-1 pr(gwl)( (x)y

a—k n+k

(vw)". (2.7)

Now equating (2.6) and (2.7) and then putting y = z =1, we get
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Q(x114w) (h(x1Lw))* G ( g(x11,w),vwk(x,11,w)) (2.8)
0 0 n+k
W a- n
:Z ZanTpn+rpn+r+1“"pn+r+k—l pr(H-rElz (X) v
n=0 k=0 -
| w" o -
:Z an—k Fpn+r—kpn+r—k+1""pn+r—l pr(Hrk)(X) v “
n=0 k=0 .
_ S n C Prsr PrsrsrProira (a—n+k) k
S wda P (x) v
Z? = (n—k)!
n-1
w0 n Hpi+r
=) WY A E s pl 0 v
%" E
=> W' g, (V)
n=0

where

n-1
n | Ipi+r
i=k

o,(xV)=) a (29)

(a—n+k) X Vk
Ky P (x)

Now to convert the above bilateral generating relation into a trilateral generating
relation with Tchebycheff polynomial, we notice that

o0

Y, gn(xV) Tp(u)w"

n=0

-3 ol %[(‘” Ju? -1)" +(U—M)”} w"
n=0

0

5> onn fw V70 |+ 3 o w1 }}
n=0

| n=0

0

2 o) o+ an(xv) pz”}
n=0 n=0

Q(x11,0) (h(x1L p,)) G ( g(XLL o) vok(xL1,0,) )

+ Q(le’l! pz) ( h(X,l,l, Pz))a G ( g(X,l,l, Pz)anzk(X,l,l’ p2) )]

where
plzw(u+\/u2—l) and p2=W(u—\/u2—l)

Thus we have prove the following theorem.

Nl N, N

Theorem 1. If there exists a unilateral generating relation of the form:

G(x,w) = > a, pi) (x) w"
n=0
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then

o0

> (V) Tyu)w"

n=0

—% [a(x11,) (h(xLL )" G (g(XLL o) Vork(XLL p,))

+Q(LLp,) (h(xLL p,))" G (g(XLL ;) Vo k(X1L ,)) ]

where
n-1
n Hpi+r

o, (xv)=> a F—— plemox) v
2 (X,V) kz:(; < (=K. Prer - (X)

p1=w(u+\/u2—1) and p2=w(u—\/u2—1)

The above theorem does not seem to have appeared in the earlier works.
Corollary 1. If we put r =0, we get the result found derived in [16].

We now proceed to give a good number of applications of our result.

3. APPLICATIONS

Below we give some applications of our result.

Application 1: At first we take

S0 =Ly b m ner (X) With @ =m (3.1)
Now we consider the following operator R:
R =bxy 'z % + zb% —(ax+b)y ™z
such that
m-1,n+1 (3.2)

R ( La, b, m, n+r (x) ymzn ): (n+r+1) La, b, m-1, n+r+1(x) y

and
bwz ) awxz bwz bwz
e"R f(x,y,2) =(1+—] exp (——J f ( x[1+—} y£1+—j, z ) (3.3)
y y y y

So by comparing (3.2), (3.3) with (2.3),(2.4), we get
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pn+r :(n+r+1)’

-1
Q(x,y,z,W) = [1+ b_";’zj exp (_ av;//xzj |

bwz

a(x,y,z,w)= x(1+—}
y

h(x,y,z,w) = y(1+b£j,
y

k(x,y,z,w)=z.

Therefore, by the application of our theorem, we get the following result on trilateral
generating relations with Tchebycheff polynomials.

Theorem 2: If
G(x,W) = anLl, o par () W (3.4)
n=0
then
- n 1 —14+m
> T o, 0) W =—[a+bp) " exp(-apx)G (x(t+bp) v )+ .
n=0 .
+(1+b/92 )71+m exp (_ aPZX)G (X(1+ bp,), Vo, )]
where

n n+r K
On (x,v) = Zak K+r La,b, m-n+k, n+r (x) v©.
k=0

plzw(u+\/u2—1) and p2=w(u—\/u2—1)

which seems to be new.

Corollary 2: If we put r =0 in the above theorem, we get the following result.

G(x,w) = ian La b, m () W'

n=0
then
< n 1 e
> T, o, 00 W' =2{+bp) " e (-apx) G (x(t+bp). vp,)+ 55
n=0 .
+ (1+ bp, )7l+m exp (_ apZX) G (X(1+ bp,), Vo, )]
where

n n+r K
On (x,v) = Zak K+r La,b, m-n+k, n+r (x) v©.
k=0

plzw(u+\/u2—1) and p2=w(u—\/u2—1)
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3.1. SOME SPECIAL CASES OF INTEREST

On specializing the parameters a=b =1and m =1+« in the Theorem 2, we get the
following result on Laguerre polynomials:

Result. If G(x,w) = Za L@ (x) w" then
n=0

0

Y. Ta(u) op(xv) W'

n=0

=l 1) e ()G (i ), 1)+ 05 2)7 exp (- 2K (0+ p2), Vo)
where

n n
X,v)= > a La K ) vk
on(XV) kz—;) k(k+r} ner - (X)
pL= w(u++vu?-1) and p2=W(u—\/u2—l),

which does not seem to have appeared in the earlier works.

Corollary 3: If we put r=0in the above result, we get the result found derived in
[19].

Application 2: Now we take
P00 = fl (x) with o =B, (36)

and we consider the following partial differential operator R [20] :

R=xy"'z o _ zi—(x—l)y’lz

OX oy
such that
R( 12, () yP2" J=— (n+r+1) /72, ()yPtm (3.7)
and
e"R f(x,y,2) = ( y j exp[_XWZJ f( Y y_aw, zj (3.8)
y — Wz y — ZW y — ZW

Then by comparing (3.7), (3.8) with (2.3), (2.4), and finally applying our theorem
(Theorem 1), we get the following result on trilateral generating relations with Tchebycheff
polynomials:

Theorem 3: If
G(x,w) = Y a, fll, () w" (3.9)
n=0

then
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o0

D op(xv) T w"
n=0 (3.10)

1 B-1 Xp1 X B-1 Xp2 X
=—|{1+ ex G Vo |+ (1+ ex G RY
2{( Pl) p(1+,01 1+ py 1 ( ,02) p 1+ p, 1+ p, P2

where

n
o (X V):Za (n-i_rj f (B~ n+k)(x)vk
n% A N )
k=0

oL = w(Uu++u?-1) and ol =w(Uu-+vu?-1) ,
which does not seem to appear before.

Corollary 4: If we put r =0in the above theorem, we get the result found derived in

[19].

Application 3: We now take

pAZ () = Y2 (x)
Then from [21], we notice that
4. 0 0 _ 0 _
R=x%ytz— +xz2—+x y 122 — +((r-)x+ 17
yaxayyaz(()ﬂ)y
such that
R 0y« 2 )= g gyt o (3.12)

and
e"™ f(x,y,2)=1—-wxy'z)exp (B wy'z)x f X y : (3.12)

Y 1-wxy 'z 1-wxy 'z 1-wxy 'z '

Then by comparing (311), (3.12) with (2.3), (2.4), and finally applying our theorem
(Theorem 1), we get the following result on trilateral generating relations with Tchebycheff
polynomials:

Theorem 4: If

G(xW) =Y a, Y\ (x) w" (3.13)
n=0
then

0

2. g (T, () w'

n=0

szﬂ (3.14)

1 a—r
eXp(ﬂpl)(l X)) G[ T ox' T pox
2 2

where

Vp 1-a-r
, ex 1-p,X G
1-px'1- px}_ p(Bp,)1-p,X) [
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on(xV) = Zak( T Ym0 () v (3.15)

plzw(u+\/u -1) and p2=W(u—\/u2—1)

which does not seem to appear before.

Corollary 5: If we put r =0in the above theorem, we get the result found derived in

[19].
Application 4: We now take
) =Cr (0 with &= 1.
Then from [22], we notice that
0 0
R=(X*-Dy'z— +2Xxz——-xy 'z
(x* =Dy p» & y
such that
N+r+21-)(n+r+1
R(cZ 00ytan )=t 20 )1() L el toy* e (3.16)
and
WR _ 1 2\242 —%
e™ f(x, y,z)_{1+2wxy z+ (x> —)w?y } (3.17)

x f (x+w(x2—1)y‘1z,y{1+2ny z+(x* -DYw’y?z’},z )

Then by comparing (3.16), (3.17) with (2.3), (2.4), and finally applying our theorem
(Theorem 1), we get the following result on trilateral generating relations with Tchebycheff
polynomials:

Theorem 5: If
G(x,W) = 3 a,Crrr (x) W" (3.18)
n=0
then
AN (Wj
n=0 2
=%[{1+ 2p,X+ p2(x2 =1) }z—% G ( X+ p, (X _1)1/01\/) (3.19)
HL 20,5 P3¢ 1) } 726 (x4 p, (¢ ~1), )}
where

(x) (2v)¥

o (XV):ia n+r (—2/1 k+1)n kc;i n+k
e A Klk+r (—}t+1)n K er
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p1=g (u++vu?-1) and p2=g (U-+u?-1),

which does not seem to have appeared in the earlier works
Corollary 6: If we put r = 0in the above theorem, we get result found derived in [19]

Application 5: We now take
pi? () = P& (%)
Then we consider the operator R [23], Where
R=(1-x )y‘lz 0 -(1- x)z—+(1 X) y_l 2 +(1—x)y‘1z(l+ﬂ+ r
OX oy 0z

such that

R(P@A (x)y* 2" )J=—2(n+r+1) PELEA (x) yot 27 (3.20)
and

e £ (x,y,2) ={1+W(x-1)y 'z}

i x—w(x-1)y?z yd-2wy*z) z (3.21)
1+wx-Dy'z 1+w(x-)y 'z 1+w(x-1)y'z |

Then by comparing (3.20), (3.21) with (2.3), (2.4), and finally applying our theorem
(Theorem 1), we get the following result on trilateral generating relations with Tchebycheff
polynomials:

Theorem 6: If
G(x,W) = > a,Pi% A (x) w" (3.22)
n=0
then
> o, (X V)T, (u)t"
n=0
P
X—(1+x)=
= Jl-ae 2y a-py G S~
2 2 1—(1+x)% 1—(1+x)% (3.23)
x—(1+x)& v
+{1-@) 22y - ) G 2, P
2 -1+ 22 1-@+x)?2
2 2
where

N MDY b, p-ntk) (4 K
on(x,v) = Zak K n+r (x)v
k=0 +r

plzt(u+\/u2—1) and pZ:t(u—\/uz—l).

which does not seem to have appeared in the earlier works.
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Corollary 7: If we put r=0in the above theorem, we immediately get the result
found derived in [19].

Now if in place of R, we consider the following operator R; [23]:
1. 0 0 _ 0 _
Ri=1-x)y z— +(1-x)z——(1+x 12 2 _@Q+a+nl+x)y
1=@A-x%)y 8x( )ay( )y az(04)( )y

such that

R, ( P A (x) y# 2" ): —2(n+r+1) P& A () yAL (3.24)
and
e f(x,y,2)= {1+ w(l+x)y 'z }1
f(x+w(1+ X)y?tz  y@d+2wy'z) z J (3.25)
1+wl+X)y 'z 1+wld+x)y 'z 1+ wl+x)y 'z |

Then by the application of our theorem, we get the following result (analogous to
Theorem 6) on bilateral generating relation involving Jacobi polynomial.

Theorem 7: If
G(xw) = 3 a, R ) w" (3.26)
n=0
then
D o, (xV)T, (u) w"
n=0
P1
X+(x-1) =
1 Aapr « v
= -2y @) 6 pz —5 .
1-(x-D2 1-(x-1 ‘2 (3.27)
2 2
x+(x—l)& v
HI-(-D 2y p) G 2 P
1-(x-1) =% 1-(x-1)==
(x=1) ) (x-1) >
where

r

plzt(u+\/u2—1) and pZ:t(u—\/uz—l)

Corollary 8: If we put r =0in the above theorem, we get the result found derived in
[19]. It may be pointed out that the Theorem 7 can be directly obtained from Theorem 6 by
using the symmetry relation [17]

PP (%) = (D" B (x).

n n+r
e =3a [ Rl 00 v
k=0 +

WWW.josa.ro Mathematics Section
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Application 6: Finally, we take
P (X)= ,F(=n+r1,B;Vv; X) with a=V.

Then we consider the operator R, where
0 0
R=x1-X)y'z— +z——-(xB+1)y'z
(L=x)y"z— & (xB+1)y

such that
R ( LJE(-n+r,Bv; x)sz“): (v-1) ,F(=n+r+1B;v-1;x)y""z" (3.28)
and
e"™ f(x,y,2)=(1+wy'z) L+ xwy*z)”

f[w y(L+wy'z) ,zj.
@+wxy—2z)

(3.29)

Then by comparing (3.28), (3.29) with (2.3), (2.4) and finally applying our theorem
(Theorem 1), we get the following result on trilateral generating relations with Tchebycheff
polynomials

Theorem 8: If
G(x, W)=Y a, sF(-n+r, B;v-n+k;x) w" (3.30)
n=0
then
> o, (V) T, () w'
n=0
_ 1 I v—1 -p X(l_pl)
=5 d-p)"" A=xp,) G[m,vpl (3.31)
1/ o L (xa-
5| @=p2) F(l-xp,)” G(%N/Jzﬂ
i — PyX
where
c,(X,V) = iak% LE (=41, Bov; x) v,

=7 (n—k)! (3.32)

plzw(u+\/u2—1) and p2=W(u—\/u2—l)

which does not seem to have appeared in the earlier works.

Corollary 9: If we put r=0in the above theorem, we get the result found derived in
[19].
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4. CONCLUSION

From the above discussion, it is clear that one may apply Theorem-1 in the case of
other polynomials and functions existing in the field of special functions subject to the
condition of construction of continuous transformations group for the said special function.
Furthermore, the importance of the above theorems (2-8) lies in the fact that whenever one
knows a unilateral generating relation of the form (3.4, 3.9 etc.) then the corresponding
trilateral generating functions can at once be written down from (3.5, 3.10 etc.). Thus, one can
get a large number of trilateral generating functions with Tchebycheff polynomials by
attributing different suitable values to a,, .
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