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Abstract. In this paper, we study two subclasses V (a,4;9) and W(a,4;9) of
holomorphicfunctions f(z) in the open unit disk U associated with some holomorphic
function g(z). The object of the present paper is to drive some interesting conditions and

necessary conditions for f (z) belonging to the classes V (o, 4;g) and W (&, 4;9) and some

results of Jack’s Lemma [3].
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1. INTRODUCTION AND PRELIMINARIES

# Let A denote the class of functions analytic in the unit disk
U = {zelf: |z| = 1}

of the form

f(z):z+iakzk (zeU) (1)
k=2

<i (zev) 2)

for some real a (-7 <a <x), A>1,and for some g(z)e A.

Definition 1.2. We say that f(z)eW (a,4;9)

f(2)

; <A (ZEU) (3)

—2eg"(2)

for some real 0{(—7Z'S0{S7Z'), A>1, and for some g(z)e A.
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2. SUFFICIENT CONDITIONS
To discuss our problem, we consider
g(z)=z+>.bz" (zeU) 4)

with f(z)e A in(1)and g(z)e A in (4), we derive the following theorem.

Theorem 2.1. If f(z)e A satisfies

i‘n(n—l)an—e“”bn <i-1 (5)
n=2

for some a(-7<a <), A>1,and for some g(z)e A, then f(z)eV(a,19).
Proof: For f(Z) in (1) and g(z) in (4), we have

si‘n(n—l)an —eb, ||z +]e"| <
n=2

<i‘n(n—l)an —e“b,|+1<
n=2

<A-1+1=241
Therefore, f(z)eV(a,4;9).

Example 2.2. For any function g(z) e A, let us define function f(z)e A with

1 A-1
= : "““b =234, .. 6
& n(n—l){n(n—l)e e ”] (=234, ) ©)
Then, clearly we have
) 4 © 21 . . ) 1 .
n(n—-1)a, —e“b,|= e” +e“b, —e“b,|=(1-1 e”|=
HZ;“ (n-1) ; n(n-1) ( )nz;‘n(n—l)‘ ‘

:(1_1)2 ! =(ﬁ—1)i(%—l)=}t—l

n(n-1) ~{n-1 n
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which shows that f(z)eV (a,4;9).
Corollary 2.3.If f(z)e A satisfies
(7)
for some a(-7<a<z), A>1,and for some g(z)e A, with
arg(a,)—arg(h,) =« (n=2,3,4,..) (8)
then f(z)eV(a,4;9).
Proof: Since arg(a, )—arg(b, )=, we can write
arg(a,)=¢,, arg(b,)=¢,—a n=2,3, 4, .. )
This implies that
‘n(n—l)an —e“b,[=[n(n-1)|a, e —€*“|b, |e"" )| =
=[n(n=1)a[e" ~[or[e"|=|(n(n=1)la,|-]n,[)e" |-
= ‘n( - e“""‘ =
so that f(z)eV(a,4;0).
Corollary 2.4.If f(z)e A satisfies
i\/nz(n—l)z—2n(n—1)cosa+1|an|£/1—l (10)
n=2
for some a(—;z <a< 7r), A>1,then f (Z) eV (a,ﬂ; f )
Applying the same method for f(z)eW (a,4;g), we have
Theorem 2.5. If f(z) e A satisfies
. ia (11)

n=2

for some a(-7<a<z), A>1, and for some g(z)e A, then f(z)eW (a,4;9).
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Example 2.6. For any function g(z)e A, let us define function f(z)e A with

Q- A-1 ei7+ei“n(n—1)bn (n:2, 3, 4, ) (12)

" n(n-1)

Then, clearly we have

i a,—e“n(n-1)b, =i AL g +e“n(n-1)b, —e“n(n-1)b,
n=2 n=2 n(n_l)

:(z—l)i (nl_l)\eiy\:(/1—1)in(n1_1) =(ﬂ—l)g(ﬁ—%J:/1—l

n=2
which shows that f (Z) eW (a,/i; g).

Corollary 2.7. If f(z)e A satisfies

o0

2,

n=2

3| =n(n=1)[b,]

<i-1 (13)

for some a(-7<a<z), A>1, and for some g(z)e A, with

arg(an)—arg(bn)=a (n:2, 3, 4, ) (14)
then f(z)eW(a,4;9).
Corollary 2.8.If f(z)e A satisfies
S 0 (=1 —2n(n-1)cosar+1]a < A-1 (15)
n=2

for some a(-r<a<z), A>1,then f(z)eW (a,4;f).
3. NECESSARY CONDITIONS

Next, we discuss some necessary conditions for f(z) belonging to V (a,4;g) and
W (a,ﬂ; g) .

Theorem 3.1. If f(z)eV (a,4;9) with

arg(n(n—l)an—ei“bn):(n—l)go (n=2,3,4,..)
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then

i‘n(n—l)an —e'b,
n=2

<A+cosa (16)
Proof: Assume that f(z)eV (a,4;9), then we see that

zf "(z)—e""@

in(n—l)anzrH —e (l+ibnz”lJ‘ =
n=2

n=2

i(n(n—l)an —e"b,)z"" —e"

n=2

_ ei(n—l)(pzn—l _eia

<A

i‘n(n—l)an —e'b,
n=2

for all zeU. We take a point zeU such that arg(z)=-¢. Then, we have

_ -1 _i(n=
VAR :|Z|n e (" Therefore

zf "(z)—e" g(zz) :‘i‘n(n—l)an —e“p ||z -e"
=
for all zeU . This implies that
i‘n(n—l)an —e“b, |[z""|-cosa < A
o=
for all zeU . Therefore, letting |z| - 17, we obtain
i‘n(n—l)an—e‘”‘bn <A+cosa 0
=

Taking « :% in Theorem 3.1, we have
Corollary 3.2. If f(z)eV(a,4;9) with

arg(n(n—l)an—ibn):(n—1)¢> (n=2,3,4,..)
then

i‘n(n—l)an —ib,
n=2

< (17)

For the class W (&, 4;9) , we have the following theorem.
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Theorem 3.3.1If f(z)eW (a,4;9) with

arg(an—e‘“n(n—l)bn)z(n—l)go (n=2,3,4,..)

then

0
ia

| S A+cosa

n=2

Corollary 3.4.1f f(z)eW (%,ﬂ; gj with

arg(a, —in(n-1)b ) =(n-1)p (n=2,3,4,.)
then

o0

n=2
4, SOME RESULT OF JACK’S LEMMA

To discuss some result of Jack’s lemma for f (Z) , we recall here the following lemma

due to Jack [1] or due to Miller and Mocanu [2], you can see also [4 - 6].

Lemma 4.1. Let W(Z) be holomorphic in U with W(0)=0. If there exists a point
z, €U such that

max ., w(z)‘ = ‘W(z0 )‘ (18)

then z,w'(0)=kw(0), where k is real and k >1.

Theorem 4.2. If f (Z) e A satisfies

)

. <22-1  (zeU) (19)

2e'g"(2)

for some a(—ﬁSaSﬂ), /1>%,and for some g(Z)e A, then

1 Zf(t) ia [Zgn
;Io—dt_e tg"(t)dt

. <A+l (zeU) (20)
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Proof: Let us define the function w(z) in U by

1 (e f(t ia [Ziyn
;L#dt—e jo tg"(t)dt—1=Aw(z) (21)
Then, clearly, w(0)=0 and w(z) is holomorphic in U. We want to prove that w(z)

satisfies ‘W(Z)‘ <1 in U. By differentiating both sides of (21) and do some calculation we

obtain

1G)_ zeiag"<z>=1+ﬂW<Z>[” vvvv<(>)}

and hence

(2

z

<21-1

_ Zeiagn(z)

1+ ;tw(z)(l +ZW—(Z)J
w(z)
Suppose that there exists a point z, eU such that

W(Z)‘:‘W(ZO)‘ =1

max
LE

Applying Jack’s lemma to W(z)at a point z,, we can write
w(z,)=e

7, zWwW'(z,)=kw(z,) (k=1).

This gives us that

-€“2,9"(z,)| = ‘1 + e (1+ k)‘ >

‘M

0

>[A(1+k)-1<24-1

which contradicts our condition of the theorem. Thus, there is no point z, in U such that

‘W(Z0 )‘ =1. This implies that ‘W(Z)‘ <1 for all zeU . Therefore, we have

ljzﬂdt — gl ljoztg "(t)dt

i : <A+1 (zeU) 0

Corollary 4. 3. If f(z)e A satisfies

ﬂ—izg"(z)

. <22-1  (zeU)
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for some A >%, then

ljzlt)dt —%j:tg "(t)dt

i <A+1 (zeU)

Corollary 4.4.1f f(z)e A satisfies

zf "(z)—e" 9(2)

z

<22-1  (zeU)

for some real ao(-z <a <), A>1, and for some g(z)e A, for some g(z)e A, then

1 (2 " ial Zg(t)
;jotf (t)dt—e ;IOTdt <ﬂ,+1 (Z EU) (22)
Theorem 4.5. If f (Z) e A satisfies
Re[@—ei“zg"(z)]>l—%l (zeU) (23)

for some real o (-7 <a <7), /”L>%, and for some g(z)e A, then

e f(t e A
Re(;jo¥dt—e [ tg (t)dtj>1—5 (zeU) (24)

Proof: Let us define the function W(Z) by

12 f(t) wlez, o w(z)
E.[ont_e Ej'otg (t)dt—l_il_w(z) (w(z)=1)

Then, clearly, w(0)=0 and w(z) is holomorphic in U. By the definition for w(z),

we have that

%j:@dt —e['tg"(t)dt =2 wz) ., (25)
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Differentiating both sides of (25) and do some calculation, we obtain

f(t) ., w(z Zw'(z
%)—e 29 (z):1+;tl_\fv)Z)+/”L(I_W((Z))>2

and hence

Re(@e‘“zg”(z)J—Re{lmlw(z) +/1( ZW'((Z; >1—%,1

for all z €U . If there exists a point z, €U such that

w(z)‘ :‘W(zo)‘zl,

max
|2[<[2|

then by applying Jack’s lemma at the point z,, we can write
i0

w(z,)=€", z,w'(z)) =kw(z,) (k=>1).

This gives us that
f(z :
Re L—e""zg"(z) =1—& 1+5 <1-3,4
z 2 2 4

W(Z)‘<1 for all zeU so that

which contradicts our condition. Therefore,

and hence

Re[lj:%t)dt—ei“joztg"(t)dt}>1—§ (zeU) 0

z

Corollary 4.6.If f(z)e A satisfies

Re(zf "(Z)—€""¥J>—cosa—%ﬂ (zeU) (26)

for some real o (-7 <a <z), A>0, and for some g(z)e A, then
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1z " ia Zg(t) ia A
Re(;jotf (t)dt—e .[onH_e J>—cosa—5 (zeU) (27)
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