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Abstract. In this paper we give some generalizations of a possible IMO inequality and
some applications in triangles, quadrilaterals and tetrahedrons.
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1. INTRODUCTION

At XXVIlI-a, IMO, Havana (Cuba), 5-16 July 1987 was discussed in the jury the
following problem, proposed by Greece:
Prove that in any triangle ABC , with usual notations holds the inequality:

a" b" c" 2" .
+ + > — -p,VneN (1)
b+c c+a a+b 3

We propose to generalize this problem and also to give some applications.

2. MAIN RESULTS

>

Theorem 1. If neN"—{l},a,b,x, eR/,k=1 x, and m,t,u e [l,0), such that

=
>
I

aX; >bmaxx,, then:

I<k<n

m —m+tu+l

\ Xk n m—tu

> IMO
= (ax !t —bxt ) - (an' —b)" " (IMO)

Proof. Without loss of generality (WLOG) we can assume that:
X, £X, £...<X,,and then X" < X7 <...< X, thus

aX, —bx; >aX; —bx} >..>aX, —-bx; <
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1 1 1
= < <. <

(aX,ﬁ —bxf)u - (aX,ﬁ —bx;)u o (aX,ﬁ —bx;)u '

By P.L. Chebyshev’s inequality we have that:

e D B

*

Since the function f:R] — R, f(x)=x" with ve[l,0) is convex on R, by

Jensen’s inequality we deduce that:

+

n 1 n v XV
Xy 2n| = > % | =" 3)
By J. Radon’s inequality we obtain that:

n 1 nu-f-l nu+1

2 o} e T @
8% DX [z(ax; —bxt )j (anxrﬂ _bzx;j
k=1 k=1
If we taking account by (3), then (4) becomes:
n u+l tu+l1
( tl t)u2 ; u:( tn )u (5)
o |aX, —bx X! an' —b) X/
HER T (anxﬁ - b-t"ll "
By (2), (3) and (5) we obtain
n XLT\ >l_ er]n ‘ ntu+1 B n—m+tu+1 X -
t t)V m-1 t Uyt (ant u tnoo
k=1 (axn—bxk) nn (an —b) X, (an —b)

and we are done.

Theorem 2. If a,b,M,x, € R,k =1,n,and m,t,u €[l,0) such that aM * >bmax x, ,

1<k<n

then

n tu—m+1Xm
N v L. ©
1

bxk) (an‘Mt —bx;)

1

*

Proof. We consider the functions g : R, — R_, g(x)=x", h:| 0, (%)t M|—>R],
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1

h(X)=(aMt—bxt)_uand f: O,KETM —R;, f=gh.

1
We have g'(x) >0,9"(x)>0,Vx € R},h'(x) > 0,h"(x) 2 0, Vx € o,(ijt M

1
Because f"=g"h+2g'h"+gh", yields that f"(x)>0,Vxe| 0, ETM

1

. . a it
Therefore the function f is convex on O,(Ej M |, so we can apply Jensen’s
inequality and we obtain that:
> >

nfk_.f n =
Srozn (] 23 Jmili Flam b ]~ fan' e -ox})

I’I’l tu—m+1 m
X, n X,

n'"‘l(an M'—bX!) (an M! —bXn)u’

n m tu—m+1 m
j X, n“m X!

and the proof is complete.

3. APPLICATIONS

A.l. If we take in theorem 1, n=4 and x, =S,, k= 1,_4 , where S, is the area of the
face opposite to the vertex A, of the tetrahedron [Al A2A3A4], then X, =S =the area of the
tetrahedron, and (IMO) becomes

m —m+tu+1

N > S m—tu 7
Iy R ?

A.2. If we take in theorem 1, n=3 and X, =a,,X, =a,,X; =a,, where a,,k =13,
are the lengths of the sides of triangle A A,A; with the perimeter 2p, then by (IMO) we
obtain that:

m 3—m+tu+1

3 a, Lgm-tu | ym-tu
;(a-ﬁ,pt_b,a;)u2(3ta_b)u p >

ie. (1).
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A.3. If in theorem 2, we consider a convex polygon with the perimeter 2p and the
sides [A A, | with the lenghts x, ,k = 1,n,and M = p, we obtain:

n m tu—m-+1 m m tu—m-+1 m m—tu
X, S n 27-p 2

n

> -2 - % ®)
k=1(apt—bxi) (a-n‘-p‘—b-zt-p‘) (a-n‘—b-zt)
A4, Ifin A.3. a convex quadrilateral, then
24: X'in S 4tu—m+1 .2m . pm _ 2tu—m+2 . pm—tu
< (ap' -bx' ) (a-4'-p'-b-2t-p')  (2"-a-b)
where if we putting a=b=t=u =1, we deduce that:
4 m
z Xk > 2—m+3 . pm—l (9)

A.5. If in theorem 2, we consider the tetrahedron [A A, A, A, |with the total area S and

S,.k= 1,4 the area of the faces opposite to the vertex A, , then by (6) we obtain for M =S
that:

4 Sm tu—m+1 .Qm tu—m+1 . m—tu
Z K > 4 S : _4 S u (10)
o (ast-bs;) (a-4'-s'-b-s')  (4'-a-b)

where if we putting a=b=t=u=1, yields:

4 Sm —m+2_ m-1
P
~st_g) 3

(1D

A dual application of IMO. If a,b,c, are the lengths of the sides of a triangle ABC,
with the perimeter 2p, then:

1 1 1 1 1 1 3" ,
a(b—m+—mj+b(—m+—mj+c(—m+b—mjszTpm_l,anG[1300) (1)
a(L_FLj + b(L+L] + C(L+Lj > Lﬁ] (1”)

b™ " c" a" a" b"™) (a+b+o)"

1 1 1 1 1 1 a b b c c a
W=a —+—|+b —+—|+¢| —F+— |=F—+ —+ —+ —+ —+ — =
b™ ¢c" ¢ a” a™ b" b™ a™ ¢™ b™ a™ c¢"
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am+1 +bm+1 bm+1 +Cm+1 Cm+1 +am+1
+ +
(ab)” (bc)™ (ca)”

where we apply the inequality of J. Radon, i.e.

X X X m+1 . _
KX +%) oy y eRY k=13 R)

m+1 m+1 m+1
XU X

A A (A A A

m

Yi

and we obtain that:
m+1
W 2(a+b+c)
(ab+bc+ca)™

, Va,b,ceR; (12)

Since, (a+b+c)* > 3(ab+bc +ca), Va,b,c € R, , then by (12) we deduce that:

>2(a+b+c)m”_ w237
~ (a+b+0c)™ (@a+b+c)™"”’

and we are done.

Proof 2. We have:

b+c c+a a+b (b+o)™ (c+a)™ (a+b)™
W = + + = ,

a"  b" ™ (a(b+c)" (b(c+a)" (c(a+b))"
and by (R) yields that:

S 2™@+b+c)™  2(a+b+0)"
~ 2™(ab+bc+ca)” (ab+bc+ca)”

(13)

Since:

(a+b+c)2C> 1 . 3

ab+bc+ca< >
ab+bc+ca (a+b+c)’

, Va,b,c e R, then

by (13) we obtain the desired result.

Proof 3. We have:
b+c c+a a+b
= + +

a” b™ c"

W

b

and by AM-GM inequality, we deduce that:

W23-3(b+c)(g+ma)r§a+b)23-3\/2@'2\/%'2@=3-3/ 8m_1 = 6 (14)
a"b"c (abc) (abc) 3/(abc)m-l
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Also by AM-GM inequality we have:

a+b+c>3-Yabc,va,b,ceR], (15)
SO
1 3
>

3abc a+b+c

1 3™t

2 )
i(abc)™  (@a+b+o)™

By (14) and (16) hence:

, Va,b,ceR;,
and then:

vm e [1,00) (16)

m-1 m
W 6-3 _ 2-3 ’
(@a+b+c)™ (a+b+c)™"

which finished the proof.

Proof 4. WLOG, we can assume that a <b < ¢, and then Lm > L > L and
a

m C m
b+c>c+a>a+b.
Applying Chebyshev’s inequality we obtain that:

wofre c+a a+h 21-(b+c+c+a+a+b)~(i+i+ij=
am bm Cm 3 am bm Cm
:g-(a+b+c)-(L+L+Lj,
3 a™ b"™ c"
and by (R) hence:
(1+1+1)™ 2.3"

Wzg-(a+b+c)- = -
3 (@a+b+c)" (a+b+c)"

and the proof is complete.
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