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Abstract. This note presents a general inequality and some aplications for this
inequality.
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1. INTRODUCTION

In the following, we deal with some methods how you can solve a class of problems
which appeared in several problem solving math journals, for e.g. Problem 11634 from the
American Mathematical Monthly, March 2012, i.e. If

- n
a,meR, ,b,C,d,XkeRi ,Vk=1,n ,Xn:ZXk ,pe[l,oo) and cX? >dmax x/ ,
k=1

1<k<n

then:

Z": ax, +bx, (an+b)n™ X -
o (X —dx)H™  (en® —d)"
Also see the recently, Problem 20 from MathProblems, Volume 3, Issue 1 (2013), p.119 (a

solutions is presented below in the applications 6, and other yields by Theorem from Main
Results).

2. MAIN RESULTS

Theorem. If neN'-{l,aeR,, bcd,x eR;, X, => X, cX, >dmaxx,and

ol 1<k<n

me [l,oo), pe R: , then:
Z“:(axn +bx, )" N (an+b)"
= (cX, —dx, )"  (cn—-d)P

Proof. First we note that by ¢X, >d maxx, = cX, >dx,, Vk=1,n=

1<k<n

nP X (1)

=Y cX, >dkz_;xk sconX, >dX, <cen>d.

k=1

If X, = X, Y., k=1,n,then Y, :Zyk =1,s0

k=1
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U _S (ax, +bx)" _ X
= (an_dxk)p X

We consider the functions
f,g,h:(o,%j — R, f(x)=(a+bx)", g(x)=(c—dx)™", h(x) = f(x)g(x).
Since h"=ffH+2f§"+ fg", and f(x),g(x), f'(X),9'(x), f"(x),g"(x) >0,

2

r:n C (a+byk)m :Xm—p x (a+byk)m
np k=1 (C_dYk)p ' k=1 (C_dyk)p

VX e (O, %) , we have h"(x) >0, Vxe [O,gj , therefore h is convex on (O, %) , and then we

can apply the inequality of Jensen.
So, h(y,)+h(Y,)+...+ h(y,) > nh(yl Yy bt ynj: nh[lj, ie.

n n
. (a+byk)m > n'(a—i_n) — np—m+1 . (an+b)m (3)
< (c—dy, )" (c—de (cn—d)P
n

By (2) and (3) we deduce (1).
3. APPLICATIONS

ALl If m= p+1,then (1) becomes

Z":(axn +bx, )™ , (an+b)*"
< (cX,—dx,)” (cn-d)°

“4)

Other Proof. By the inequality of Radon we have

n p+l1
X +b
@) R R
" (X, -dx ) (& (enx,—dX,)”  (en—-d)® "

A 2. 1f m=1, then (1) becomes

LoaX, +bx, S an+b NP 1P (5)
= (cx, -dx. )" (en—d)®> "

Other Proof. By the inequality of Radon we have that:
WS X, by (ax, +bx, )™ J (ax, +bx, )™ .
TE X, —dx)" S ((@x, +dx, JeX, —dx, )" S (acx + (bc—ad)X,x, —bdx?)"

n p+l1
X +b
[;(a " Xk)] (anX , +bX, )"

> =
- n p n p ’
( (acX,f+(bc—ad)ank—bdxk2)] (ach§+(bc—ad)X§—bdek2J
k=1

k=1
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2

.. . N X .
Where we taking into account by AM-QM inequality, i.e. Z X, >—" and we obtain
k=1 n

R e SR 3t CR

" p B n _ ~ o An =

(acn+bc_ad_bdj X 20 (acn” + (bc —ad)n—bd)
n

= (an"'b)p+1 1—92L+b 1-p O

(an+b)p(cn—d)p n (Cn—d)" n

A3.If p=1,then (4) becomes
i(axn +bx)* _ (an+b)’ « o
k=1 an—dxk " cn—=d n

Other Proof. By Bergstrom’s inequality we have

n 2
X,+b
T =z”:(axn+bxk)2 >[;(a " Xk)j _ (anX, +bX,)’ :(an+b)2X .
o cX, —dx, Z“:(an_dxk) cnX, —dX, cn—d

k=1

A4.1f a=0,b =1, then (6) becomes
n 2
z X, S X, )

o cX,—dx, cn-d

Other Proof. We have:

T - n X; o dT - nd?x, < d’x; —c’ X +c’X; _
o CX, —dx, o eX, —dx, o cX, —dx,
n n CZX n
=3 —(cX, +dx, )+c*X?2- ;:—cnxn—dxrﬁ "(cn—d)X, .
o o X, —dx, cn—d o cX,, —dx,
X, (L& L 1
=—cnX _ —dX_ + L cX —dx _,
noo cn—d(kz_:‘( " k)]kz_:‘cxn—dxk
and by AM-HM inequality we obtain
2,2 2 W22 2.2 d2X X
4T >—cn+d)x + SN x _di=ement, _dX, g X :
cn—d cn—d cn—d cn—d
A5 . If m=p=1,a=0,b=1, then (1) becomes
4 X
> > T (8)
o cX, —dx, cn-d
Other Proof. The inequality (8) yields by Bergstrom’s inequality in two ways:
First Proof
X2
n k=1 an_dxk k=1 CXnXk_de _anz_dzn:xi - Can—(:]Xj cn—d
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Second Proof

"X, —dx, = oX, —dx, 'kzl cX, —dx,
2 2 2
dS, >-n+cX, -— n =— ;n Xc;X =— cnd:
> (cX, —dx,) Ay = 0% cn-
k=1
= dn =5, 2 n . O
cn—d cn—d
Remark 1. By (8) for c =d =1, we obtain the inequality of Nesbitt for n variables, i.c.
X, n
> 9
;xn—xk n-1 ©
Finally we prove that:
A6.If neN'-{l},aeR,,b.cd,x R, X, Zxk,cx > d maxx, , then:
k=1 =k=n
ZaXn + bx, S n(an+b) (10)
o CX, —dx, cn—d
Proof. We consider the trinomial
2
aX, +bx,
Y —/(aX, +bx, NcX, —dx =
n (B -, e, )|
5 aX, +bx, |, . .
Z—Y =21 > (ax, +bx, ) Y + D" (ax,, +bx, NcX, —dx, )=
i CX, —dXx, k=1 k=1
naX, +bx f
20 Ty Zogan+b)X,Y + Y (acX 2 + (be - ad) X x, — bdx? )=
= X, —dx, k=1
L aX +bxk ) ) 5 n,
Z— Y2 =2(an+b)X,Y +acnX,; +(bc—ad)X 2 —bd > x; .
k= CX _ka k=1
We note thatT (y) =20, Vy € R, so yields that
naX, +bx n
A'=(an+b)2X§—(zgj((acn+bc—ad)xnz—bdeﬁjSOc
k=1 CXn - ka k=1
Z”:axn +bx, (an+b)* X;
~ X, —dx, n ’
=1 CX = A, ((acn+bc—ad)xj—bd2xfj
k=1
n 2
and if we taking account by »_ x; >
k=1
Z“:axn+bxk . (an+b)* X B (an+b)’n _ (an+b)’n
— - o 2 —_— — o — a
& X, —dx, (acn+bc—ad—bdjx,f acn” +(bc—ad)n—-bd (an+b)cn—d)
n
_(an+b)n q
cn—d

Remark 2. The inequality (10) yields by (1) taking m=p =1.
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