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Abstract: In the present paper, L. Weisner’s group-theoretic method has been utilized
in obtaining generating functions of P,“*"#*"(x), a modification of the Jacobi polynomials -

P “”(x). In section 1, with the suitable simultaneous interpretations of the index (n)and the

parameters (a,[)of the modified Jacobi polynomials, a set of linear partial differential

operators, their commutators and the extended form of the groups corresponding to the
operators are introduced and on showing that they form a four diamentional Lie algebra, we
obtain in section 3, a novel generating relation for the polynomial under consideration which
in turn yields a number of generating relations most of which are seem to be new.
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1. INTRODUCTION

Jacobi polynomials, P,“*#(x) defined by [1],

-n, l+a+p+n;

@A (y) = LT3 1-x
PP () == R, > (L)
1+,
satisfies the following differential equation :
2
(1—x2)% +[B—oc—(2+oc+B)x]%+n(1+oc+B+n)v 0. (1.2)
X X

In the present paper, we consider P,“"™""(x) a modification of P, " (x) satisfying
the ordinary differential equation:

(1—x2)372\2/+[B—a—(2+a+B+2n)x]%+n(1+oc+[3+3n)v =0. (1.3)
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The object of the present paper is to obtain some novel generating functions of
modified Jacobi polynomials, P,““"™"™(x) by using Weisner’s group-theoretic method [2-4]
(which is lucidly presented in the book “Obtaining Generating Functions” written by E.B.
McBride [5]),with the suitable simultaneous interpretations of the index (n)and the
parameters (o, p)of the polynomials under consideration. For previous works on Jacobi

/modified Jacobi polynomials, on may refer to the works [6-18]. The main results of the
investigation are given in section 3.

2. GROUP-THEORETIC DISCUSSION:

Replacing % by % , o by yi , B by z%, n by t% and v by u(x,y,zt) in

oy

(1.3) , we get the following partial differential equation :

2 2 2 2
(1—x2)8—l:+(1—x)z ou —(1+x)y ou —2xa—u—2xt ou +t8_u
OX 0z0X 0yox OX otox ot 2.1)
2 2 2 )
+ty ou |, o +3t? 0 l: +3ta—u:0.
otoy otoz ot ot

Thus u(x,y,z,t) =P, “™ "™ (x) y*zPt" is a solution of the differential equation (2.1)

since P.““”(x) is a solution of (1.3).
We now define a set of infinitesimal operators, A (i=1,2,3,4,5):

A :Ai(l)§+A(2)%+A(S>§+A(4)§+A(O)
as follows
A=yl A=l
A, =t§ , A=y % (2.2)
A =1-x*)y?z7% % —(1+ x)ylzzt% +(1-x) yzz]’[£—2xyzzzt2 %

such that

Al[Pn(a+n,,B+n) (X) yaz,b’tn] —a Pn(a+n,ﬂ+n) (X) yazﬂtn
AZ[Pn(a+n,ﬂ+n) (X) yazﬂtn] :ﬂpn(am,ﬂm) (X) yazﬂtn
A3 [pn(a+n,,b’+n) (X) yaz,b’tn] _ nPn(a+n,,b’+n) (X) yaz,b’tn (23)

A4 [Pn(a+n,ﬁ+n) (X) yazﬁtn] =%(1+a+ﬂ+3n) Pn_l(a+n+1,/;’+n+l) (X) ya+zz/3+2tn—l

A5 [Pn(a+n,ﬂ+n) (X) yazﬁtn] — _2(n +1)P (a+n-1,4+n-1) (X) ya—zzﬁ—ztml .

n+1
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We now proceed to find the commutator relations, using the notation:

[A,BJu = [AB—-BA]Ju
we have,

[AAl=(-1)'2A, i=12 j=45 ; [A,Al=(-D"A i=45

[A A]=0 i=1 j=23 ; [A,A]=0 (2.4)
[AnAl=—(A+A+A) .

From the above commutator relations, one can state the following theorem.

Theorem: The set of operators {1, A, (1=1234)5) } , Where 1 stands for the identity

operator, generates a Lie-algebra v.
It can be easily shown that the partial differential operator L given by,

2 2 2 2
Lu:(l—xz)a—l;+(1—x)z ou —(1+x)y ou —2xa—u—2xt ou +ta—u
OX 0Z0X 0yoX OX otox ot
Rl o , 04 ou

+1z +3t — + 3t—,
otoy otoz ot ot

+ty

which can be related to the A, in the following way
L=AA +Al+A+A +3A),
commutes with A (i=12345) ie.
[A,L] =0, i=1234,5, (2.5)

The extended form of the groups generated by A (i =1,2,3,4,5) are given by

e f(x,y,z,t) = f(x,e2y,z,t) (2.6)
e®™ f(x,y,z,t) = f(X,y,e%z,1) (2.7)
e®M f(x,y,2,t) = f(x,Y,z,e%t) (2.8)

e®Mf(x,y,2,t) = f(x+a,y2z%t ™y, 2,1) (2.9)

e f(x,y,z,t) = f (x+a;(1-x*)y?z7%, yfl—a;(L+ X)y ?2 7t} {1+ a;(1- x) y *z27°t}, 210
HL-a; (L+X)y 22 2 HL+ a,(L-x)y *z ), (210)

where & is arbitrary .
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From above, we easily get,

e¥sptMedheRhedA f (X y, 7,t)

= f(x+a,(1—x*)y 2t +a,y 2t "{l-a,(L+ X)y “z °tHLl+ a,(1— X)y *z 1},
ery{l-a (L+x)y 27t} e z{l+a,(1-x)y *z 7’1},

e"t{l-a;(1+x)y 2z tHl+ a;(1-x)y *z*t}).

(2.11)

3. GENERATING FUNCTIONS:

From (2.1), we find that u(x, y, z,t) = P, (x)y“z”t" is a solution of the system:

Lu=0 Lu=0 Lu=0
(A—a)u=0; (Az—ﬂ):o; (A, —n)u=0
Lu=0

(A+A+A—-a-Lf-n)ju=0.
From (2.5), we easily get

SL (Pn(a+n,ﬂ+n)(x) yazﬁtn ) LS (Pn(a+n,ﬁ+n)(x) yazﬂtn) -0 ’

where
S — eaSASeaAAzteaBASeaZAZealAi .

Therefore the transformation S(Pn(‘“”“””)(x) y‘*th”) is annihilated by L .
By setting a, =0,a, =0,a, =0 and writing f(x,y,z1t)=P“"(x) y*z’t" in
(2.11), we get

eaE,ASeaAA4 (Pn(a+n,ﬁ+n)(x) yazﬂtn)
= {1—a5(1+ X)y 2z }a+n {1+a5(1—x)y’22’2t}ﬁ+n y“z”t" (3.1)
x Pl A (x +a;(1-x3)y?z?t +a,yzitt {1— a (1+ x)y’zz’zt} {1+ a (1-x) y’zz’zt} )
On the other hand
easASea4A4 (Pn(a+n,ﬂ+n)(x) yazﬂtn) _
a, 22,1
ik (_Zasy—zz—zt)k (2“y A

k=0 p=0 k! p!
Pn (a+n+p—k,ﬂ+n+p—k)(x) y“zﬁt”.

j (1+0¢+,6’+3n)p(n—p+1)k (3.2)

X

—-p+k
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Equating (3.1) and (3.2), we get

{1-a5(L+ x)y‘zz‘zt}a+n {1+a;(1-x) y‘zz‘zt}ﬂ+n

xPlesnAen (x +a,(L-x)y*2 2t + 2,y 2t {1-a 1+ X)y 2%t} {1+ a (1-X)y 2t })

a, 22,1 (3.3)
ek (—ZaSy‘zz‘zt)k (é‘y 't

p!

j (1+a+ﬂ+3n)p(n— p+1),

which does not seem to appear before. Here we would like to point it out that a good number
of generating relations can be obtained from (3.3) by attributing different values to a, & a. .

Before discussing the particular cases, it is of interest to mention that the operators
A,, A, being non commutative, the relation (3.3) will change, if we change the order of

easAs ea4A4 .

Now we consider the following cases:

Case 1: Putting a, =0, a, =1, —2a,y~’zt=w,then a,y?z’t= —%, we get

Ee) Wk ‘ )
Y g (D BT (9 =
=0 -

‘ (3.4)
W a+n W p+n ( ) W
=31+ —(1+x 1-—(1—-x p Ay —(1-x?
{+2(+)} { 2 )} : ( A )j
Special Case: Putting n=0, we get
W [ w S
{1+—(1+X)} {1——(1—x)} =Y WRI(x) (3.5)
2 2 k2o
which is found derived in a paper of W.A.Al-Salam [19] .
2,241
Case 2: Putting a, =0, a, =1, and ayzt | w, we get
n+k p
Z%(l+a+ﬂ+3n)p P, @ PAIR) (x) = LA (x4 2w) (3.6)
p-0 P>
Replacing 2w by t,, we get
ol
n+k
S V20 (Lrat B30), PPN (x) = RO (x 1), (3.7)
p=0 p
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Case-3: Putting a, =1, a, __t and y?z7’t =w, then we get
W

1

L-wld+ )" {1+ wa-x)"

xpleenAn) (x +w(l-x?) -

L {1-w(@+x)}{1+ W(l—X)}J (3.8)

1

]D
“—(l+a+f+3n) (n-p+1), RELTTP(x).

n—p+k
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