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Abstract. In this note, we have obtained a novel extension of a bilateral generating
function of modified Jacobi polynomials from the existence of quasi-bilateral generating
function by group-theoretic method.
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1. INTRODUCTION

In [1], the quasi bilateral /(bilinear) generating function is defined by

Goou,w=Y a, p() g W w", (1)

n=0

where a,, the co-efficients are quite arbitrary and p'*(x), q\"(u)are two particular special

functions of orders n, m and of parameters «and n respectively. If, in particular,
g™ (u)=p"(u), then the generating relation is known as quasi bilinear.

In [2], Das and Chongdar have proved the following theorem on bilateral generating
function involving P“*" #*V(x), a modification of Jacobi polynomials[3] by group-theoretic

method introduced by Weisner[4] which is lucidly presented in the monograph by E.B.
McBride[5].

Theorem 1: If there exists a unilateral generating function
G(x,w)=> a, P{“™ 7V (x) w" (1.2)

n=0
then

a B o
{1+\;V(l+x)} {1—‘;(1—x)} G(x—\;\/(l—xz), wv{1+\;V(l+x)}{1—V2v(l—x)}j=z wo (v (1.3)
where

n n
o,(Xx, V)= a, ( p] PLare2p A70e2p) () P (1.4)
p=0
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The importance of the above theorem lies in the fact that whenever a unilateral
generating relation of the form (1.2) is known, then the corresponding bilateral generating
relation can at once be written down from (1.3). Thus a large number of bilateral generating
relations can be obtained by attributing different values toa, in (1.2). The aim at writing this
note is to show that the existence of a quasi- bilinear generating function implies the existence
of a more general generating function from the group theoretic view point. In the present
paper, we have obtained the following extension of the theorem-1 from the existence of quasi
bilateral generating relation.

Theorem 2. If there exists a generating function

G(x,u,w)zian P A (xy P™ A (u) w" (1.5)
then "
A=w) " = w(l+ )} {1+ w(l - %)}’

U+w Wy ]

—{I-w(l+x)} {1+wW(l—-x)}

x G| X +w(l-x?%), ,
I-w 1-w

W p+g+n (_2) p

— (n+1), Pledn=p. S40=p) () (1+n+,B+m)anﬁ”+q’ A (uw".(1.6)
p' Qg

n+pP

0
-2 a
n,p,q=0

2. PROOF OF THE THEOREM 2

For the modified Jacobi polynomial, we consider the following operators [2, 6]

0 0 0 0
R =(1-x)y??zt=——-(0+x)y'zt—— (1-x)y2z't——-2xy 2z t* —,
= ( )Y . (I+x)y Y (I-x)y . y p

R, =(1+u)§8%+§2i+(l+ﬂ+m)/,“.

o¢

such that
Rl (Pn(a+l’1, ﬁ+n)(x) ya Zﬁ tn) — _2(n+1) Pn(ftl-%—n—l, ﬁ+n—1)(x) ya—Z Zﬁ—z tn+1 (2'1)
R, (P (W) ¢") = A+n+B+mPM A (u) & (2.2)

and
e f(x,y,zt)=f (x+w(1—x2)y222t, y{l—w(l+x)y~>z7t},
2.3)
z{1+w(l-Xx)y 2zt t{l—w(l+X)y 27t} {1+W(l—x)y‘2z‘2t}),
WR _ —1-p-m u +Wé, él

e 2fu,H=10-w f , 2.4
u, &) =01-wg) (l—wg“ l—Wé’J (2.4)

We now consider the following formula
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G(x,u,w)=>"a, P2 (x) R (u) w', (2.5)

n=0

Replacing w by wvt ¢ in (2.5) and then multiplying both sides by y* z”, we get
y* 277G (xuwvtd)=3"a, (P y* 27 t") (PP W) ¢ ) (wv)'. (2.6)
n=0

Now operating e"e"™ on both sides of (2.6), we get

eleesz [ya ZﬂG(X,U,WVtg)]ZeWRleWRZ {ZOO: a, (Pn(a+n, ﬁ+n)(x) ya 78 tn)(Pngn, B (u) é/n)(WV)n:| 2.7)

n=0

The left number of (2.7), with the help of (2.3), (2.4), becomes

(1—w¢o) A {1—w(1+x)y‘2z‘2t }a{1+w(1—x)y 277 }ﬁ y* 2/ (2.8)

u+wg  wvtd B 2 B o
we 1owe 0 WAy W =Xy t}J

xG(X+W(1 - x*)y’z°t,

The right number of (2.7), with the help of (2.1), (2.2), becomes

p+q+n ( 2)p

' (n+1) p(e+n=p. f+n- p)(x) yafzp 7/72p P (1+n+,8+m)q Pm(n+q, ﬂ)(u) é/n+qvn.
n=0 p=0 q=0 p!

n+P

(2.9)
Equating ( 2.8 ) and ( 2.9 ) and then putting y=z=t=¢ =1, we get

A-w) " {1 —wd+x)}* { 1+wd-x) }

, —{I-w(l+x)} {1+w(l—-x)}

xG(x+w(1—x2) urw W ]
I-w 1-w

i . WP (22)P

= ———(+1), RETTATP0 (T Bm) PSP () v
n, p, q=0 p' g

n+P

This completes the proof of the theorem-2.
Corollary: Putting m =0 in the theorem-2, we get
A=W {T-w(l+x)}" {1+ w(1-x) }
x G(x Fw(l—x2), %{1 —w(l+ X)) {1+ w(l - x)}j

0 p+g+n P
=Y a2 ('2) (N+1), (14N + B +m), PP #00) (3) "
p! q!

n+pP
n, p,q=0
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)n+p

-1-p
W z & 21— W)j

n, p=0

———(+1), RGP TP (x )(

Replacing {2 _ } by v and —2w byw, then

v
(1-w)

W “ W / W 5 W W
{1+—(1+x)} {l—z(l—x)} G(X_E(I_X ), Wv{1+5(l+x)}{1—3(1—x)}j

- Y a,
p=

WP

(N+1), PP 70D (x) v,

n+P

n, p=0

p -2p, - -
) F#a+n 2p, f+n 2p)(X) Vn p.
- - p!
n=0 p=0 .

M
é:
o

Hence

W “ W / W 5 W W
{1+5(1+x)} {1—3(1—x)} G(X—E(l—x ), Wv{1+5(1+x)}{1—3(1—x)}j

= i w" o, (X, V),

n=0

where
. N 5a-ni2p. gnizp)
-n+2p, f-n+
o, (X V)= a, 5 plamn2p P(x)vP,
p=0

which is the bilateral generating function obtained by Das and Chongdar [2]. O
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