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Abstract. Some  Ionescu-Weitzenböck’ s type inequalities for general triangles are 

presented. The main tool in the proofs is Radon’s inequality and of course Ionescu-
Weitzenböck s inequality. 
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1. INTRODUCTION 
 
 
The authors of this article demonstrated that the Weitzenböck’s inequality must be 

named the Ionescu-Weitzenböck’s inequality.  
Our proof is based on [1, Problem 273]:              
   
 Prove that there is no triangle for which the inequality: 

22234 cbaS   
be satisfied.                                                                                                                

The solution of the problem 273, apperead in [2], as follows: 
 
Solution by  D-l  N. G.  Muzicescu: 

A

B

C

H

M

A

A 

 
Let  be a triangle, and we construct around the side  the equailateral triangles 

 and  ; so 
ABC

ABC 
BC

ABC  M AA   BC  will be the middle which of these two lines.         
Let  and . dAA  dAA 
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In triangle AAA  , applying well known theorems we deduce that: 
(1)     2222 22 MAAMdd 
(2)     ;  MHMAdd  222 4

and from triangle , yields: ABC

(3) 
2

2
2

222 a
AMcb  . 

On the oher hand because MA   is the height of the equilateral triangle with the lengh 
of the side     we have: a

(4)    3
2

1
aMA  . 

By the rtfelations (1), (2), (3) and (4) we deduce: 
(5)    , 22222 cbadd 
(6)    3222 MHadd  , 

but:  reprezint 4 times the area of the triangle , because MHa 2 ABC MH  is evidently is 
equal with the height of this triangle;  making the substitution by (6) and (5), we have:                        

342 2222 ba  Scd   which yields: 

34222 Scba  , 
So the given inequality is impossible. 
 
Solution by:  I. Moscuna  and I. Penescu: 
We have: 

AbcS sin
2

1
 , , Abccba cos2 222

0

0
0

30sin

30cos
30gcot3  . 

Replacing , simplifying with 2, and letting in the member  II  only  we have:                        22 cb 

22
0

0

cos
30sin

30cos
sin cbAAbc 








 , which yields: 

(1)  . 220 )30sin(2 cbAbc 
On the other hand we have: , so: 0)( 2  cb

(2)  222 cbbc 
The inequality  (1)  is satisfied for , because otherwise the member I would 

be negative and could not be greater like the member II which is positive. Assuming this 
condition satisfied we can divide (1) by (2) . Therefore: 

0150A

(3) . 1)30sin( 0 A
This inequalty is impossible, the sine can not be greater than unity. So the inequality 

(1) and therefore the given inequality absurd for any triangle. If (3) and (2) becomes 
equalities, then (1) becomes equality. So must have , i.e.  and 00 9030 A 060A cb  , 
i.e. the triangle must be equilateral. Hence the given inequality becomes equality for any 
equilateral triangle. 

 
Solution by Maria Rugesu and by Th. M. Vladimirescu, G. G. Urechilă and I. 

Sichitiu and Corneliu P. Ionescu. 
The given inequality becomes successively: 

2223))()((4 cbacpbpapp  ,     

,     2222 )(3))()((16 cbacpbpapp 
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2222 )()22)(22)(22(23 cbacpbpapp 
22())()()( cbacbabcaacbcba 

22222222 )(])(][)[(3 cbacbaacb 
22222222 (]2][2 cbacbabcabcbc 
2222222222 )(])(4[3 cbacbacb 

224444442222 2]2 bacbacbacbc 
0444444 444222222  cbacbcaba

0]222222[2 222222444  cbcabacba

0])()()[(2 222222222  cbcaba

cba

,     

,     

,     

,     

,     

,       

,     
,          

. 

22 )(3 

22 )[3 

222 caa 22222 22[3 cbba 

But the last inequality is imposible, becase all the terms from the member I ar positive.  
Hence, the given inequality is imposible in all triangles. 
The last inequality becomes equality if and only if  , i.e. when the triangle is 

equailateral. 
Also solved the above problem in different ways and by A. Iliovici, I. Nicolaescu, E.G. 

Niţescu, V. V. Cambureanu and C. Vintilă.  
In [3] is proof that: 
In any triangle , with usual notations holds the inequality: ABC

                                       Scba 34222                                                        
We observe that the inequality of Ion Ionescu is the same with the inequality of 

Weitzenböck, and therefore from this moment the inequality of  Weitzenböck  must be named 
the inequality Ionescu-Weitzenböck. The inequality Ionescu – Weitzenböck, was given to 
solve at  third IMO, Veszprém, Ungaria, July 8th-15th 1961. 

A number of 11 proofs of the Ionescu-Weitzenböck’s inequality was presented in [4].  
We discovered the above while we working on an article about Weitzenböck’s 

inequality. We also gave 23 demonstrations and 10 generalizations other than those published 
of  the Ionescu-Weitzenböck’s inequality. 

 
 
2. RESULTS 

 
 
Theorem 1. If zyxm ,,, R  and  zyx R * , then in any triangle , with the 

area and usual notations holds: 
 ABC

S

S
zyxzc

mm

(

3 1

2

)1(





zbyaxc

m

zaycxb

m
m

m
c

m
b

m 4)()() 222

)1(2

222

)1(2

2










ybxa

m
m

a

)

3

( 2

2


. 

 
Proof:  We have: 

 







cyc
m

m
a

cyc
m

m
a

zcybxa

m

zcybxa

m
U

)(

)(

)( 222

12

222

)1(2

, 
and by J. Radon’ s inequality we deduce that: 

mm
cba

m

cyc

m
cba

bazyx

mmm

zcybxa

mmm

()(

)(

)(

)(
22

222

222

1222












 



m

c
U

)2

1










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But,  

)(
4

3 222222 cbammm cba 
, 

so: 

)(
)(4

3 222
1

1

cba
zyx

U
mm

m




 



   
                               

By the inequality of Ionescu-Weitzenböck we have that: 
                                                  

Scba 34222  , 
yields: 

S
zyx

U
mm

m

)(4

33 1






, 

and we are done. 
 
 
Theorem 2. If zyxm ,,, R  and   zyx R * , then in any triangle , with the 

area and usual notations holds: 
 ABC

S
 

S
zyxzmymxm

c

zmymxm

b

zmymxm

a
mm

m

bac

m

acb

m

m
cba

m

)(3

34

)()()(

1

222

)1(2

222

)1(2

222

)1(2














. 

 
Proof: We have: 

 

 







cyc
m

cba

m

cyc
m

cba

m

zmymxm

a

zmymxm

a
V

)(

)(

)( 222

12

222

)1(2

, 

 
where we apply the inequality of J. Radon, and we deduce that: 

 

m
ba

m

m

m

cyc
cba

m

cmmzyx

cba

zmymxm

cba
V

)()(

)(

)(

)(
222

1222

222

1222






















 

 
Since,  

)(
4

3 222222 cbammm cba  , 

we obtain that: 
 

)(
)(3

4

)()(3

4)( 222
222

1222

cba
zyxcbazyx

cba
V

mm

m

mmm

mm












 

 
and by Ionescu-Weitzenböck’s inequality, i.e.: 

 

Scba 34222  , 
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we have: 

S
zyx

V
mm

m

)(3

34 1






, 

and the proof is complete. 
 
Theorem 3. If R , m    0nnx is a sequence with R * , given by 

, N, then in all triangle , with the area and usual notations holds 

the inequality: 

10 , xx 

nnn xxx   12 n ABC S

      S
xmxmx

c

mxmx

b

mxmx

a
m
n

m

m

ancn

m

cnbn

m

m

bnan

m

2

1

2
1

2

)1(2

2
1

2

)1(2

2
1

2

)1(2

3

34


























. 

 
Proof:  We use the inequality of  J. Radon, well-known formula  

 

 222222

4

3
cbammm cba   

 
and   the inequality of Ionescu-Weitzenböck,   

 

Scba 34222  . 
We have that: 

 
 

 














m

bnan

m

m

bnan

m

n
mxmx

a

mxmx

a
W

2
1

2

12

2
1

2

)1(2

, 

 
and by J. Radon ‘s inequality yields that:  
 

 
  

 
   




















 m

cba
m

nn

m

m

bnan

m

n
mmmxx

cba

mxmx

cba
W

222
1

1222

2
1

2

1222

 

 
 mcba

m
n

m

mmmx

cba
222

2

1222










. 

Thus, 

 222222

4

3
cbammm cba  , 

so, 

 222

23

4
cba

x
W

m
n

m

m

n 


. 

 
and by  Ionescu-Weitzenböck ‘s inequality, i.e.  

 

Scba 34222  , 
 
we obtain that: 

S
x

W
m
n

m

m

n
2

1

3

34





 , 
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and we are done. 
 
Theorem 4. If R , m    0nnx is a sequence with R * , given by 

, N, then in all triangle , with the area and usual notations holds 

the inequality: 

10 , xx 

nnn xxx   12 n ABC S

 

      S
xbxax

m

axcx

m

cxbx

m
m
n

m

m

nn

m
c

nn

m
b

m

nn

m
a

2

1

2
1

2

)1(2

2
1

2

)1(2

2
1

2

)1(2

4

33


























. 

 
Proof: We have that 

 

 
 

 














m

nn

m

a
m

nn

m
a

n
cxbx

m

cxbx

m
Y

2
1

2

12

2
1

2

)1(2

, 

 
and applying J. Radon ‘s inequality we deduce that: 

 

 
  

 
   




















 mm
nn

m

cba
m

nn

m

cba
n

cbaxx

mmm

cxbx

mmm
Y

222
1

1222

2
1

2

1222  
 

12 2 2

2 2 2
2

m

a b c

mm
n

m m m

x a b c





 

 
. 

Because, 

                                                  222222

4

3
cbammm cba  , 

hence: 

                                                          222

2
1

1

4

3
cba

x
Y

m
n

m

m

n 






. 

 
and by  Ionescu-Weitzenböck’ s inequality, i.e. 

 

Scba 34222  , 
we obtain that: 

S
x

Y
m
n

m

m

n
2

1

4

33





 , 

i.e. what we must to prove. 
 
Theorem 5. If R , m    0nnx is a sequence with R * , given by 

, N, then in all triangle , with the area and usual notations holds 

the inequality: 

10 , xx 

nnn xxx   12 n ABC S

 

      





 











2
2

2
1

2

)1(2

2
2

2
1

2

)1(2

2
2

2
1

2

)1(2

bnancn

m

ancnbn

m

m

cnbnan

m

mxmxmx

c

mxmxmx

b

mxmxmx

a

S
x m

n
m

m

2

2

3

32





 .    
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Proof: We have that: 
 

 
 

 














m

cnbnan

m

m

cnbnan

m

n
mxmxmx

a

mxmxmx

a
Z

2
2

2
1

2

12

2
2

2
1

2

)1(2

, 

 
and from J. Radon’s inequality follows that: 

 
  

 
   




















 m

cba
m

nnn

m

m

cnbnan

m

n
mmmxxx

cba

mxmxmx

cba
Z

222
21

1222

2
2

2
1

2

1222

 

 
 mcba

m
n

m

m

mmmx

cba
222

2

1222

2 








. 

 
Since,  

 222222

4

3
cbammm cba  , 

we have: 

 222

23

2
cba

x
Z

m
n

m

m

n 


. 

 

We apply  Ionescu-Weitzenböck, i.e. Scba 34222  , and we have: 
 

S
x

Z
m
n

m

m

n
2

2

3

32





 ,                                                     q.e.d. 

 
Theorem 6. If R , m    0nnx is a sequence with R * , given by 

, N, then in all triangle , with the area and usual notations holds 

the inequality: 

10 , xx 

nnn xxx   12 n ABC S

 

      





 











2
2

2
1

2

)1(2

2
2

2
1

2

)1(2

2
2

2
1

2

)1(2

bxaxcx

m

axcxbx

m

cxbxax

m

nnn

m
c

nnn

m
b

m

nnn

m
a  

S
xm

n
m

m

2

1

8

33





 . 

 
Proof. We have: 

 

 
 

 














m

nnn

m

a
m

nnn

m
a

n
cxbxax

m

cxbxax

m
X

2
2

2
1

2

12

2
2

2
1

2

)1(2

, 

 
and by the inequality of J. Radon we obtain that: 

 

 
  

 
   




















 mm
nnn

m

cba
m

nnn

m

cba
n

cbaxxx

mmm

cxbxax

mmm
X

222
21

1222

2
2

2
1

2

1222
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 
 mm

n
m

m

cba

cbax

mmm
222

2

1222

2 








. 

From: 

 222222

4

3
cbammm cba  , 

follows 

 222

2
23

1

2

3
cba

x
X

m
n

m
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Than by the inequality of  Ionescu-Weitzenböck, i.e. 

 

Scba 34222  , 
yields: 
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and the proofs is complete. 
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