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Abstract. Some lonescu-Weitzenbock’ s type inequalities for general triangles are
presented. The main tool in the proofs is Radon’s inequality and of course lonescu-

Weitzenbock s inequality.
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1. INTRODUCTION

The authors of this article demonstrated that the Weitzenbdck’s inequality must be

named the [onescu-Weitzenbock’s inequality.
Our proof'is based on [1, Problem 273]:

Prove that there is no triangle for which the inequality:
45\3 > a® +b* +¢?

be satisfied.
The solution of the problem 273, apperead in [2], as follows:

Solution by D-I N. G. Muzicescu:

A!
Let ABC be a triangle, and we construct around the side BC the equailateral triangles

BCA' and BCA";so M = A'A" () BC will be the middle which of these two lines.
Let AA'=d and AA"=d’".

* Paper in memoriam of lon Ionescu (1870-1946).
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In triangle 4A4'A", applying well known theorems we deduce that:
(1) d>+d?=2-AM>+2- A"M>
Q) d*-d’*=4-A"M* MH ;

and from triangle ABC, yields:

2

(3) b> +¢? :2-AM2+%.

On the oher hand because 4"M is the height of the equilateral triangle with the lengh
of the side a we have:

4) A'M =%a\/§.

By the rtfelations (1), (2), (3) and (4) we deduce:

(5) d*+d”? =a>+b>+c?,

6) d>-d'*=2a-MH+3,
but: 2a-MH reprezint 4 times the area of the triangle ABC, because MH is evidently is
equal with the height of this triangle; making the substitution by (6) and (5), we have:
2d"* = a® +b* + ¢? —45+/3 which yields:

a’ +b> +c > 4843,
So the given inequality is impossible.

Solution by: I. Moscuna and I. Penescu:
We have:

cos30°
sin30°
Replacing , simplifying with 2, and letting in the member II only b° +c*> we have:

S :%bcsinA, a’ =b* +c* —2bccos A, \/§=cotg30° =

bc(sin A- 095302 +cos AJ >b* + ¢, which yields:
sin 30

(1) 2bcsin(A4+30°) > b> +c* .

On the other hand we have: (b—c¢)* >0, so:

(2) 2bc <b* +¢°

The inequality (1) is satisfied for 4 <150°, because otherwise the member I would
be negative and could not be greater like the member II which is positive. Assuming this
condition satisfied we can divide (1) by (2) . Therefore:

(3) sin(4+30°) > 1.

This inequalty is impossible, the sine can not be greater than unity. So the inequality
(1) and therefore the given inequality absurd for any triangle. If (3) and (2) becomes
equalities, then (1) becomes equality. So must have 4+30° =90°, i.e. 4=60" and b=c,
i.e. the triangle must be equilateral. Hence the given inequality becomes equality for any
equilateral triangle.

Solution by Maria Rugesu and by Th. M. Viadimirescu, G. G. Urechila and I
Sichitiu and Corneliu P. lonescu.
The given inequality becomes successively:

4p(p—a)p-b) p—c)-\3>a’ +b* +c?,
16-p(p—a)(p-b)(p—c)-3>(a’+b>+c*)?,
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3-2p2p-2a)2p—-2b)2p—2¢c)>(a’ +b*> +c*)?,
3-(a+b+c)b+c—a)a+c—b)a+b-c)>(a’ +b” +c?)°,
3-[(b+c)’ —a’][a’ —(b—c)’]>(a’ +b* +c*)?,
3-[2bc+c* +b> —a’|[2bc+a’ —b* —c*]>(a” +b* +c*)°,
3:-[4b%c’ —(a’ =b* =c*)’]>(a* +b* +c°)?,
3-[2a°bh” +2a’c’ +2b°c* —a* —b* —c*]>a* +b* +c* +2a’b* +2a°c’ +2b°C7,
4a’b* +4a’c’ +4b*c® —4a* —4b* —4c* >0,
2[2a* +2b* +2¢* —2a°b* —2a°c* —2b*c*]<0,
2[(a> -b*) +(a’ —c*)* +(b* —c*)’]1<0.

But the last inequality is imposible, becase all the terms from the member I ar positive.

Hence, the given inequality is imposible in all triangles.

The last inequality becomes equality if and only if a =b = ¢, i.e. when the triangle is
equailateral.

Also solved the above problem in different ways and by A. lliovici, I. Nicolaescu, E.G.
Nitescu, V. V. Cambureanu and C. Vintila.

In [3] is proof that:

In any triangle ABC, with usual notations holds the inequality:

a’+b*+c > 438

We observe that the inequality of lon lonescu is the same with the inequality of
Weitzenbock, and therefore from this moment the inequality of Weitzenbock must be named
the inequality lonescu-Weitzenbock. The inequality lonescu — Weitzenbock, was given to
solve at third IMO, Veszprém, Ungaria, July 8"-15" 1961.

A number of 11 proofs of the lonescu-Weitzenbéck’s inequality was presented in [4].

We discovered the above while we working on an article about Weitzenbock’s
inequality. We also gave 23 demonstrations and 10 generalizations other than those published
of the lonescu-Weitzenbéck’s inequality.

2. RESULTS

Theorem 1. If m,x,y,z€R, and x+ y+zeR’, then in any triangle 4BC, with the
area S and usual notations holds:

mZ(nHl) m;(erl) m2(m+1) S 3m+1\/§

a C

+ + >
(xa> + yb* +zc*)"  (xb* +yc® +za’) (xc® +ya’ +zb*) 4" (x+y+z)"
Proof: We have:
2(m+1) (mj)erl

i)

S (xa’ +yb* +ze?)" Sl (xa’ +yb? +zc?)"
b

and by J. Radon’ s inequality we deduce that:
(m> +m; +m.)""

LZ (xa’ + yb* + zcz)]

cyc

m+l

2 2 2
(ma +mb +mc)

U > =
()c+y+z)’"(a2 +b? +cz)’"
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But,

3
m>+m, +m’ ==(a’+b>+c?)
4

2

SO:
m+1
> — 3 (a> +b* +¢%)
4" (x+y+z)"
By the inequality of lonescu-Weitzenbock we have that:
a’ +b* +c? 24438,

yields:

S 3m+1 \/g

4" (x+y+2)"

and we are done.

Theorem 2. If m,x,y,z€eR, and x+y+z¢€ Ri , then in any triangle ABC, with the
area S and usual notations holds:

a2(m+l) bz(m+1) 02(m+1) . 4m+l \/g

2 2 2 m+ 2 2 2 + 2 2 2N~ Am m
(xm; +ym; +zm.) (xm, + ym, +zm.) (xm. +ym,+zm;) 3"(x+y+z)

Proof: We have:

~ PR ~ (aZ)mH
V= Z 2 2 2Nm
cyc (-xma +ymb +ch)

where we apply the inequality of J. Radon, and we deduce that:
(aZ +b2 +62)m+1 B (a2 +b2 +02)m+1

, , ) '”_(x+y+z)’”(mj+m§+c2)’"
Z(xma +ym, +zm_)

cyc

V=

Since,
3
2 2 2 2 2 2
m, +m, +m. =—(a" +b"+c”),
we obtain that:

(a2+b2+02)m+14m B 4m
3" (x+y+2)" (@t +bP+c7)" 3"(x+y+z)”

(> +b> +c?)

and by lonescu-Weitzenbock’s inequality, i.e.:

a>+b*+c’ 24\/§S,

WWW.josa.ro Mathematics Section



Some geometric inequalities of ... Dumitru M. Batinetu-Giurgiu, Neculai Stanciu 49

we have:
m+1
V> 4 ﬁ
3"(x+y+2)”

and the proof is complete.

Theorem 3. If meR,, (x, )nzo is a sequence with x,,x, eR’, given by
X,., =X, +x,,VneN, then in all triangle ABC, with the area S and usual notations holds

n+2

the inequality:

a2(m+1) b2(m+l) CZ(m+l) 4m+l\/§
> S.
m m

) 2\ +( 2 L 2)+( 2, 2) 3
X, m, +x”+1mb X,m, XM, X, m, XM, X2

Proof: We use the inequality of J. Radon, well-known formula
2 2 2 3 2 2 2
m; +m, +m; :Z(a +b” +c )

and the inequality of lonescu-Weitzenbéck,

a’+b*+c* > 4\/§S.
We have that:

2(m+1) ( 2)’"“
a a
w,=> _

n ( 2 2)’" ( 2 2)’" ’
xnma +xn+lmb xnma +xn+lmb

and by J. Radon ‘s inequality yields that:

m+1 m+1
o> (a2+b2+cz) B (a2+b2+cz) B
n = 2 2 \\* B m 2 2 2\ B
(Z(xnma +xn+1mb )) (xn +xn+1) (ma +mb +mc)
m+1
(a2 +b’ +cz)

m 2 2 2y
xm(ma +m, +mc)

Thus,
3
m’+m; +m’ =Z(a2 +b? +cz),

S0,
m
W >—(a2 +b? +cz).

nT Aam _.m
3xn-¢—2

and by lonescu-Weitzenbéck ‘s inequality, i.e.
a>+b*+c? > 4438,

we obtain that:
m+1
R

n T Am _m
3 ‘xn+2

b
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and we are done.

Theorem 4. If meR,, (x,)_.is a sequence with x,,x, €R’, given by

X ., =X, +x, ,VneN, then in all triangle 4BC, with the area S and usual notations holds

n+2

the inequality:

mj(mn) m§<m+1) mf(m+1) 3m+]\/§
) 2m+( 2, 2)+( 2, b2)24m m S.
xnb + x,HIC xnc xn+1a xna xn+1 xn+2

Proof: We have that

m+ m+1
e i e

2 2\ 2 2\
(xnb +X,,,C ) x,b"+x,,c )

5

and applying J. Radon ‘s inequality we deduce that:

) 9 5 \m+ 5 5 5 \m+l 2 2 2 ml
v > ma+mb+mc) _ ma+mb+mc) _ m, +—m, +n,
" 2 2|\ 2 2 2\ m
12 (xnb +x,,C )) (x, +x,, )m(a +b’ +c ) X" (a2 +b° +c2)
Because,

3
m’+m; +m’ =—(a2 +b2+cz),
4

hence:

and by lonescu-Weitzenbock’ s inequality, i.e.
a>+b*+c? > 4438,

m+1
y 3733

n m_.m
4 xn+2

we obtain that:
S,
1.e. what we must to prove.

Theorem 5. If meR,, (x,)_is a sequence with x,,x, e€R’, given by

X +x,,Vn eN, then in all triangle ABC, with the area § and usual notations holds

n+2 = xn+l

the inequality:

a2(m+l) bZ(m+l) CZ(m-H)

m + 2 2 2 + 2 2 2
(xnmj +xn+1m§ +xn+2m3) (‘xnmb +xn+lmc +xn+2ma) (xnmc +xn+lma +xn+2mb)
2m+2\/§
3" x" S

>

n+2
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Proof: We have that:

z,=% a”" -y ( (@)™

( 2 2 2)’" 2 2 2)’” ’
‘xnma xn+lmb xn+2mc xnma xn+1mb xn+2mc

and from J. Radon’s inequality follows that:

+1 +1
(a2+b2+c2)m (a2+b2+cz)m

Z 2 = =
" 2 2 2|\ m( 2 2 2\
(xnma + xn+lmb + xn+2mc )) ('xn + xn+1 + xn+2) (ma + mb + mc )
m+1
3 (a2 +b’ +c2)
" Amm 2 2 2y
2 xn+2(ma+mb+mt’)

Since,

3
m’+m; +m’ :—(a2 +b2+cz),
4

we have:
VA Z—m(a2 +b? +c2).

n m _.m
3 xn+2

We apply lonescu-Weitzenbick, i.e. a* +b* +c* > 4+/3S, and we have:

Z >2—- q.e.d.

m+2
2 \/ES’
3" x™

n+2

Theorem 6. If meR,, (x,)_,is a sequence with x,,x, €R’, given by

X ., =X, +x,,YneN, then in all triangle 4BC, with the area S and usual notations holds
the inequality:
2(m+1) 2(m+1) 2(m+1)
a + m, + m, >
) 2 Zm(b2+ 2, 2)( 2, 2, bz)—
X,a + anb + X,42C X, X, n€ Xp2d X,C X X2
m+1
> &S )
m m
8 xn+2
Proof. We have:
2(m+1) ( 2)m+1
m m
— a — a
Xn - Z 2 2 2 \n - z 2 2 2\ 4
(xna +x,,b"+x,,c ) (xna +x,,b"+x,,,¢ )

and by the inequality of J. Radon we obtain that:
(m2 +m? +m? )"

( 2 2)m+1
X > m, +m, +m; _ _
" 2 2 \\" m( 2 2 2 )"
(E (xna +x,.,b"+x,,,¢ )) (xn+xn+1+xn+2) (a +b” +c )

n+l

[SSR ES T 6
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2 2 2 m+1
(ma +m,; +mc)

2" x"

(N RN
From:
me i m? =20 +b )
follows
X >L+l(a2 +b° +cz).

n = 23m+2 m
n+2

Than by the inequality of lonescu-Weitzenbdck, i.e.

a>+b*+c? > 4438,
yields:

and the proofs is complete.
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