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are true in any acute triangle ABC and some consequences of DRIMBE inequality.
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Abstract. In this paper we present a refinement of inequality:

MAIN RESULTS

Theorem 1. Let f:1 — R be a derivable and convex function on the set I, f' is

either convex or concave function on the set | x,y,ze | . Then:
X+Yy+2 2X+Yy 2y + X 2y +1
f(x)+f(y)+f(z)+3f > f + f + f +
3 3 3 3
+f(22+yJ+ f(2x+zJ+ f(22+xJ22 1E(x+ijr f(y+zj+ f(z+xj
3 3 3 2 2 2

Proof: see [1].

1)

Theorem 2. Let f :1 — R be a convex function onthe set I, x,y,ze | . Then:
F(x)+ f(y)+f(2)+ f(2x3+yj+ f(2y3”j+ f(zzngz

() 2]

Proof: see [1].

)

Theorem 3. Let f: 1 — R be a convex and derivable function on the set I, f' let be
or convex or concave function on the setl, x,y,zel, S e R*. Then:
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S

ZZ{f[(S—ls)x+yJ+f((S—lS)XJrZJ_HC((S lS)y+zJ ((s 1S)y+xJ 3)
+f((s’_ls?z+)(}+f[(s_lg;z“’ﬂzz{f(xzy) (X+Zj+f(2 yﬂ

Proof: see [1] page 301
If we take S=3 we shall obtain (1)

f(x)+f(y)+f(z)+f[(s_2)x+y+zJ+f((S zy””}rf[s 2Z+X+yj_

sin A
In the following we shall give a refinement of inequality: Z > %+é we are

proved in [2], who are true in any acute triangle.

Corollary 1.1. In all acute triangle ABC holds:

§+LSE(C°S(A_B)+COS(B_C)+C°S(C_A)jSSi”A+Si”B+SinC
4 2R 2 3 3 3 2 2 2

Proof: In (1) we take: x=A, y=B,z=C and f:(O,%)—)R, f(x)=cosx a

concave function with f' a convex function . Because:

3cos 7 cos(B+ZC) cos(B+2A) cos(C+2A)

cos A+cosB+cosC + + + +
3 3 3 3
C+2B A+2C A+2B
+cos( 3+ )+cos( 3+ )+cos( 3+ ):

7z A-C 7z A-C 7z A-B
=COoS| —— +CoS| —+ +C0S| =——— |+
3 3 3 3 3 3

7z A-B 7z B-C 7z B-C
+Ccos| —+ +CoS| — — +Cos| =+ <
3 3 3 3 3 3

<9 S|nA+S|nB+S|nC
2 2 2

Because cos (% + xj + CO0S (% - xj =cosX and cosA+coB+cosC = % it shall

result the inequality of the statement.

Corollary 1.2. In all triangle ABC holds:

>3 (§+Lj for a >1
2 R
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Proof: It follows from corollary 1.1. and inequality: > x* >3- (> x)", for @ 21

Corollary 1.3. In all acute triangle ABC holds:

E+ﬁ§\/§£COS(A_B) cos(B-C) cos(C—A)JSZ(cosAJrcosB+cost

+ +
R 3 3 3 3 2 2 2

Proof: We shall consider the concave function f :(O,

NN

j—>R, f (x)=sinx. From

(1) it shall result:
sinA+sinB+sinC+oom7 cgin[ 2L AZC ) Gin[Z_A=C ) gin[ 2, AZB),
3 3 3 3 3

. (7 A-B . (7 B-C . (r B-C
+sin| = — +sin| =+ +sin| ——— |<
(5558 ran(5 #2558 Jrom(5-55°)

<9 cosA+cosB+cosC
2 2 2

or

E.,.ﬁg \/§£003(A— B) . cos(B-C) . cos(C —A)JS 2(C03A+ cosB cost
R 3 3 3 3 2 2 2

Corollary 1.4. In all triangle ABC holds:

ZCOSO{A_BZ3 2-3a —, a>1
3 P 33
2| T V2
R 2

Proof: It follows from corollary 1.3. and inequality: > x* >3- (> x)" for & >1

Corollary 1.5: In all triangle ABC holds:

cosA  cosB cosC+3\/§<\/§[cos(A—B) cos(B-C) cos(C—A)JS

+ + +
2 2 2 2 6 6 6

< 2[003(”_ A)  cos(z-B) COS(ﬂ—C)]

4 4 4

Proof: It follows from (1) for the concave function: f:(0,7) >0, f(x)=—+-

with the f' convex function.
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Remark. If the angles of a triangle ABC are acute result 7 —2A, 7 —-2B, 7 —-2C are
angles of a triangle. If we replace in corollary 1.5. we shall obtain the corollary 3 (1.3 ???).

Corollary 1.6. In all triangle ABC holds:

sinA sinB sinc+3<cos(A—B) cos(B-C) cos(C—A)<

+ + =< + +

2 2 2 2 6 6 6

<) sm(;z—A)+5|n(7z—B)+sm(7z—C)
4 4 4

sin x

Proof: It follows from (1) for f:(0,7)—>10, f(x):T concave with f'
concave.

Remark. For an acute triangle ABC considering

A—>7-2A B—> 7-2B, C > 7 —2C we shall obtain the corollary 1.1.

Corollary 1.7. In all acute triangle ABC holds:

1) ZcosT kA+3/2"K > Z(DcosﬂT k(2A+ B)/3+DcosDT k(2B + A)/3) > ZZDsinDT kA/2 if
k<0

2) ZDCOSDT kA+3/2"k < Z(DCOSDT k(2A+ B)/3+DcosDT k(2B + A)/3) < ZZDsinDT k A/2
if ke {0 2}
3
Proof. We shall consider the function:
f :(O,%)—)D , f(x)=cos"x,
f"(x)=-Kcos*? x(l— k sin? x) — _kcos 2 x(cos2 X+ (1-k)sin? x)
If k <0, fisaconvex function and for k e [0—32} , T is concave.
Also: (f')"= k cos“? xsin x(3k —2—k?sin? x). If k <0 f is a convex function and

if ke [0—32} ,  is a concave function .

From (1) it shaII result for k <0:

ZCOS A+—> ( k2A;B+C kZB j>22 cos"

and for k e [032} the reverse of this inequality.

v A

—22| >

WWW.josa.ro Mathematics Section



Some consequences of Drimbe inequality Mihaly Bencze, Marius Dragan 37

Corollary 1.8. In all acute triangle ABC holds:
S sin[l KA+(3(k+2)/2)/2k

1) > 3| Csinll k(2A+8)/3+[sin ] k(28+A)/3]> if k<O

> ZZDCOSDT KA/2

> sin kA+(3(K +2)/2)/2k <
2) sz[ﬂsinm k(2A+B)/3+[sin[| K(ZB+A)/3}£ if ke{o’_ﬂ

< ZZDCOSDT KA/2

Proof. We shall consider the function f ;[o,ﬁ} -0, f(x)= sin® x,
f"(x) =ksin? x[—sin2 x +(k —1)cos’ x] .
For k <0 fis convex and for k [032} f is concave.

Also: ( 7 )T" — k[sin[| (k—3)xcos x(—3k +2+Kk" 2[cos[T 2x)

So, f is concave for k < Qand convex for k <0 .
Applying inequality (1) for k<O we obtain:

SN

or

3k+2
D sin® A+ 2k2 2Z[sink@ si kZB;A}>ZZCosk'§

For k € [0—32} we obtain the reverse of the inequality .

Corollary 1.9. In all acute triangle ABC holds :
1) ?7?
> llcos] kA+(3(k+2)/2)/ 2"k <
2) < (leos| k(2A+B)/6+[cos k(2B+A)/6)< ifke {O—ﬂ
<25 leos”| k(z—A)/ 4
Proof. We shall consider the function

f:(O,EJ—m , f(x)=cos"§,
2 2
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38 Some consequences of Drimbe inequality Mihaly Bencze, Marius Dragan

fr(x)= —;cosk‘2 g + (cos2 g(l— k)sin? gj

convex for k <0 and concave for k 6{0_32} with f* convex for k <0 and concave for

2]

From (1) resulting the requirement.

Corollary 1.10. In all acute triangle ABC holds:
S sin kA/2+3/27k >

1) =¥ |[sin k(2A+B)/6+sin| k(2B+A)/6]> if k<O

> 25 [sin[] k(7 - A)/ 4

S Tsin(] kA/2+3/ 2k <
2) sZ[DsinDT k(2A+ B)/6+DsinDT K(2|3+A)/6Js if ke[o’—;}
<23 [sin[] k(7 - A)/ 4

Proof. We shall consider the function: f:(O,%)—)D, f(x):sink

convex for k <0 and concave for k [2

X ,
3

2((1— k)2 cos? X+ sin? Xj
2 2

f(x)= Ksine

L 1

f’ concave for k <0 and convex for k [0—32} )

From inequality (1) inequality follows from the statement.
In the following we give two refinements of the inequalities:

thgés Pr 2+3\/§
2 p*—(2R+r) 2
and
2 2
zt és p°—4Rr —r +£
2 4Rp 2

belonging to [2] who are true in any acute triangle .

Corollary 1.11. In all acute triangle ABC holds:
1) Y ctgA/2<1/2) (tg(2A+B)/3+1tg(2B+A)/3)< pr/(pTz—(2R+r)T 2)+(3J§)/2

2) > (tg(2A+B)/3+tg(2B+A)/3)=2p/r.
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Proof.

1) Applying to convex function f, f (0%] — [, f(x)=tgx with the derivate convex the

2pr
p* —(2R+r)

2) It follows from point 1) and equality: ZCtg ? _P :
r

it follows the inequality of the statement.

inequality (1) and because ZtgA =

2

Corollary 1.12. In all acute triangle ABC holds:
1) YtgA/2<1/2) (ctg(2A+ B)/3+ctg(2B+A)/3)s(pT2—4Rr—rT2)/4pr+\/§/2

2) > (ctg(2A+B)/3+ctg(2B+A)/3)=(8R+2r)/p.

Proof.

1) Applying to the convex function f with the derivative f* concave, f :(O,%}—)D ,

p°> —4Rr —r?

it follows the inequality of
2pr

f (x)=ctgx the inequality (1) and from " ctgA =

the statement.
A 4R+t

2 p

2) It follows from point 1) and identity: Ztg

Corollary 1.13. In all acute triangle ABC holds:
~A,,7-B, ,7-C 2A+B 2B+A _ 3
tg2 T tg? tg> >TTt t Ne
J 4 J 4 J 4 H J 6 H J 6 9

\%

r
Y
Proof. In (1) consider the concave function with derivative f’ convex f :(O,Zj -0,

f(x):ln(tgg)

Corollary 1.14. In all triangle ABC holds:

3\/§ pr sin(2A+ B) ]
16RZSH 3 H5|n(A+ZB) o’

< .
3 16R?

Proof. We shall consider the concave function with the derivate a convex function

f :(0,%}—% , (x)=In(sinx) in the inequality(1).

Corollary 1.15. In all acute triangle ABC holds:
2_r?_ — 4R? cos(2A+B
p-r 4|=22r 4R 21_[ ( )HCOS(A+ZB)
32R 3 S5 T
3 ~ 16R?

2
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Proof. We shall consider the function f :(0,%)—& , f(x)=In(cosx) concave

with f* concave in inequality (1). It shall result:
1 _JJcos(2A+B

HcosAgz 2 )Hcos(A+ZB)

., A
> Isin? =
3 H 2
r2
16R?

2_ 2_ _ 2
and because HcosA: P-r 4:er 4R and 1_[sin2

N | >

. It shall result the

required inequality.

Corollary 1.16. In all acute triangle ABC holds:

1 1 1 1 p®> + 1’ +4Rr
<= = 3
2 cosA 24| sin(2A+B) ' sin(A+2B) 4ep +3

2 3 3

Proof. We shall consider the function f (Ogj -0, f (x) = L convex with f’
sin x

1 p*+r®+4Rr

= it follows the inequality
sin A 2pr

concave. From inequality (1) and identity: Z
of the statement.

Corollary 1.17. In all acute triangle ABC holds:

1 1 1 1 7p* —28R* — 24Rr —5r?
Y ——<Z + <
sinA = 2| cos(2A+B) cos(A+2B) 2(p2—(2R+r)2)
2 3 3

Proof. We shall consider the function f (0%) -0, f (x) :L convex with f’
COS X

convex in the inequality (1).

Corollary 2.1. In all triangle holds:
1) p/R+) sin(2A+B)/3<2) sin(A+2B)/3

2) Y cosA/2+) cos(2A+B)/6<2) cos(A+2B)/6

Proof. 1) From inequality (2) applied to concave function f:(0,7)—10,
f (x)=sinx it shall result:

. >sin(2A+ B) . 2Y sin(A+2B)
D sinA+ 2 < 3

or
£+ Zsin(:A+ B) S ZZSin(A+ 2B)
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2) In (2) we consider the concave function f :(0,7) >0, f(x)=—"—.

ZCOSA+ Zcos(62A+ B) < 22coséA+ 2B) |

It shall result:

Corollary 2.2. In all acute triangle ABC holds:
T, ZCOS(:A+ B) p ZZcosgA+ 2B) |

1+

Proof. In (2)we consider the concave function f (O%j >0, f (x) =cosX. It shall

result:

S cos A+ > cos(2A+B) . 2) cos(A+2B)

or
Rar N > cos(2A+B) p 2Y cos(A+2B)
R 3

Corollary 2.3. In all acute triangle ABC holds :
1) ZDcosDT kAJrZDcosDT k(2A+B)/3> ZZDCOSDT k(A+2B)/3 if k<O

2) STcos kA+> [eos | k(2A+B)/3<23 [eos | k(A+2B)/3 if ke[0]]
Proof. We shall consider the function
f :(O,%]—)D , f(x)=cos"x,
f"(x) = —kcos*? x(1-ksin’ x)

convex for k <0 and concave for k e [0,1] to which we apply (2) .

Corollary 2.4. In all triangle ABC holds:
1) Slsin[f kA+>Tsin[ k(2A+B)/32 23 lsin[ k(A+2B)/3 if k<0

2) STsin[l kA+>[sin[] k(2A+B)/3< 23 sin[ k(A+2B)/3 if ke[0,]

T

Proof. We shall consider the function: f:(o,gj—m, f (x)=sin“x,

f"(x)=ksin*? x[—sin2 X+ (k —1)cos’ x] convex for k<0 and concave for k €[0,1] to

which we apply (2)

Corollary 2.5. In all acute triangle ABC holds:
1) STsin[ k2A+>Tsin[] k(4A+2B)/3> 23 [sin[ k(2A+4B)/3 if k<0

2) S Tsin[l k2A+> [sin[] k(4A+2B)/3< 23 sin[[ k(2A+4B)/3 if ke[01]
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Proof. In corollary 2.4 we shall consider: A»>7z-2A, B—>7-2B,C > 7-2C.

Corollary 2.6. In all triangle ABC holds:
® ¢ ¢ .
1) Y lleos] kA/2+> [lcos ] k(2A+B)/6>2> [fcos[] k(A+2B)/6 if k<O

2) S Tlcos ] kA/2+3Tcos k(2A+B)/6<2> [lcos | k(A+2B)/6 if ke[01]

Proof. In corollary 2.4 we shall consider: A—>%A, B— ﬂ; B ,C> ﬂ;C .
Corollary 2.7. In aII acute triangle ABC holds:
Zsm (4A+2B) 225in(2A+4B)
R2 3 3
Proof. From point 2) corollary 25. for k = 1 result
sin(4A+2B) 2) sin(2A+4B
Zsin2A+Z ( )s 2.5in( ) and because ZsinZA:%p we have
D sin(4A+2B) 2)'sin(2A+4B)
rRPT 3 < 3 '

Corollary 3.1. In all acute triangle ABC holds:
ZS|n(7z+(S 3) ) 2> cosC
cos((S—-2
R S 5 (( ))(A—B)SZZCOSA
2S

, Sell *

Proof. From inequality (3) apply to function: f (0%} — [J concave with concave

derivate: f (x) =sin x result:

Y sin((S -3)A+7) g ZLsin((S ~1)A+B) . sin((S-1)B+ A)J 22sin(B+C)

Zsin A+
S S S 2

equivalent with:

P ZSm(n+S 3) ) 2> cosC

R s 5 cos(S—Z)(A—B)< ZZCOSA
2S B 2

Corollary 3.2. In all acute triangle ABC holds:

R4r Zcos(s 3A+7r) ZZsmC
R S cos(S - 2)( ZZsmA

2S

Sell *
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Proof. From inequality (3) applied to concave function with f convex

f :(0,%)—& , f(x)=cosx result

ZCOS((S_3)A+”)SZ cos((S—l)A+B)+cos((S -1)B+A) ZZSII’IA

ZcosAJr S s S

equivalent with:

R4r ZCOS( S-3 A+7r) ZZsmC
R S cos((S -2)) A—B)sZZSinA

2S (

Corollary 3.3. In all triangle ABC holds:
> cos(z+(S-3)A-3) .

2S
<2cos(z—C)/4cos((S—2)A-B)/4s< ,Sel™

<> cos(z—A)/4

D cosAl2+

Proof. In (3) consider the concave function f and f* convex function f :(0,72') -

f(x)= €OSX "\t shall result:
2

ZcosA+ > cos((S-2)A+B-C) 3 cos((S—1)A+B) . cos((S—1)B+A) 3

2 2S B Z 28 2S

s 2) cos(B+C)
4
it follows the inequality from the statement.

Corollary 3.4. In all triangle ABC holds:

> sin A N Y sin(z+(S-3)A) L 2> sin(z - A)
2 4

2S

cos(S-2)(A-B)
4S < , Sel *

< ZZSin(ﬂ' -
4

Proof. In (3) we shall consider the concave function with f concave f :(O,zz) — [

sin x
f(X)—T.
It shall result:
D sinA Dsin((S-2)A+B+C) . [sin((S-1)A+B) sin((S-1)B+A)) _
2 28 <2 28 " 28 -

. ZZsin(zr—
4
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Corollary 3.5. In all acute triangle ABC holds:
ZDCOSDT kA+ZDcosDT k(z+(S-3)A)/S>
1) >>leos | k((S—1)A+B)/S +[cos] k((S-1)B+A)/S> if k<0, Sell*
> 2> Tlsin[] kA /2

S [eos ] kA+3>Tcos[ k(z+(S-3)A)/S<
2) <lcos k((S-1)A+B)/S+oos] k((S-1)B+A)/S< if k e[o—ﬂ Sel*
<25 sin] kA/2

Proof. We shall consider the function f :(O,fj—m , f(x)zcos" X convex for

k <0 and concave for k e {0—32} with f* convex for k <0 and concave for k {E} to

which we apply (3)

Corollary 3.6. In all acute triangle ABC holds:
S sinll ka+Y Csin( k(7 +(S-3)A)/S >
1) >3 sin] k((S-1)A+B)/S+Csin k((S-1)B+A)/S> if k<0, Sell*
> ZZDCOSDT kA/2

> [sin] kA -+ [sin] k(7 +(S -3)A)/S <
2) <Shsin k((S-1)A+B)/S+(sin] k((S-1)B+A)/S< if k e{o'—;] Sell*
< ZZDcosDT KA/ 2

Proof. We shall consider the function f :(0,%}—% , f(x):sink X convex for

k <0and concave for k 6{0_32} with f* concave for k <0and convex for k E{E} to

which we apply (3).
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