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Abstract. In this paper we give some generalizations of the inequality of Ionescu-

Weitzenböck. 
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1. INTRODUCTION 
 
In [1] we give 23 proofs of the inequality of Ionescu-Weitzenböck, i.e.: 
In all triangle  with usual notations holds: ABC

34222 Scba                                (I-W) 
Here we give 10 generalizations of (I-W) as follows: 

 
 
2. MAIN RESULTS 

 
 
Generalization 1. If , then all triangle , holds the inequality:   ,1m ABC
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Proof 1. We have: 
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where we taking account that the function 
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is increasing and convex on , and applying Jensen’s inequality we obtain that: *
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Proof 2. Since the function , is convex on  by Jensen’s  
inequality we deduce that: 

,: **
  RRf mxxf 2)(  *
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* Paper in memoriam of Ion Ionescu (1870-1946). 
1 Matei Basarab National College, 061098 Bucharest, Romania. E-mail: dmb_g@yahoo.com.  
2 George Emil Palade School, 120265 Buzău, Romania. E-mail: stanciuneculai@yahoo.com. 

ISSN: 1844 – 9581                                                                                                                                         Mathematics Section 

mailto:dmb_g@yahoo.com
mailto:stanciuneculai@yahoo.com


Some generalizations of Ionescu-…                                                     Dumitru M. Batinetu-Giurgiu, Neculai Stanciu 

 
28 







 

 
m

m
mmm pcba

cba
fcfbfaf 2

12
222 )2(

3

1

33

1
)()()(  

m

m

mm

mm

mmmm

m

mm

r

pS

r

prpp






  121212

2

3

4

3

4

3

4
. 

where we use Mitrinović’s inequality, i.e. 33
r

p
, and yields the result. 

 
Proof 3. From J. Radon’s inequality we have: 
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then proceed as in the Proof 2. 
 
Observation 1. If , then by the generalization 1 we obtain the inequality of 

Ionescu-Weitzenböck. 
1m

 
Generalization 2. If , then in all triangle , holds:   ,2m ABC
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and since the function ,: **
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inequality of Jensen and we deduce that: 
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Observation 2. If , then by the generalization 2 we obtain the inequality of 
Ionescu-Weitzenböck. 
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Generalization 3.  If the function  is convex and increasing on , then 

in all triangle ,  holds: 
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Proof. By Jensen’s inequality we have: 
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Where we taking account (I-W) and the fact that  is increasing on we obtain that: w *
R




















3

4
3

3

34
3)()()( 222 S

w
S

wcwbwaw

. 

www.josa.ro                                                                                                                                                   Mathematics Section  



Some generalizations of Ionescu-…                                                     Dumitru M. Batinetu-Giurgiu, Neculai Stanciu 29

 
Observation 3. If , then by the generalization 3 we obtain the inequality of 

Ionescu-Weitzenböck. 
xxw )(

 
Generalization 4. If  Rzyxm ,,, şi , then in all triangle , holds: *

 Rzyx ABC
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Proof. We have: 
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where we apply J. Radon’s inequality and (I-W) and we obtain: 
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Observation 4. If , then by the generalization 4 we obtain the inequality of 

Ionescu-Weitzenböck. 
0m

 
Generalization 5. For any point IntABCM   we denote  the 

distances from the point  

)(),(),( MdMdMd cba

M  to the lines  and  
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If , then in all triangle  holds:  Rm ABC
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and by the inequality of  J. Radon we deduce that : 
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Observation 5. If , then by the generalization 5 we obtain the inequality of 

Ionescu-Weitzenböck. 
0m

                                                              
Generalization 6. If , then in all triangle  holds: *
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Observation 6. If , then by the generalization 6 we obtain the inequality of 
Ionescu-Weitzenböck. 

2m

 
Generalization 7. If , then in any triangle , holds: ,,  Ryx *

 Ryx ABC

      Syxyaxcycxbybxa 2222 )(34  . 
 
Proof. By the inequality of  H. Bergström we have that: 
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By the theorem of Jakob Steiner, i.e if we consider all triangles with the perimeter 
, then the triangle with the maximum area is equilateral triangle. Let  be the area of the 

equilateral triangle with the perimeter  and 
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and because (by the theorem of Jakob Steiner) we get: SS 3

SyxU 2)(34  . 
 
Observation 7. If , then by the generalization 7 we obtain the inequality of 

Ionescu-Weitzenböck. 
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Generalization 8. If , then in all triangle , holds: ,,,  Ryxm *

 Ryx ABC

      2

1

4

3
11111 3)(2


 

mm
mmmmm Syxyaxcycxbybxa . 

 
Proof. By J. Radon’s inequality we have that: 
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As in the generalization 7 we have: 3
2 33 Sp   and by  Jakob Steiner’s theorem we 

have . SS 3
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Observation 8. If 0,1  yxm , then by the generalization 8 we obtain the 

inequality of Ionescu-Weitzenböck. 
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eneralization 9. If , then in all triangle , holds: G *,,,   RzyxRzyx ABC
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bservation 9. If 0,1  zyxO , then by the generalization 9 we obtain the 

inequal böck. 

eneralization 10. If , then in all triangle , holds: 
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As above: 3
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bservation 10. If 0,1  zyxmO , then by the generalization 10 we obtain the 

inequal nböck. 
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