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Abstract. In this article we have presented a novel result in connection with the
unification of a class of trilateral generating relations for certain special functions with
Tchebycheff polynomial by group theoretic method. A good number of applications of our
result are also given in section 3 of this paper.
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1. INTRODUCTION

Generating functions play a large role in the study of special functions. The generating
functions for various special functions which are available in the literature are almost bilateral
in nature. In recent works, some mixed trilateral generating functions for certain special
functions have been investigated by some researchers.

Theories in connection with the unification of bilateral or trilateral generating relations
for various special functions are of greater importance in the study of special functions. For
previous works in this direction, one can see the works [1-7] and [8-15] in connection with
the unification of bilateral and mixed trilateral generating relations.

In this paper, we have made an attempt to present a novel result in connection with the
unification of trilateral generating relations for certain special functions by group theoretic
method, of course when suitable continuous transformation groups can be constructed for the
special function under consideration, with Tchebycheff polynomials. In fact, this method [16]
is based on the theory of one parameter group of continuous transformations by means of
which any unilateral generating relation involving a special function can be transformed in to
a bilateral generating relation and then into a trilateral generating relation with Tchebycheff
polynomial by means of the relation [17]:

(1.2 Tn(x):%{(x+my+(x— x2-1 )n}

The detailed discussion is given below:
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2. GROUP-THEORETIC DISCUSSION

Let us first consider the following unilateral generating relation,

(2.1) G(x,w) = Za P x)w
n=0

where p'* (x) is a special function of degree nand of parametera.and a, is independent of
X, Ww.
Replacing w by vwz and then multiplying both sides of (2.1) by y* we get,

(2.2) Y4 G(x,vwz) = ian (p,(f‘) (x) yaz") (vw)" .
n=0

Let us suppose that for the above special function, it is possible to define a linear
partial differential operator R, which generates a continuous transformation groups as follows:

R= é(x,y,Z)% +77(x,y,2)% (0 y2) % 6(x,y.2)

such that

(2.3) R (p@ @)y z" )=py pl4? )yt
and

(2.4) "R f(x,y,2)

= Qx, y,2,w) (200 y.2,W), h(x, y,2,w) k(x,y,2,w) ).

Operating both sides of (2.2) by e”*, we get
(25) " (7Gx, ) )= e”[Zan (P{ (x)y7z") (vw)"].
n=0

The left number of (2.5), with the help of (2.4), becomes
(2.6) Q(x,y,z,w) (h(x, y,z,w))* G ( g(x,y,z,w),vwk(x, y,z,w) ).

The right number of (2 5), with the help of (2.3), becomes

(27) z za pner—l """"" Pn+k-1 pn+kk) (X) ya kgt (Vw)n
n=0 k=0 k!

Now equating (2.6) and (2.7) and then putting y = z =1, we get
(2.8) Q(x11,w) (A(x11, w))a G ( g(x11w), vwk(x,11, w))

WWW.josa.ro Mathematics Section



On the unification of a class ... Asit Kumar Chogdar, Chandra Sekhar Bera

19

> W
Zan / Ionpn+1 pn+k lpn+kk)(x) V

;
_N w (a—k) -k
_Z anfk k/ pn—klon—k+l pn 1 p “ (X) V
n=0 k=0 .

>

n=0

n pkpk+l""pr1—l (a—-n+k)
== p, (x) V'
k=0 (n—k)!

W a pna n+k)(x) Vk

= w' o, (x,v)
n=0
where
n-1
" H,Oi
(2.9) o, (x,v) = Z ap = ple (x) ok

(n k)

Now to convert the above bilateral generating relation into a trilateral generating

relation with Tchebycheff polynomial, we notice that

o0

Z o,(x,v) T,(u)w"

n=0
= i o, (x,v) %[(u+\/u2 -1)" +(u—\/u2 —1)"} w"
n=0

:% i Un(x,V){W(u+ Vu2 —1) }n +i O‘n(xlv) {W(M— /uz _1) }n:|
Ln=0 n=0
Y "+ Y o) oy
2—"’:0 n=0
1

=2 0x1Lp) (h(x11p)) G ( &(x1Lp)vpk(x11p,))

+QUx1Lp,) (W(x11p,)) G ( g(x1Lp,)vpk(x11p,) )],
where

plzw(u—i-\/uz—l) and pzzw(u—\/uz—l).

Thus we have prove the following theorem.

Theorem 1. If there exists a unilateral generating relation of the form:
G(x,w) = a,p,"” (x) w

n=0
then
Z o,(x,v) T,(u)w"
n=0
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1 P
=21 Qx11p) (Wx11p)) G (g(x1lp ) vpk(x1Lp)

+Q(x110,) (h(x110,))" G ( g(x11p,)vpk(x11 p,)) }
where

n-1
" H Pi

o, (x,v)= a, =k plantk) ko
(o)=Y a Fs

plzw(u+\/u2—1) and pZ:w(u—\/uz—l).

The above theorem does not seem to have appeared in the earlier works.
We now proceed to give a good number of applications of our result.

3. APPLICATIONS

Application 1. At first we take
(3.) Py (¥) = Li ().

Now we consider the operator R [18],where

R=xy 'z 82 + Zi —xy7'z

X oy
such that
(3.2) R(LD () y2m )= (n+1) 100 (x) y* Lz
and
(3.3) "R f(x,y,z)=exp (—wxy_lz) f (x(l+ wy_lz),y(1+ wy_lz),z )

So by comparing (3.2), (3.3) with (2.3),(2.4), we get
p,=(n+l), Q(x,y,z,w)=exp(—wxy 'z),
g(x,v,z.w)=x(1+wy'z), h(x,y,z,w)=y(1+wy'z),
k(x,y,zw)=z.

Then, by the application of our theorem, we get the following result on trilateral
generating relations with Tchebycheff polynomials.

Theorem 2. If
(3.4) G(x,w) = ZanLEf‘) (x) w"
n=0
then
(3.5) Z o,(x,v) T,(u)w"

n=0

= Lexpp) @ ) Gxtar o) v )+ ex0(-p0) (Lt ) G0+ p2)ve) |
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where

7 (x,) = Zak @ L) v,
pL= w(u+vu?-1) and pz—w(u—\/u -1),

which dose not seem to appear before.

Application 2. Now we take
(3.6) D) = P (x) with a =B,

and we consider the following partial differential operator R[19]:

R= xy’lzi — Zi —(x-Dy*'z
ox oy

such that

(3.7) R(£E () P2 )= = (n+2) 1P 2z

and

(3.8) e"® f(x,y,2) = ( Y J exp(_XWZ] f( 24 Y —ZW, z].
y—wz y—zw y—zw

Then by comparing (3.7), (3.8) with (2.3), (2.4), we get
p,=—(n+l), Q(x,y,z,w):( Y j exp[ _XWZJ,

y—wz y—zw

g(x,y,z,w)z(Lj, h(x,y,z,w)=y—wz, k(x,y,z)=z.
Z

Therefore, by the application of our Theorem 1, we get the following result on
trilateral generating relation with Tchebycheff polynomials.

Theorem 3. If
(3.9) Glx,w) =D a, [P (x)w
n=0
then
(3.10) i o,(x,v) T,(u)w

n=0

1 1 xpy x B-1 ) x
==+ o) Lex G , +(1+ ex G :
2[( p1) p(“pl] (le vm] L+ )" exp P L ETp

where

o, (x,v) = Za U (k) (x) vE,
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P = w(u+\/u2 -1) and pzzw(u—\/uz -1) ,

which does not seem to appear before.

Application 3. We now take
(a) (x) = Y(a) (x)
Then from [20], we notice that

szzy_lzi +xz£+x y_lz2 §+(,B—x)y_lz
z

Oox
such that
(311) R¥ )y« 2" )= pria® () et 2
and

e f(x,y.z)=(1-wxy“z)exp (fwy z)
(3.12) Xf( . y Z j

1-wxy 'z 1-wxy 'z 1—wxy 'z

Comparing (3.11), (3.12) with (2.3), (2.4), we get
=B, Qxyzw)=(l-wxy'z) exp (S wy z),

X
g(x:y:Z:W):l—_l’ h(X,y,Z,W)ZL_l,
—wWxy 'z 1-wxy z
z
k(x,y,z,w)=——"—.
1-wxyz

Then by the application of our theorem, we get the following result on trilateral
generating relation with Tchebycheff polynomials.

Theorem 4. If
(3.13) Glx,w) = > a, Y (x) w"
n=0
then
(3.14) Z o, (xv)T (u)w
n=0
1 » v
exp( Bp )(1- pix )" G( Lj
2 1-px 1-px
+exp(ﬂp2)(1—p2x)“6( T J
1-px 1-pyx
where
(3.15) o,(x,v)= Zak n(“_"+k) (x) vF |

(n—k)!
o= W(u+\/u -1) and p2:w(u—\/u2—l),
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which does not seem to be appear before.

Application 4. We now take
) =ClHx) witha=2.
Then from [21], we notice that

R=(x*-1)y"'z 9 + 2x zi —xy "z
ox oy

such that

n +22-D(n+1 . e
o i (C’f (X)y/lz ): . 2(2 —)]-()n ! Cr/}ﬂl(x)y/1 1 n+l
and
(3.17) e f(x,y.2)= { 14 2wxy 'z + (x? =1)why2z? }*%

xf( x+w(x>=1)y 7z, {1+ 2wxy z + (x> =’y 2% )z )

Now comparing (3.16), (3.17) with (2.3), (2.4) , we get
= (n+2i-1)(n+1) L Q(x,y,2,w) = {1+ 2wxy 'z +(x° —l)wzy’zzz}f%
2(A-1)
g(x,y,zw)=x+w(x*=1)y "'z, h(x,y,z,w)=y{1+2wxy "z +(x* =1)w’y 2z },
k(x,y,z,w)=z
Then by the application of our theorem, we get on simplification the following result
on trilateral generating relation with Tchebycheff polynomials.

Theorem 5. If
(3.18) G(x,w) = ianc,f (x) w"
then -
S o, (5T, () W
pr
(3.19) :%[{ 1+4px+4pi(x’ 1) | e G(x+2p(x*-1).pv)
+{1+4px+4p)(x* 1) }l‘% G( x+2p,(x* 1), pv )}
where

N NN\ (2A—k+1), , ~iwk k
o(xv)=)a = x)v',
S );Jﬁ A (x)

oL = w(u+\/u2 -1) and p, :w(u—\/u2 -1),

which does not seem to have appeared in the earlier works.

Application 5. We now take
P (x) = PP (x).
Then we consider the operator R [22, 23], where
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R= (1—x2)y_1z 9 +(1- x)zg —(1+x) y_lz2 9. @Q+a)d+ x)y_lz.
ox oy oz

such that
(3.20) R (Pn(a‘ﬂ) (x) yP 2" ): -2(n+1) P’ffl’ A (x) yPt ot
and

~l-a

eWRf(x,y,z):{ 1+ w(l+x)y 'z }

(3.21) o x+wl+x)y 'z y(l+2wy'z) z
T+ wl+x)y "z 1+ wl+x)y 'z 1+ wl+x)y 7z |

Comparing (3.20), (3.21) with (2.3), (2.4), we get
P, =—2(n+1), Q(x, y, z,w) =L+ w(l+ x)y_lz}_l_a :
x+wl+ x)y_lz v+ 2wy_1z)

1+ wl+ x)y_lz ’

g(x’y’Z’W): _1 ’ h(xayaZaW):
1+ wl+x)y "z

z

k(x,y,z,w) = -
1+ wl+x)yz

Then by the application of our theorem, we get on simplification the following result
on trilateral generating relation with Tchebycheff polynomials.

Theorem 6. If
(3.22) G(x,w) = ZanPn(a’ A (x) w" |
n=0
then
> o ()T, (u) W'
n=0
1 x—(l+x)2 §
(3.23) = |1 x) 2 el p ) G 2 A
2 2 -1+ )2 1o+ )2
2 2
x—(1+x)P2 )
s x) P2 (1, ) G 2, £
2 1-1+x)22 1-1+x)P2
2 2
where
o, (xv) = 3 ay (”J B0 () v
k=0 k
Pl = w(u—i-\/u2 -1) and p,=w (u—\/u2 -1).
Now if in place of R, we consider the following operator R;[24]
R =(1-x?)yz 9 -(1- x)zi +(1-x) yiz? 9, 1-x)yz(1+ )
ox oy 0z
such that
(3.24) R BEP (1) y 27 )=—2(n+1) PETEA) (x) yot 2t
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and
elef(x’y’Z) = { 1+ W(x _1)y—lZ }_l—ﬁ

(3.25) [ xowx=L)y 7z p(l-2wyz) z
Trw(x-1)y7z Tew(x-1)y 7z 1+ wx-1)y7z )

Then by the application of our theorem, we get the following result (analogous to
Theorem 6) on bilateral generating relation involving Jacobi polynomial.

Theorem 7. If
(3.26) Glx,w) = > a, P P (x) w"
n=0
then
. 1 x+(x-1)~ )
Y, o (eI, () w' = A= (x =D e (L ) G 2, —h
=0 1-(x-D)2 1-(x-1*
(3.27) 2 2
x+(x-1)22 )
1= (x=1)22 T (A ) G 2 2
2 1—(x—1)% 1—(x—1)%
where

n
on(x) = 2 a (kj P D )
k=0

It may be pointed out that the Theorem 7 can be directly obtained from Theorem 6 by
using the symmetry relation [17]

PP (x) = (-1)" PP (x).

4. CONCLUSION

From the above discussion, it is clear that one may apply Theorem-1 in the case of
other polynomials and functions existing in the field of special functions subject to the
condition of construction of continuous transformation groups for the said special function.
Furthermore, the importance of the above theorems (2-7) lies in the fact that whenever one
knows a unilateral generating relation of the form (3.4, 3.9 etc) then the corresponding
trilateral generating functions can at once be written down from (3.5, 3.10 etc). Thus, one can
get a large number of trilateral generating functions with Tchebycheff polynomials by
attributing different suitable values to a,,.
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