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Abstract. In this paper we introduce the new inequality and identity called (M, N), that 

Hayashi's inequality is only a special case. Then we will present some interesting 
applications. 
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1. INTRODUCTION  
 
 

Suppose given a triangle ABC  of the lengths of sides a, b, c. Hayashi propose an 
inequality: With any point M, we have 

 
. . .aMB MC bMC MA cMA MB abc    

 
(see [2, 3]). In this paper we propose a new inequality which is a generalization of the 
Hayashi's inequality, then we present some interesting applications in triangle. Successfully, 
we have two following principal results. 

 
Theorem 1.1. Let be a polygon, s be an integer, 1 2... nA A A s n , and arbitrary points 

 in euclidean plane 1 2, ,..., ,  sN N N M 2  we have the following inequality 
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j

 

 
We call this inequality as name the inequality  ,M N . 

(i) If 0s  , we have Hayashi's inequality. 
(ii) If 3,  1 , and A, B, C, N belong to the circle with the center M we have 

the inequality 4 ABC . 

n s 
aAN bBN cCN S  
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Proposition 1.2. Assume that th A in the circle with the 

1s   points 1 2, ,...

e polygon  is inscribed 

center O and radius R. Taking 

 1 2... nA A

, sN N  belonging to this circle C. 

Assuming

N  and M also

 that the coo  rdinate  sin kcos ;k kA   , 1,2,...,k n ; the coordinate 

 cos ;sinj jN u u j , 1,2,...,j s  and the coordinate  sincos ;M u u . Then, we will have these 

identities 

) 

 

(i
  1 1

1

1

sin sin
12 2

cos
2sin sinsin

2 22

s s
j k j

n
j j k
n

k k tkt

t kt

u u u

s n u
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(iii)

1
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1

sin
2 0  if  3,  1

sin
2
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k tk
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n s



 





 



 

(iv)

 

 

1 1

1 1

1

1

sin sin
2 2

 if  1
sin sinsin

2 22

n n
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n
j j
n
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u u u
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(v) 

2 2 2

1 1 1

1 1

1 2 22 t kt

sin sin sin
2 2 2

cot  and  0 if  2
2sin sinsin

n n n
j k j k j

n n
j j jt
n

k t k tk kt

t k

u u u

s n

 


   

  

  

 



 

   
 

  
 
 

 

 
2. INE

equality ecial
 

heorem 2.1. Let  be a polygon, s be an integer,



 

QUALITY AND IDENTITY 
 
 
Now we prove an in  that Hayashi's inequality is a sp  case. 

T 1 2... nA A A  s n , and arbitrary points 

 in Euclid1 2, ,..., ,  sN N N M ean plane 2  we have the following inequality 
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j
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k

1
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We call this inequality s name the inequality  ,M N . 

 

the inequality aAN bBN cCN 

 

(i) If , we have Hayashi's inequality. 
(ii) If , and A, B, C, N belong to the circle with the center M we have 

. 

 
Proof: Suppose that  have affixe  has affixe z and Nh affixe zh. Using the 

Lagrange interpolation for ula, we have 

0s 
3,  2n s 

4 ABCS

kA

m

,  ka M

     1

11

s

s

k ja zn
j

j i
kj i kk i

i k

z z z a
a a



 


  
 

 and 

deducing 1 1

s s

1
1

j kn
j j

ki k i
i i k

z z a z

z a a a z a
 


 

 


 

 
 

 this, we deduce the geometric inequality 

 

j

k
. From

1 1

s

1

1

.

s

n
k k i k

i i k
i

A

A A MAMA 





 

(i) If 

j k jn
j j

MN N
 
 

  

0s   we have j1j kMN A  N   and the inequality  ,M N  

becomes the Hayashi's inequality for the polygon  
 

1

1

1i

 
(ii) 

1

.

n

n
k k i k

i i k

A A MAMA 


 

s

k j
j

A N



 

If 3,  1n s   and A, B, C  belong to the circle with the center M we have , N

the inequality 
abc

aAn bBN cCN
R

    or 4 ABCaAN bBN cCN S   .     □ 

 
Remark 2.2. Denote N as the center of circumcircle. Applying the inequality  ,M N  

(ii) e d uc    2w ed e R a b c r a b c      or 2R r  [Euler]. 

 
Corollary 2.3. Suppose that O, I and G are respectively the center of circumcirle and 

incircle of . Denote the radii of circumcircles of the triangles GBC, GCA, GAB by R1, 
R , R ectivly. Let ra, r , r  be the radii of circumcircle of the triangles IBC, ICA, IAB, 

 ABC
2 3, resp b c
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and let '
1R , '

2R , '
3R  be the radii of circumcircles of the triangles OBC, OCA, OAB, 

 respectively. We have 

(i) 2R 
abc

a b c 
 

 
(ii) 1 2 3 3R R R R    (see [1]). 

 

a b c

a b c

r r r R

h h h r
    where ha, hb, hc are the lengths of altitudes of ABC . (iii) 

 
' ' '
1R x 2 3

a b c

R y R z
R

h h
(iv) 

h
   where ABC   is not an obtuse triangle and x, y, z are 

tances from O to the 3 sides, respectively. 

(i) Applying the inequality 

the dis
 
Proof:  

 ,M N  (ii) we obtain B abc. . .aOB OC bOC OA cOAO   or 

2 abc

a b c 
R  . 

 
(ii) Applying the inequality  ,M N  we obtain aGB. . .GC bGC GA cGAGB abc   . Since 

1 1 14 4
3 3
ABC

GBC

S abc
aGB R R 1.4 3

abc
R 2.

3

abc
bGC G. 4CG R S A R

R R
   , 

R
   and

3.cGAGB
3

abc
R

R
  therefore 1 2 33 3 3

abc abc abc
R R R abc   or 1 2 3 3R R R R   . 

R R R


 
(iii) Applying the inequality  ,M N  we have . . .aIB IC bIC IA cIA IB abc   . Since 

. 4r 2 4
4

a a
a

a a

r rabc r rabc
aIB r ra

h R h R
   a IBCSIC , . b

b

r rabc
bIC IA

h R
  and . c

c

cIA IB
h R

  
r rabc

we have a b c

a

abc

h R b c

abc
h R h R

    or 
r r r rabc r rabc a b c

a b c

r r r R

h h h r
   . 

 
(iv) Ap ng thplyi e inequality  ,M N  we have . . .aOB OC bOC OA cOA OB abc   . Since 

' ' '
1 1 1. 4 '

12 4
4OBC

a a

x abc x abc
aOB C R R   , xa R

h R h R
'
2.

b

y abc
bOC OA R  and 

h R
O R S

'
3.

c

z abc
cOAOB R

h R
  we have 

' ' '
2 3

a b c

R R y abc R z abc
abc

h R h R h R
    or 1x abc

' '
1 2

'
3

b c

R x R y R z

a

R
h h h

 .                                                                                                        □ 

osition 2.4. Suppose given a triangle ABC with the lengths of sides a, b, c 
R is the radius of circumcircle of 

 

 
Prop

respectively and ABC . Let' I, J , J c are the centers of 
ibed circles of 

s a b, J
incircle and escr ABC , respectively. Then, with any point M, we have 
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. .

abcMI aAI bBI cCI

MA MB MC MA MB MC
    (i) 

 

(ii) 
. .

MI a b c b c a c a b a b c

MA MB MC bcMA caMB abMC

       
    

 

(iii) 
. .

a b c a b c a b c a b cMJ MJ MJ AJ AJ AJ BJ BJ BJ CJ CJ CJ

MA MB MC bcMA caMB abMC

       
  

 
 

v) 

. . .a b b c a a. . .

. .
. . . . .

c b b c c a

a b b c c a a b b c c a

MJ MJ MJ MJ M AJ A 


(i
.

J MJ J AJ AJ AJ AJ

MA MB MC bcMA
BJ BJ BJ BJ BJ BJ CJ CJ CJ J CJ CJ

caMB abMC

 

   
 

 

pplying the inequality 

C

 
 
Proof: (i) A  ,M N  we have

 

 

. .

MI AI BI CI

MA MB MC bcMA caMB abMC
    

(ii) Since 

 
 2 bc b c a

IA
a b c

 


 
, 

 2 ca c a b
IB

a b c

 


 
, 

 2 ab a b c
IC

a b c

 


 
 therefore 

. .

MI a b c b c a c a b a b c

MA MB MC bcMA caMB abMC

       
   . 

 
(iii) Applying the inequality  ,M N  to 3,  1n s  , we have the three inequalities 

. .
a a a aMJ AJ BJ CJ

MA MB MC bcMA caMB abMC
    

 

. .
b b b bMJ AJ BJ CJ

MA MB MC bcMA caMB abMC
    

 

. .
c c c cMJ AJ BJ CJ

MA MB MC bcMA caMB abMC
   . 

n adding the three inequalities, we find the inequality 
 

 
O

. .
a b c a b c a b c a b cMJ MJ MJ AJ AJ AJ BJ BJ BJ CJ CJ CJ

MA MB MC bcMA caMB abMC

       
   . 

 
(iv) Applying the inequality  ,M N  to 3,  1n s  , we have the three inequalities 

 
. . .

. .
a b a b a b a b.MJ MJ AJ AJ BJ BJ CJ CJ

MA MB MC bcMA caMB abMC
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. . .b c b c b c .

. .
b cMJ MJ AJ AJ BJ BJ CJ CJ

MA MB MC bcMA caMB abMC
    

 
. . . .a c a c a c a

. .
cMJ MJ AJ AJ BJ BJ CJ CJ

MA M
 

B MC bcMA caMB abMC
   . 

On adding the three inequalities, we find the inequality 
. . . . . . . .

. .
a b b c c a a b b c c a a b b c c. aMJ MJ MJ MJ MJ AJ AJ AJ AJ AJ AJ BJ BJ BJ BJ BJ BJ

MA MB MC bcMA

     
 

MJ

caMB


. . .a b b c c aCJ CJ CJ CJ CJ CJ

abMC

 
.                                                                                                   □ 

 
Corollary 2.5: Given a the triangle ABC of the lengths of sides a, b, c and R is the 

ocenter 
f

radius of circumcircle of ABC . Denote O, H the center of circumcircle and the orth
o  ABC . Then, with any po M, we have the inequality: 

 
int 

.

. .

abcMO MH aAH bBH cCH

RMA MB MC MA MB MC
    

 
if M belongs to the circle with the center O and the radius R, we obtain the inequality 
 

2 2 2 2 2 24 4 4

. .

abcMH a R a b R b c R c

MA MB MC MA MB MC

  
   . 

 
Proof: Applying the inequality  ,M N  to 3,  2n s  , we have the inequality

 

: 

. . .M .O MH BO BH CAO AH O CH

. .MA MB MC bcMA caMB abMC
   . 

hus, we obtain the inequality 

 
.

T
. .

abcMO MH aAH bBH cCH

RMA MB MC MA MB MC
   . Since 

2 24AH R a  , 2 24BH R b   and 2 24CH R c   we obtain 
. .

abcMH

MA MB MC
  

2 2 2 2 24 4 4a R a b R b c R c

MA MB MC

 
  

2
                                                                              □ 

orollary 2.6: Suppose given a triangle ABC with the lengths of sides a, b, c, 
respec  G, H be the center of incircle, the centroid and the orthocenter of . 
Then, with any point M, we have the inequality 

 

 
C

tively. Let I, ABC

2 2 2

. .

abcMI aAI bBI cCI 2

MA MB MC MA MB MC
    (i) 

 
2 2 2

. .

2aAG BG cCGabcMG b

MA MB MC
 

MA MB MC
  (ii) 
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(iii) 
     2 2 2 2 2 22 4 4 4

. .

a R a b R b c R cabcMH

MA MB MC MA MB MC

 
    



 
Proof: Applying the inequality  ,M N  to n 3,  2s  , 1 2N N N  , we have 

 
2 2 2

. .

2MN AN BN CN

MA MB MC bcMA caMB abMC
    

 

Therefore, we obtain the inequality 
2abcMI 2 2 2

. .

aAI bBI cCI

MA MB MC MA MB MC
    and 

2 2 2 2cCG

. .

abcMG aAG bBG

MA M MC MA MB MC
   . 

B

Then we have (i) and (ii). If N H  we have (iii): 
 2 22 4

. .

a R aabcMH

MA MB MC MA


   

   2 2 2 24 4b R b c R c

MB

 
  .                                                                                                    □ 

MC

Example. Suppose given a triangle ABC of the lengths of sides a, b, c respectively. R 
he radius of circumcircle; r1, r2, r3 are the radii of escribed circles correspondence to 
ices A, B, C, respectively. Let da, db, dc the distances from the center of circumcircle to 

e center of escribed circles. Then, with any point D belong to the circumcircle of 

 

is t
vert

ABCth  we 
ave the inequality: 

 

(i) 

h

3

. .
a b c

a b c

d d d
bc ca ab DJ DJ DJa b c

R x b c a y c a b z a b c xyz a b c
     

      
 


 

(ii) 
   

 
1 2 3

3

2 2 2 . .a b c
R r R r R r DJ DJ DJbc ca ab

R a b c b c a c a b a b c xyz a b c

  
   

         
. 

 

 (i) We consider 
 
Proof: M O . 
 

ce Sin

     

     

     

2 2 2

2 2 2

2 2 2

,  ,

,  ,

,  ,

a a a

b b b

c c c

bc a b c ca a b c ab a b c
J A J B J C

b c a b c a b c a
bc b a c ca a b c ab b c a

J A J B J C
c a b c a b c a b

bc c a b ca c b a ab a b c
J A J B J C

a b c a a b


 b c c

      
        

               
      

  
    

herefore 

we obtain 

 t

3

. .
a b c

a b c

d d d
bc ca ab DJ DJ DJa b c

R x b c a y c a b z a b c xyz a b c
     

       
. 
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(ii) Since 2 2 2ad R R  2

22R Rr , 2 2
32cd R Rr   therefore 

   
1r

2
bd , 

 
1 2 32 2 2 .R r R r R r J DJc ab

R

  
3

.a b cDJ Db ca

a b c b c a c a b a b c xyz a b c
   

         
.         □ 

 
Proposition 2.7. Let  be a polygon inscribed in the circle with the center O 

and radius R. Then, with any  points 
1 2... nA A A

s n 1... sN N  in the plane , we have the 

inequality 
1 2... nA A A

1 1
1

1

1,

s s

k i in
i i

n n
k

k i
i i k

A N ON

RA A

 




 


 




. 

If 1R   we obtain 1

1 1

1,i i k 

a A A a A

s

k i sn
i

in
k i

k i

A N
ON

A A



 




 


. 

 and If 3,  1n s  1 2 , 3 2 3 A1 , 3 1a A A2  we obtain the inequality  

1 2 31 1 2 2 3 3 4 A A A

ON
a A N a A N a A N S

R
   . 

 
Proof: Applying the inequality  ,M N  with M O , we have the inequality 

 

1 1
i

i

ON
  

1
1

s s

k in
i

n n
k

k i

A N

RA A







 



1,i i k 

Let 1R   we obtain 1

s

k i sn
i

in

A N
ON 


 

1 1

1,

k i
k i

i i k

A A 

 


 illustrate the advantage of

.                                                                □ 

Now, we  the identity  ,M N  by addressing several 

important problems of elementary Geometry. Firstly, we use the functions sin and cosin to 
create the identity under the form of trigonometry. 

Without generality, we can assume that the radius R of the circle C equal to 1. 
Suppose that every point Ak has affixe kcos sik ka i n  

cos sinh h hz u i u

, and M has affixe 

u  and every Nh has affixe cos sinz u i    . From Lagrange interpolation 

formula, we have 

 

 

 
   

1 1

1

1

s s

j kn
j j
n

k k k
j t k

t

z z a z

z a a az a

 






 


 

 
 

j

t
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or  
 

 

 

 

   

2 2

1 1

12 2

1

2 sin 2 sin
2 2

2 sin 2 sin 2 sin
2 2 2

j k j

t k

i u u i us s
j k j

n
j j

i u i u in
kt k k

t t k

u u u
i e i e

u u
i e i e i e



 



  

 

 
 



 

 


  

 


 
 

2
k t

t

  

 

We reduce all the factors 2i , 2
jiu

e  and 2
ti

e


, obtain the relation 
 

  1
1 1 2

1

1 2 22 t kt

sin sin
2 2

sin sinsin

k

s s
j k j

i s n un
j j
n

k tkt

u u u

e
uu






k  

 
 



 


 

 



 

 
From this relation, we deduce two identities below: 
 



  1 1

1

1

sin sin
12 2

cos
2sin sinsin

2 22

s s
j k j

n
j j k
n

k k tkt

tt

u u u

s n u
uu

  

k


  

 





  


 

 



 

and 
 

 

  1

1

sin
12

sin 0
2sin sin

2 2t k

s
k j

n
j k

k kk

u

s n u
u

 

t


  




  




 





 

 
rom this result, we build the identities under the form of trigonometry and geometry 

for the 
F
inequality  ,M N  as following: 

 
Proposition 2.8. Assume that the polygon  is inscribed in the circle with the 

center O and radius R. Taking 1s   points 1

1 2... nA A A

... sN N  and M also belong

Assuming that the coord

ing to this circle C. 

inate  n kcos ;siAk k  , 1,k 2,...,n ; the coordinate 

cosN u j , 1,2,...,;sinj j u j s  and the coordinate  sincos ;M u u . Then, we will have these 

identities 

(i) 
  1 1

1

1

sin sin
12 2

cos
2sin sinsin

2 22

s s
j k j

n
j j k
n

k k tkt

t kt

u u u

s n u
uu
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(ii) 
  1

1

sin
12

sin 0
2sin sin

2 2

s
k j

n
j k

k k tk

t k

u

s n u
u




  







  


 





 

 

(iii) 

1
3

1

sin
2 0

sin
2

k

k tk

t k

u

 









 if 3,  1n s   

 

(iv) 

1 1

1 1

1

1

sin sin
2 2

sin sinsin
2 22

n n
j k

n
j j
n

k kkt

t kt

u u u

uu

j

t



  

 

 





 


 

 



 if 1s n   

 

(v) 

2 2

1 1

1

1

sin sin
2 2

cot
2sinsin

22

n n
j k j

n
j j k
n

k tkt

t kt

u u


 

 

 










 



 and 

2

1

1

sin
2

0
sin

2

n
k j

n
j

k tk

t k

u

 


















 if 2s n   and 

0u  . 
 
Remark 2.9. If the quadrilateral ABCD is inscribed in the circle we have  
 

DA DC DB

bc ab ca
   

by (iii) or 
2 2aDA cDC bDB

DA DC DB
 

2

. Moreover, we have 

 
2 2 2. . . . . . . . .DA DB DC a DC DA DB c DB DC DAb   

 
Hence 2 2 2

DBC DAB DCADA S DC S DB D   [Feuerbach]. 

 
Proposition 2.10. Suppose the polygon  is inscribed in the circle with the 

radius 
1 2... nA A A

1R  . Taking  points 1s  1... sN N

 in k

 and M also belonging to this circle C. Assuming 

that the coordinate cos ;sk kA   , 1,2,...,k n ; the coordinate ,  cos ;sinj jN u u j

1,2,...,j s  and the coordinate cos ;si nM u u . Then, with the proper choices of + or - we 

will have the identities 
 

(i) 
    1 1

1

1

1
cos ,  ,

2

s s

j k jn
j j k

n
k k k t

t t k
t

MN A N
s n u

M N
MA A AMA
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(ii) 
  1

1

1
sin 0

2

s

k jn
j k

k k k t
t k

A N
s n u

MA A A







  




 
 

 

(iii) 

2 2

1 1

1

1

cot
2

n n

j k jn
j j k

n
k k t

t t k
t

MN A N

A AMA



 

 









 
 

 and 

2

1

1

0

n

k jn
j

k k t
t k

A N

A A












 

. 

 
Corollary 2.11. Assume that the points , M in order belong to the circle C 

with the center O. Then, we have the identities 
1 2... nA A A

 

(i)     1

1

1

cos 1 1
1

n
r r r

n
r r r k

kk r
k

n MA A

MA A A MA








 
   

 

 

(ii)     1

1

sin 1
1 0

n
r r r

r r r k
k r

n MA A

MA A A





 
  

 

 
Proof: These identities follow from the identity  ,M N  with 0s  . 

 
Corollary 2.12. Let the quadrilateral ABCD be inscribed in the circle C with the 

center O. Let a = BC, b = CA, c = AB. Then, we have two identities: 
 

(i) 
     cos , cos , cos ,

. .

a OD OA b OD OB c OD OC abc

DA DB DC DA DB DC
     

(ii) 
     sin , sin , sin ,a OD OA c OD OC b OD OB

DA DC DB
   

 
Proof: These identities follow from the identity  ,M N  if 3,  0n s  . 

 
3. CONJECTURE 
 

Despite of not having been proven yet, these following results are still hoped to be 
true: 

 
Open Problem 3.1. Suppose given a triangle ABC with the lengths of sides a, b, c 

respectively and R is the radius of circumcircle of ABC . Let's Ja, Jb, Jc are the centers of 
escribed circles of ABC , respectively. Then, with any point M, we have 

 

(i) 
. . . . . . . .

. .
a b c a b c a b c a b cMJ MJ MJ AJ AJ AJ BJ BJ BJ CJ

MA MB MC bcMA caMB abMC
  

CJ CJ
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(ii) 

. .

. .

a b cMJ MJ MJ bc ca ab

a b c b c a c a b a b c
MA MB MC MA MB MC

           

 
Open Problem 3.2. Giving a triangle ABC with the lengths of sides a, b, c and R is the 

radius of circumscribed circle; r1, r2, r3 are the radii of escribed circles. Let's da, db, dc the 
distances from the center of circumscribed circle to the center of escribed circles. Then we 
always have the inequality: 

 

(i) 
3

a b cd d d
bc ca aba b c

R x b c a y c a b z a b c
    

     
 

 

(ii) 
   

 
1 2 3

3

2 2 2R r R r R r bc ca ab

R a b c b c a c a b a b c
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