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Abstract. In this paper we introduce the new inequality and identity called (M, N), that
Hayashi's inequality is only a special case. Then we will present some interesting
applications.
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1. INTRODUCTION
Suppose given a triangle AABC of the lengths of sides a, b, ¢. Hayashi propose an
inequality: With any point M, we have
aMB.MC + bMC.MA + cMA.MB > abc
(see [2, 3]). In this paper we propose a new inequality which is a generalization of the
Hayashi's inequality, then we present some interesting applications in triangle. Successfully,

we have two following principal results.

Theorem 1.1. Let AA,...A, be a polygon, S be an integer, S <n, and arbitrary points

N,,N,,...N_, M in euclidean plane 1 > we have the following inequality

We call this inequality as name the inequality( M,N ) .

(1) If s=0, we have Hayashi's inequality.
(i1) If n=3,s=1, and A, B, C, N belong to the circle with the center M we have

the inequality aAN +bBN +cCN >4S ...
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Proposition 1.2. Assume that the polygon AA,...A, is inscribed in the circle with the
center O and radius R. Taking s +1 points N,,N,,...,N, and M also belonging to this circle C.

Assuming that the coordinate A (cose;sing, ), k=12,.,n; the coordinate

N; (cosuj;sinuj), j=12,...,s and the coordinate M (cosu;sinu). Then, we will have these

identities
s u—u; s o, — U,
| llsm 5 ) gsm (s+1—n)(ak —u)
];[Sin t k=1 gin 5 k gsn k t
S o, —U;
sin
(ii) Z”: H Sin(s+1—n)(0:k u) 0
k=l qiny 0 — Kk - Q —Q 2
sin sin
tzk
3 sin % ul
(iif) > 2 -0ifn=35s=1

. u-u . a.—u
J J
Hsm Hsm
(iv) = =Zn: =1 if s=n—1
n u-— . U—« Q
[ Isin t  k=lgin <] [sin=——
t=1 2 t=k
n-2 u. n-2 a. —Uu. n-2 a. —Uu.
. i . k j : k J
Hsm? ) Hsm 5 " L sin 5
(v) = =y 4= cot—tand ) == =0if s=n-2
A . —Q, 2 = .a,—a,
Hsm sin———+ sin———1
t=1 2 t=k 2 t=k 2

2. INEQUALITY AND IDENTITY

Now we prove an inequality that Hayashi's inequality is a special case.

Theorem 2.1. Let AA,...A, be a polygon, S be an integer, S <n, and arbitrary points
N,,N,,...,N,, M in Euclidean plane [1* we have the following inequality
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We call this inequality as name the inequality (M ,N ) .

(1) If s =0, we have Hayashi's inequality.

(i1) If n=3,s=2,and A, B, C, N belong to the circle with the center M we have
the inequality aAN +bBN +cCN >4S ...

Proof: Suppose that A have affixe a,, M has affixe z and Ny affixe zn. Using the

S

s L H(ak—zj) |
E-2)= 217 —ayL1E3) @

izk

Lagrange interpolation formula, we have

H\H\ H\a Z|

n
deducing - . From this, we deduce the geometric inequality
Tl * & 1Tk ale-a,

HMN i HAkN
H H%A-Mﬁx

i=l1

(i) If s=0 we have JJMN;=1=]]AN,; and the inequality (M,N)
becomes the Hayashi's inequality for the polygon

L. TIan
<2
v S TAANA

i=1

(i1) If n=3,s=1 and A, B, C, N belong to the circle with the center M we have

the inequality abc <aAn+bBN +cCN or aAN +bBN +¢cCN >4S,,.. O
R

Remark 2.2. Denote N as the center of circumcircle. Applying the inequality (M , N)
(ii) we deduce R(a+b+c)>2r(a+b+c) or R>2r [Euler].

Corollary 2.3. Suppose that O, | and G are respectively the center of circumcirle and
incircle of AABC . Denote the radii of circumcircles of the triangles GBC, GCA, GAB by Ry,
R2, Ra, respectivly. Let r,, 11, 1. be the radii of circumcircle of the triangles IBC, ICA, 1AB,
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8 Proving some geometric ... Dam Van Nhi

and let R, R,, R, be the radii of circumcircles of the triangles OBC, OCA, OAB,
respectively. We have

Q) RI>_ 3¢
a+b+c
(i1) R +R, + R, 23R (see [1]).
(ii1) ;—a + ;—b + I:—" I? where hg, hy, h¢ are the lengths of altitudes of AABC.
a b c
(iv) F;‘X + Rﬁy + Ry2 >R where AABC is not an obtuse triangle and X, Y, z are
a b c
the distances from O to the 3 sides, respectively.
Proof:
(i)  Applying the inequality (M,N) (ii) we obtain aOB.OC +bOC.OA+cOAOB > abc or
RS abc
“a+b+c

(i) Applying the inequality (M,N) we obtain aGB.GC +bGC.GA+cGAGB > abc . Since

aGB.GC = 4R Sgq = 4R, 5 = 4R . ZR R ;; bGC.GA=R % and
CGAGB = R3i—t§ therefore R, zt; +R, 21 R, "f;c > abc or R +R, +R, > 3R.

(iii)) Applying the inequality (M N) we have alB.IC +bIC.IA+clAIB>abc. Since

AIB.IC =418, —2rra=41a30C [ 1a0C "o 0 G FaDC 4 claig = rA0C
h 4R h R ] h,
WehaVCr—rabc-i'r—brabc'l‘irabczabc Or£+i+r—025.
h R h R h R h h hor

(iv) Applying the inequality (M,N) we have aOB.OC +bOC.OA+cOAOB > abc. Since

A0BOC = 4R'S,. = 2Rxa—4R X3 g XaC = e op g YAC
h, 4R h, R *h,
cOAOB=R,-Z z abc we have R x abc N R,y abc N R,z abc > abe or
hy R h, R hh R h R
R1X+R2y+R3zzR o

h h h

Proposition 2.4. Suppose given a triangle ABC with the lengths of sides a, b, ¢

respectively and R is the radius of circumcircle of AABC. Let's I, Ja, Jp, Jc are the centers of
incircle and escribed circles of AABC, respectively. Then, with any point M, we have
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abcMI < aAl DbBlI cClI

(1) < + +
MAMBMC MA MB MC
i) MiJa+b+c \/b+c a \/c+a b \/a+b c
MAMBMC ~ \/_MA JcaMB \/_MC
i) MJ, +MJ, +MI, _ A, +AJ,+AJ,  BI,+BJ, +BI,  CJ,+CI,+CJ,
MAMB.MC bcMA caMB abMC
M3, MJ, +MI, MI, +MI.MI, _ AJ, AL, +AJ,.AJ, + A AJ,
(iv) MA.MB.MC - bcMA
. BJ,.BY, +BJ, BI, +BI,BI, CJ,CJ,+CJ,C +CI.CI,
caMB abMC

Proof: (i) Applying the inequality (M,N) we have

Ml < Al N Bl N Cl
MAMB.MC bcMA caMB abMC

be(b+c—a) IBZ:ca(c+a—b) ICZzab(a+b—c)
a+b+c ’ a+b+c a+b+c

Miva+b+c \/b+c a \/c+a b \/a+b c
MAMBMC ~ JbcMA  JcaMB  ~abMC

(i) Since IA* = therefore

(1i1) Applying the inequality (M ,N ) to N=3, s=1, we have the three inequalities
MJ, Al, BJ, CJ,
< + +
MAMBMC bcMA caMB abMC

M3, _ AJ, , BJ G
MAMB.MC ~ bcMA  caMB ~ abMC

MJ Al BJ CJ

C < C C C

MAMBMC ~ bcMA caMB abMC

On adding the three inequalities, we find the inequality

MJ, +MJ, + MI, _ AJ, +AJ, +AJ, BJ,+BJ, +BJ, CJ,+CJ,+CJ,
MAMBMC ~  bcMA caMB abMC

(iv) Applying the inequality (M ,N ) to n=3, s=1, we have the three inequalities

MJ,.MJ, AJ,.AJ, BJ,BJ, CJ,CJ,
< + +
MA.MB.MC bcMA caMB abMC
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10 Proving some geometric ... Dam Van Nhi

MI,MJ, A, Al BJ,BI,  CJ,CI,
MAMBMC = bcMA — caMB  abMC

MI.MI, _ AJLAT, . BJ..BJ, . CJ.CJ,
MAMB.MC =~ bcMA caMB abMC

On adding the three inequalities, we find the inequality
MJ, MJ, +MJ,.MJ_ +MJI_.MJ, < AJ,.AJ, + AJ,.AJ, + AJ_.AJ, N BJ,.BJ, +BJ,.BJ. +BJ_.BJ, N
MA.MB.MC bcMA caMB
CJ,CJ,+CJ,CI . +CJ _CJ, . o
abMC

Corollary 2.5: Given a the triangle ABC of the lengths of sides a, b, ¢ and R is the
radius of circumcircle of AABC . Denote O, H the center of circumcircle and the orthocenter

of AABC . Then, with any point M, we have the inequality:

abcMO.MH < aAH N bBH N cCH
RMAMBMC MA MB MC

if M belongs to the circle with the center O and the radius R, we obtain the inequality

abcMH - av4R? — a> . bV4R2 —b? N cV4R? —¢?

MAMB.MC MA MB MC

Proof: Applying the inequality (M ,N ) to n=3, s=2, we have the inequality:

MO.MH _ AO.AH . BO.BH +co.c:H
MAMBMC =~ bcMA caMB  abMC

) ) ) abcMOMH _aAH bBH cCH )
Thus, we obtain the inequality < + + . Since
RMAMBMC MA MB MC
AH =v4R'—a’, BH=v4R'—b’ and CH=+v4R' —¢’ we obtain —22MH
MA.MB.MC
2 a2 2 B2 2 A2
Sa\/4R a +b\/4R b +c\/4R Cc o

MA MB MC

Corollary 2.6: Suppose given a triangle ABC with the lengths of sides a, b, c,
respectively. Let I, G, H be the center of incircle, the centroid and the orthocenter of AABC.

Then, with any point M, we have the inequality
: abcMI® _aAl’ bBI?  cCI’
(1) < + +
MAMBMC MA MB MC

.. abcMG? aAG’ bBG? cCG?
(11) < + +
MA.MB.MC MA MB MC
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i) abcMH 2 L a(4R2—a2)+b(4R2—b2)+c(4R2—c2)
MA.MB.MC MA MB MC

Proof: Applying the inequality (M,N) to n=3,s=2, N, =N, =N, we have

MN * < AN? N BN? N CN?
MAMB.MC bcMA caMB abMC

abcMI? <aAI2 bBI* cCI?

< + + and
MAMB.MC MA MB MC

Therefore, we obtain the inequality

abcMG? - aAG? . bBG? . cCG*?
MAMB.MC =~ MA MB MC

abcMH?  _ a(4rR’-a’)

< +
MAMB.MC MA

Then we have (i) and (ii). If N=H we have (iii):

+b(4R2—b2)+c(4R2—c2). _
MB MC

Example. Suppose given a triangle ABC of the lengths of sides a, b, ¢ respectively. R
is the radius of circumcircle; ry, ry, rs are the radii of escribed circles correspondence to
vertices A, B, C, respectively. Let d,, dp, dc the distances from the center of circumcircle to
the center of escribed circles. Then, with any point D belong to the circumcircle of AABC we

have the inequality:

dadbdc
i) «/a+b+c< vbc N Jca N vab +DJa.DJb.DJC
R® ~xJb+c-a yJec+a-b zJa+b-c xyzda+b+c

i) (R+2r1)(R+2r2)(R+2r3)< Joc N Jca N Jab +DJa,DJb,DJC
R’(a+b+c) “Jb+c-a Je+a-b +Jat+b-c xyzda+tb+c

Proof: (i) We consider M =0O.

] A2_bc(a+b+c) , ca(a+b-c) , ab(a-b+c)
" b+c-a ~*  b+c-a ' * b+c-a

bc(b+a-c ca(a+b+c ab(b+c-a

Since <{J, A’ =¥, J, B’ ZQ,JbC2 :g therefore

c+a-b c+a-b c+a-b

JAz_bc(c+a—b) , ca(c+b-a) =, ab(a+b+c)
" a+b-c ' °  a+b-c °7  a+b-c

dadbdc

we obtain ”a+?+c < be + ea + Jab + DJa'DJb'DJC.

R xvb+c—a yJc+a-b zJa+b-c xyzda+b+c
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12 Proving some geometric ... Dam Van Nhi

(ii) Since d. = R* +2Rr,, d; =R* +2Rr,, d’ = R* + 2Rr, therefore

(R+2r)(R+2n)(R+2r) _ he N Jeca . Jab , DJ,.DJ,.DJ,
R*(a+b+c) “Jb+c-a +Jet+a-b Ja+tb-c xyzdat+tb+c

Proposition 2.7. Let AA,...A, be a polygon inscribed in the circle with the center O
and radius R. Then, with any s<n points N,..N_ in the plane AA,..A , we have the

inequality
; HAkN HON
Rn—l
H AM
i=1i=k
[TAN, .
If R=1 we obtain Z'l— HONi .
k=1 AkA i=1
|11_f|¢:k
If n=3,s=1and a, =AA,, a,=AA, a, = AA we obtain the inequality

a,AN +a,AN +a,AN 24SAA2ASO—N

Proof: Applying the inequality (M ,N ) with M =0, we have the inequality

) HAkN fIONi
z =1

Rn—l
- H AkA
i=Lizk
HAkNl s
Let R=1 we obtain Z'l—>l—[ONi . O

leAkA i=1

i=1,i=k
Now, we illustrate the advantage of the identity (M,N) by addressing several

important problems of elementary Geometry. Firstly, we use the functions sin and cosin to
create the identity under the form of trigonometry.

Without generality, we can assume that the radius R of the circle C equal to 1.
Suppose that every point Ay has affixe a, =cosea, +ising,, and M has affixe
Z=cosU+isinu and every Ny has affixe z, =cosu, +isinu,. From Lagrange interpolation

formula, we have

i) SR

t¢k
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or
s U—u. i(u+uj) s a —U. i(ak+uj)
[ J2isin le 2 ) [ J2isin K e 2
j=1 2 . j=1 2
i(utey) i(utey) i( +ay)

n
.. U—« .. . U—« .. oa -
| |2|s1n7te 2 2isin——ke 2 | I2|smMe 2
2 2 2
t=1

t#k

|uj oy

We reduce all the factors 2i, e 2 and e 2 , obtain the relation

S uUu-—u. S o, —U.
: i : k i
VE SRy SR
=1 _ i1 . >
n a u-— a —a,
Hsm t  k=lgip k Hsm k7t
t=1 2 t=k

sin ! 1 P —
]j:! 2 _ n 1]:!: 2 Cos(s+l—n)(ak—U)
n - U—«o . a, — 2
t  k=lgin k| sin—=*—=t
lt;[sm 5 [k[
and
> a, —U;
sin
i H Sin(s+1—n)(ak—u)zo
k=1 sinu _2ak Hsin %~ % 2

From this result, we build the identities under the form of trigonometry and geometry
for the inequality (M, N) as following:

Proposition 2.8. Assume that the polygon AA,...A, is inscribed in the circle with the
center O and radius R. Taking s+1 points N,...N, and M also belonging to this circle C.

Assuming that the coordinate A (cose;sine, ), k=12,.,n; the coordinate

N; (cosuj;sinuj), j=12,...,s and the coordinate M (cosu;sinu). Then, we will have these

identities
S uUu-—u. S o, —U.
Hsin ! ) Hsin kI
e 2 _ i 2 COs(s+1—n)(ozk —u)
n — . U—¢ . a, -«
Hsin U= Sgip k Hsm k%t 2
t=1 2 2 t=k 2
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14 Proving some geometric ... Dam Van Nhi

. sin® T4
(ii)) D2 =0ifn=3s=I

n-l u—u. n-l a, —U.
J J
(iv) = = L if s=n-1

n-2 n-2 —11. n-2 —u.
l_[sinﬁ sin X U Hsin %Y,
i 2 N 2 't e .
) - = cot— and Z—=0 if s=n-2 and
H PN O T 2 k=1 O T
sin—*% sin sin
t=1 2 t=k 2 t=k 2
u=0.

Remark 2.9. If the quadrilateral ABCD is inscribed in the circle we have

DA DC DB
+ +
bc ab ca

aDA” c¢DC’ _ bDB’

. Moreover, we have
DC DB

by (iii) or
DA’.DB.DC.a+ DC*.DA.DB.c = DB*.DC.DAb

Hence DA’S,,. + DC’S,,, = DB*D., [Feuerbach].

Proposition 2.10. Suppose the polygon AA,...A is inscribed in the circle with the
radius R=1. Taking s+1 points N,...N; and M also belonging to this circle C. Assuming

that the coordinate A (cosq,;sing,), k=12,.,n; the coordinate N, (cosuj;sinuj ) ,
j=12,...,s and the coordinate M (cosu;sinu). Then, with the proper choices of + or - we

will have the identities

WWW.josa.ro Mathematics Section
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1A, - (s+1-n)(a, ~v)
(i1) ;MA(HAKA in 5

t#k

=0

HMN. ) +ﬁAkN +HAyN
i) = = % and
(i) — MA - T]AA cot z H'Aw“&

t=k t=k
t=1

=0.

Corollary 2.11. Assume that the points AA,...A , M in order belong to the circle C
with the center O. Then, we have the identities

: n rcos(n-1)ZMA A 1
O ZTAITAA i

k=r

rsm —I)LMAHA_
T AR

k=r

Proof: These identities follow from the identity (M,N) with s=0.

Corollary 2.12. Let the quadrilateral ABCD be inscribed in the circle C with the
center O. Let a = BC, b = CA, ¢ = AB. Then, we have two identities:

(0 acos(OD,OA) ~ bcos(OD,OB) . Ccos(OD,OC) _ abc
DA DB DC DA.DB.DC
(i asin(OD,0A) . csin(OD,0C) _ bsin(OD,OB)
DA DC DB

Proof: These identities follow from the identity (M,N) if n=3,s=0.

3. CONJECTURE

Despite of not having been proven yet, these following results are still hoped to be
true:

Open Problem 3.1. Suppose given a triangle ABC with the lengths of sides a, b, C
respectively and R is the radius of circumcircle of AABC. Let's Ja, Jp, Jc are the centers of
escribed circles of AABC, respectively. Then, with any point M, we have

G MILMIMI,_AJLAJA B BJ,BI,  CJ,CI,C,
MAMBMC ~  bcMA caMB abMC

ISSN: 1844 — 9581 Mathematics Section



16 Proving some geometric ... Dam Van Nhi

MJ_.MJ,.MJ_ Jbe Jea Jab
iy _Ya+b+c _b+c-a Jera-b A Ja+b-c
MAMB.MC MA MB MC

Open Problem 3.2. Giving a triangle ABC with the lengths of sides a, b, ¢ and R is the
radius of circumscribed circle; ry, Iy, r3 are the radii of escribed circles. Let's da, dy, d¢ the
distances from the center of circumscribed circle to the center of escribed circles. Then we
always have the inequality:

dadbdc
(i) vat+b+c Jhe N Jea 4 Jab
R®  “xsb+c—-a yJc+a-b zJa+b-c

(i \/(R+2r1)(R+2r2)(R+2r3)< Jbe . Jca N Jab

R*(a+b+c) “Jb+c-a +e+a-b Ja+b-c
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