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Abstract. In this paper we have introduced Gelfand Shilove type spaces of Mellin 

Whittaker transformable distributions. We have also discussed their interrelation and some 
topological properties of these spaces.   
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1. INTRODUCTION 

 
 
Zemanian [4] had developed the theory of generalized integral transform originally 

found in the work of Schwartz.  His work is concerned mostly with the space D..S. and their 
duals. Gelfand, Shilov [2] had investigated new type of fundamental spaces called S and  S

 
spaces by imposing conditions not only on the decrease of the fundamental functions at 
infinity but also on the growth of their derivatives as the order of the derivative increases.  He 
also used them to solve Cauchy problem.  

In other study it was defined distributional generalized Mellin-Whittaker transform of 
the  functions in the space MW, which is the dual space of MW. Motivated from the work of 
Gelfand-Shilov, we wish to extend the generalized Mellin-Whittaker transform, given in the 
same paper, to the spaces MW and MW , for which, in this paper we have studied the 
spaces of the type MW  and  M

W and their interrelationship with topological properties.   
 
 
2.  DIFFERENT TYPES OF TESTING FUNCTION SPACES 
 
2.1. TESTING FUNCTION SPACE MW  AND  M W: 

 
The space MW,   ≥ 0 consist of all infinitely differentiable functions   (x,t), where 

0 < x  , 0 < t   satisfying the inequality,  

 
                   
Where the constants A and Ck depends on the function  (x,t). 
Here the space MW  and  M

W are similar. 
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2.2.  TESTING FUNCTION SPACES MW  AND MW Β: 
 
An infinitely differentiable function , where 0 < x < ∞, 0 < t < ∞ is said to 

belong to the space MW, if  

 
        ≤ ClA

lll   (l = 0,1,2………). 
Where the constants A and Cl depended on the function  (x,t). 
The testing function spaces MW  and MW β are also similar. 

 
2.3. TESTING FUNCTION SPACES M,MW  AND  M

,mw :  
 
The space M,m W  consists of those functions  (x,t), which satisfy the inequality,  

 
                   . 
Since space MW and   M βW are similar, so that spaces M,m W  and M ,mW are also 

similar. 
 
2.4. TESTING FUNCTION SPACES MW,N AND  MW ,n :  

 
The space MW,n  consists of those functions  (x,t). which satisfy the inequality.  

 

 
Because spaces  MW  and  MW  are similar, so that spaces MW,n and  MW ,n are also 

similar.   
The spaces defined in (2.1-2.4) are equipped with their natural Hausdrof locally 

convex topologies, denoted by T  and  T  , T,m  and  T ,n respectively.  These topologies are 
generated by the total families of seminorms {r k,l}, { k,l}, {ξ k,l} and { k,l} respectively.  
 
 
3.  PROPERTIES OF S  TYPE SPACES 

 
 
In this section we have given some results on the topological structure of the spaces 

defined in the previous section.  
 
3.1  PROPOSITION:   

 
If 1 <2 then M W  M W 
Proof : Let   M W 

 

                   1kkk kAC
Since,   1 < 2   
       2kkk kAC
Hence    

2
M
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Consequently  W   . 
1

M WM
2

 
3.2. PROPOSITION:   
 

If m1 < m2 then  WMWM mm 21 ,,  

Proof : For WM m1,   

 

                      kk
k kmAC 1

Since   m1 < m2  we have,   

                   kk
k kmAC 2 . 

Thus,   WM m2,

So,  WMWM mm 21 ,,  
Hence the proof. 
Now we pay attention to the inductive limit space in the next proposition.  

 
3.3. PROPOSITION:   

 

WMMW
i

i









1
 and if the space MW is equipped with the strict inductive limit 

topology defined by injection map from  to MW then the sequence {
i

MW  in MW 

converges to zero if and only if { is contained in some and converges there-in to 

zero.  
i

MW

Proof: The above proposition is immediate consequence of theorem given in [3] .  

Therefore if we prove  then Seq. {WMMW
i

i


 


1




 in MW converges to zero if {  is 

contained in some  and converges there.  
i

MW

Clearly  

   MWWMMW
i

i







 1


For proving other inclusion, Let   MW then  

 
Is bounded by some number. We can choose the integer m  such that 

  mkk
klk kACtx  ),(,

 WMtx m,),(   , for some integer m . 

Hence  WMUMW i
i








1

Thus . WMUMW i
i








1
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4. THEOREMS ON S TYPE SPACES 

 
 
To justify the study of these spaces, we prove the following theorem. 

 
4.1. THEOREM:  

 
The space D(I) is a subspace of . WM

Proof: Let )(),( IDtx   

Consider,    ),()),(sup , txttDxDtxC l
t

k
xba

to
xo

k  



 

  






  sup),(:sup txxL

    ),()),(sup),( 1
,, txttDDxtxtx l

t
k
x

k
ba

to
xo

lk   




 

         ),()),(sup , txttDxxDtx l
t

kk
xba

to
xo

 



 

       k
k LC .

      
k

k

k

k
k

k A

A

k

k
LC 



.  

      


kk
k

k kA
Ak

L
C 






                           (4.1) 

Since 1







Ak

L
 if and only if 


1









A

L
k . 

Define 1
1























A

L
ko , therefore for , we have okk 

 
 kk

klk kACtx ),(,       (4.2) 

 
If  Let us write, okk 




































o

o

k

kA

L

A

L

A

L
C 

2

2

,max . 

Then again from (4.1) 
 

 kk
klk kACCtx ),(,     (4.3) 

 
Hence, the inequalities (4.2), (4.3) together yield, 

 kk
klk kACtx ),(,  0k  
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Hence, WM   

Consequently  WMID )( .

 
4.2. THEOREM:  

 

MW  is a Frechet space. 

Proof: As the family  of seminormsbaD ,  
0,,, lk

k
lba

MW

 generating  is countable, it 

suffices to prove the completeness of the space . 

baT ,

Let  is a Cauchy sequence in .  1 MW

Hence for a given 0 there exists an NN lk ,  such that for NN lk  ,,  

        




ttDDxtx l
t

k
x

k
ba

to
xo

k
lk )),(sup 1

,,     (4.4) 

In particular for for 0 lk N ,  
         

    )t  .      (4.5) ,(,.,sup , xtxtxtxba

to
xo

  





  

 
Consequently, for fixed  in I,  tx,   tx,  is a Cauchy sequence. 

Let  tx,   be the limit function of   tx, . 

Using (4.5), we can easily deduce that    converges to   uniformly on I. 

Thus   is continuous. 
Moreover, repeated use of (4.4) for different values of k, l and the use of the above 

proposition yield that   is smooth i.e. E . 
Further from (4.4) we get, 

 
       N

k
lba

k
lba ,,,,  N  

  ll
l lAC . 

 
Let k  and   is arbitrary we get, 

       ),(,sup 1

,,, txttDtDxtx lk
x

k

ba

to
xo

k
lba    




 

ll
l lAC  

 
Hence  MW . 

This proves the completeness of  and our theorem is proved. MW
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4.3. THEOREM:  
 

Prove that  =  MW m
m

MW ,
1








Proof: -  mba
m

ba MWMW ,,,
1

,, 




 

Clearly   ,,,,,
1

bamba
m

MWMW 





For proving the other inclusion, let  ,,baMW , then 

       ),(,sup 1

,,, txttDtDxtx lk
x

k

ba

to
xo

l
kba    




 

                           (4.6) ll
l lBC

 
where B is some constant. 

Choose an integer  andBmm  0  

Such that  l
l

l
l mCBC )( 

Then from (4.6) we immediately get mMW ,   

Implying that 
 

m
m

MWMW ,
1






   

 
Hence the theorem. 
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