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Abstract. Conditions under which two binary operations on a set M are associable
(Xo(y*z)=(xoy)*z, z,y,2ze M) were given by J. Dhombres in the case when the

operations are associative. We characterize the associability of two group operations by
using the binary reduces (in Hosszu sense) of an n-group. We show that by the juxtaposition
of two such operations, an operation of 3-group is obtained.
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1. INTRODUCTION

Using functional equations J. Dhombres determines in [2] the binary operations which
are associative, associable and commutable with a quasigroup or monoid operation.

We will approach this problem from another point of view and remark a natural
relation of this problem with the two reduced n-groups (in Hosszu sense) of an n-group.

We recall some notations and results which are used in the paper.

1.1. (See [1]) If (G,p) is a group, a:G — G an automorphism, aeG a fixed

1

element such that a"'(X)=acxoa™, xeG is an inner automorphism and o(a)=a, then

the n-ary operation ¢:G" — G defined by

O(X, X5 X ) = X 0 0U(Xy) 00 (X, ) 0@, X, Xyseen X, €G

n

determines on G an n-group structure, which is called an n-extension of the group (G,o) and

is denoted by
(G,0) = Ext, ,(G.).

1.2. (See [3]) If (G,p) is an n-group then for all ue G, the binary operation
*:GxG — G defined by:
X*y = (X, u},U,y), X,yeG

determines on G a group structure (G,*)=Red,(G,p) which is called a reduced group in
Hosszl sense. The element U is called the skew element of U and is defined by the relations
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o(X, uz,lT) =o( uz,lT, X)=X forall xeG.

1.3. (See [3]) If (G, ) is an n-group and (G,*) =Red (G, ) is a reduced group, then
the function o, :G > G,
o, (X) =o(U,X, g},U) , xeG

is an automorphism, o, (a)=a, when a=¢(U) and o) '(X)=a*x*a"', xeG. Thus the
n

pair (a,,a) is a pair of extension and (G, ¢) = Ext, ,(G,*).

2. MAIN RESULTS

LetGbeaset, c:GxG —>G and #:GxG — G two binary operations on G.

Definition 2.1. (See [6]) The binary operations o and * are called reciprocally associable if
the following relations hold:

a) X*(yoz)=(X*y)oz

b) Xo(y*z)=(Xoy)*z
forall X,y,zeG

In the case when (G,o) is a group, our goal is to characterize the binary operations *
on G, which are associable with the given operation o.

Theorem 2.2. If (G,o) is a group and the binary operation *:GxG — G is reciprocally
associable with the operation o then (G,*) is a group, isomorphic to the group (G,°).
Proof: If u € G is the unit element in (G,c) we show that

X*y=Xo(U*Uu)oy, forall x,yeG. (1)
We have
Xo(U*U)oy =Xo((U*U)ey)=Xo(U*(Uoy))
=Xo(U*xYy)=(XoU)*xy=X=*Y.
Associativity:

M
X*(y*2)=Xo (UU)o (Yo (UrU)o2)

=(Xo(U*U)oYy)o(UxU)oz=(X*Yy)*Z, forall X,y,2€G.

Unit element: If in (1) we take y =U, we obtain successively
X*U=Xo((U*xU)oU)=Xo(U*U);
(X*U)o(U*u)"' =xX;
X#(Uo(U*u)")=X;
x*(U*u)"'=x, xeG.
So (u*u)™" is a right unit element in (G,*).
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Ifin (1) we take X =U we obtain
(uru)'*y=y, yeG.

So (u*u)™ is a left unit element in (G,*). Using the associativity we conclude that
V=(u=u)" is the unit element in (G,*).

Symmetric element: We show that X'=Vo X' oV is the symmetric of X in (G,*).

We have

X#X'=X*(VoX " oV)=(X*V)o (X oV)=Xo (X oV)=(XoX)ov=V,

and similarly XX =V.
The isomorphism: We prove that the function f :(G,0) > (G,*)

f(X)=voX, xeG

1s a group isomorphism.
We have
f(xey)=ve(xey)
and
fO)* f(y)=(Vex)x(vey)=ve(x*(vey))=Vo((X*V)ey)=Vo(Xey),
SO
f(xoy)=T(X)*f(y), X,yeG.

Remark 2.3. (See [4]) From the proof of the previous theorem we conclude:

o X*y=Xo(U*xU)oy=XoV ' oy, X,yeG

e (U*U)™" is the unit element in (G,*)

e X'=VoX oV, xeG where U is the unit element in (G,0), V is the unit element in
(G,*), X" is the symmetric of X in (G,o) and X' is the symmetric of X in (G,*).

In order to realize the relation with the n-groups we remind the definition (see [5]).

Definition 2.4. The groups (G,c) and (G,*) are called simultaneously n-extensible if there
exists an n-group (G,¢) and two elements U,ve G such that these groups are the Hosszl
reduced groups

(G,o)=Red ,(G,9) and (G,*)=Red ,(G,0).

Theorem 2.5. If (G,c) and (G,*) are two group structures on G then the operations o and *

are reciprocally associative if and only if both groups are simultaneously n-extensible for
every natural number n>3.
Proof: If (G,0) and (G,*) are simultaneously n-extensible and (G,o)=Red ,(G,¢),

(G,*) =Red ,(G,9p), where (G,p) is an n-group, then according to relations by Hosszu
reduced groups (see [4]) we have:

Xo(y*2)=(Xoy)*2z, X*(YyoZ)=(X*2)=(X*Yy)oz,forall x,y,2€G,
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so the operations o and * are reciprocally associable.
Conversely: From Remark 2.3, if the operations o and * are reciprocally associable,
we have:

X*y=Xo(U*U)oy=XoV ' oy for X,yeG,

where U and v are the unit elements in (G,o) and (G,*), respectively.
For n>3 we define on G the structure of n-group with the n-ary operation:

O(X;, Xysees X, ) = X, 0 X, 0.0 X, fOr all X, X,,...,X, €G.

n

From the definition of the skew element X we have:
X = (P(X"") X’ i) = (P(X7 X)"'J X) b

hence
n-1

X=X"oX=Xox"",
"oU it follows U =U.

n

so X=x*" and from u=u

We denote (G,T)=Red ,(G,9) and (G,l)=Red ,(G,¢), where v=(u+*u)" (from
Theorem 2.2).
We have
XTy=o(x, u.0,y) = XoU" oloy=xXoU"?0oy=Xoy
and
2-n

XLy=¢(X, V,V,y)=XoV"  oVoy=XoVv" oV’ "oy
n-3

=XoV'oy=xxYy, forall X,yeG.
SoRed (G, ) = (G,o) and Red (G, @) = (G,*).

Corollary 2.6. If (G,o) is a group, then the binary operation * on G is reciprocally associable
with the operation o if and only if for every n>3 there exist an n-group (G,¢) and the
elements U,v e G such that the binary operations have the form:

XoyZ(P(X’ LJ37LT7y)J XByEG
X*y=(X V,V,y), X,yeG

where U,V are the skew elements of u, v.

Definition 2.7. If the binary operations o and * are reciprocally associable on the set G, then
the ternary operation
[0,x]: GxGxG > G
defined by
[o,%](X,Y,Z) =Xo(y*2Z) forall X,y,2eG
is called the composed or justaposed operation of o and *.
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Let (G,0) and (G,*) be two group structures on G, U the unit element in (G,o) and v
the unit in (G,*).

Theorem 2.8. If the group operations o and * are reciprocally associable on G, then the
following statements are equivalent:

a) Vox=XoV, forall xeG.

b) uxx=x=*uU, forall xeG.

c¢) The ternary operation [o,*] and [*,0] coincide.

d) The ternary operation [o,*] endows G with a 3-group structure.

Proof:

a) = b) From Remark 2.3 we have v=(u*u)™; then

VoX=XoV& XoV ' =v'oxe Xo(U*U)=(U*U)oX <
(XoU)*U=U*UoX)<=>X*U=U*X, XeG.
b) = ¢) We have

[o4](X.Y.2) = Xo(y*¥2) =Xo(yov' 0 2) = XoyozoV’
and
[Xe](.Y.2) = X*(yo ) =XV o(yoz) =Xoyozov”

(from Vo X =XoV, XeG it follows V'ox=XoVv"', xeG).

¢) = d) We have [o,%](X,y,Z) = Xo Yo zoV . Since (G,0) is a group, the applications
f,g,h:G — G defined by
f(z)=aobozov', zeG
g(y)=acyeobov', yeG
h(x)=Xxocaobov™', xeG
are bijective for all a,beG.
For the associativity we have:

[o,]([o.%](X, ¥, 2), X,t) =[o,%](X o y 0 Zo V', X, 1)
=Xo onovfloSotovf1 =Xo onoSotoV710V71

and the same results for
[o.%](X,[2,*](Y,Z,5),t) and [o*](X,Y,[°,X](Z,S,1)).
So (G,[o,*]) is a 3-group.
d) = a) From the associativity of the ternary operation we obtain

[o,*]([o,*](X, ¥, 2),8,1) = [o,*](X,[°,*](Y, Z,$),1) <
X o onoV_loSotoV_1 =Xo onoSoV_lotoV_l =
V'ies=sov '« sov=vos, forevery seG.
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Remark 2.9.
e The conditions a) and b) may be written as: Ve Z(G,0) and u € Z(G,*) (the unit
element of each group belongs to the center of the other group).
¢ The condition ¢) means that the operations o and * are commutable, in the sense of
the following definition:

Definition 2.10. The binary operations o and * on the set G are commutable if the following
relations hold:

X#(Yyoz)=(XoYy)*Z, X,¥,2€G
Xo(y*2)=(X*Yy)oz, X,y,2€G.

In [2] J. Dhombres gives conditions under which an operation which is commutable
with a monoid operation, is associative.

Theorem 2.11. If o and * are reciprocally associable group operations on G then (G,[o,*]) is
a 3-group if and only if the centers of the groups Z(G,°) and Z(G,*) coincide.

Proof: It is enough to show that the condition Z(G,c) =Z(G,*) is equivalent to one of the
conditions of Theorem 2.8. If Z(G,0)=2(G,*) then veZ(G,*) implies Ve Z(G,0) (the

condition a) by Theorem 2.8).
If ve Z(G,0), from Remark 2.3 we have

X*y=XoV oy=XoyoV', X, yeG.
Then

XeZ(G#) o x*y=y*X, yeG & XoyoV' =yoXxov' 6 yeG &
Xoy=YoX, yeG < xeZ(G,0).
So Z(G,#) = Z(G,0).
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