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Abstract. In this paper, we study involute curves of biharmonic curves in the
SL,(R).Finally, we find out their explicit parametric equations.
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1. INTRODUCTION

A smooth map ¢:N — M is said to be biharmonic if it is a critical point of the
bienergy functional:

()= [T (@) o,

where T (¢):=trv?dg is the tension field of ¢.
The Euler-Lagrange equation of the bienergy is given by T, (¢) =0.
Here the section T, (¢)is defined by:
T,(¢) =—A,T () +tR(T (¢),dg)dg, (1.1)

and called the bitension field of ¢. Non-harmonic biharmonic maps are called proper
biharmonic maps. In this paper, we study involute curves of biharmonic curves in the
m. Finally, we find out their explicit parametric equations.

2. SL®)

We identify SL,(R) with
R’ :{(x,y,z)eR3 'z >O},
endowed with the metric

2 2 2
g=ds’= x| D rdz
z z’

The following set of left-invariant vector fields forms an orthonormal basis for
SL, (R)

! Firat University, Department of Mathematics 23119, Elazig, Turkey. E-mail: talatkorpinar@gmail.com

ISSN: 1844 — 9581 Mathematics Section



442 Involute curves of biharmonic ... Talat Korpinar et.al.

elzi,ezzzi—i,eg:zg. (2.1)
OX oy Ox 0z

The characterising properties of gdeined by:

g(epel)z g(ezaez): g(e3ae3):1’
g(e.e)=0(e,.e)=9(e.e)=0.

The Riemannian connection V of the metric g is given by:

29(V,Y.Z)=Xg(Y.Z)+Yg(Z,X)-Zg(X.Y)
_g(x’[YaZ])_g (Y’[X’Z]) + g(Z,[X,Y]),

which is known as Koszul’s formula.
Using the Koszul’s formula, we obtain:

el el

1 1
V el :O, Velez :593, V e3 :—Eez,

vezel :%e39 vezez =6, Vezes = _%el —€, (2.2)

1 1
vesel = _Eezo ve3ez :Eela vese3 =-0.

Moreover we put
Rijk :(ei’ej)ek’ Rijkl :(ei’ej’ek’el)’

where the indices i, j, k and | take the values 1, 2 and 3

1 7
R1212 = R1313 ZZ’ R2323 = _Z- (2.3)

3. BIHARMONIC CURVES IN SL,(R)

Biharmonic equation for the curve y reduces to
ViT—R(T,VTT)T =0, (3.1)

that is,  is called a biharmonic curve if it is a solution of the equation (3.1).
Let us consider biharmonicity of curves in m Let {T, N, B}be the Frenet frame

field along ¥ . Then, the Frenet frame satisfes the following Frenet-Serret equations:
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V.T =xN,
VN =—«xT+17B, (3.2)
V.B=-zN,

where x = ‘T ( 7/)‘ =|V,T| is the curvature of » and 7 its torsion and
g(T.T)=19(N,N)=1, g(B,B)=1,
g9(T,N)=9g(T,B)=g(N,B)=0.
With respect to the orthonormal basis {ej, e,, €3}, we can write:

T=Te +T,e, +T.e,
N =Neg +N,e, +N,e,, (3.3)
B=TxN =Bg, +B,e, +B;e,.

Theorem 3.1. y:1 — Ssz\(T@ is a biharmonic curve if and only if:

x = constant = 0,

K +7° :—l+1—5812, (3.4)
4 4

Proof: Using (4.1) and Frenet formulas (4.2), we have (4.4).

Theorem 3.2. ([9]) Let 7:1 > R be a unit speed non-geodesic curve. Then, the parametric
equations of y are:

X(s) :ésingosin[xs +C] +ésin¢cos[t~<s +Cl+p,

y(s)

Z(S) — plecosgos

- msin(pgolecws (_NCOS[NS +C]+cosgpsin[Ns + C])

where (,, ¢, are constants of integration.

4. INVOLUTE CURVES OF BIHARMONIC CURVES IN SL, (R)

-—

Definition 4.1. Let unit speed curve y : | — m and the curve © 1 1 — SL, (R) be
given. For Vs e | then the curve ® is called the involute of the curve y, if the tangent at the

point y(s) to the curve y passes through the tangent at the point ©(s) to the curve © and
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g(T*(s).T(s))=0 4.1

Let the Frenet-Serret frames of the curves y and ® be {T,N,B} and {T*,N*,B*},

respectively.

Theorem 4.2. Let y : 1 — SL, (R) be a unit speed biharmonic curve and ® its involute curve

on SL, (R). Then, the parametric equations of @ are
1 . . 1 .
X(S)=—sIngsin|Ns+C|+—sinpcos|NXs+C |+
(5)= Lsinpsinis+CJ+ Lsingcosfs <] .
+(A—s)(singcos[Ns+C]-singsin[Ns+C]+p,)

y(s)

+(A—5s) 0" singsin[Ns+C]

:msin 00,6 (—N cos[Ns+C]+cosgsin[Ns +C])+

2(S) =" +(A—3)pe*”cosp

where A, C are constants of integration.

Proof: We assume that » : 1 — SL,(R) be a unit speed biharmonic curve and © its

involute curve on m . We find that the parametric equations of ® .

The involute curve of biharmonic curve may be given as
O(s)=r(s)+n(s)T(s) (4.3)
From (4.3), then we have
@' (s)=(1+7'(s))T(s)+n(s)x(s)N(s) (4.4)
Since the curve ® is involute of the curve 7, g (T* (s).T (s)) =0. Then, we get
1+7'(s)=0 or n(s)=A-s (4.5)

where A is constant of integration.
Substituting (4.5) into (4.3), we get

O(s)=y(s)+(A-s)T(s) (4.6)
On the other hand, the tangent vector can be written in the following form:
T=Te +Te,+Te, (4.7)

Using (2.1) in (3.5), we obtain
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T =(singcos[Ns+C]—singsin[Ns+C],
4.8
0,6 singsin[Ns +C],0,e* cosp) *9

If we substitute (4.10) into (4.6), we have (4.2). This concludes the proof of Theorem.
5. APPLICATIONS

We can use Mathematica in theorem 3.2-4.2 , yields

— oo
| |
I
' | 05
|
| T
| = : U -10
10
-1 | r*.fv-
0.5
0
[

-05

- 11

We show that y and ® in terms of Mathematica as follows:
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