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Abstract. In this paper we study some properties of a class of normal anti-invariant
submanifolds in Kenmotsu manifolds, called the class of Whitney type spheres. We also prove
that Whitney type spheres have a closed conformal vector field in Kenmotsu space forms.
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1. INTRODUCTION

The Whitney spheres were introduced in complex Euclidean space €"[7,8] asa

family of Lagrangian immersions of the unit sphere 5" whose second fundamental form
satisfies a certain equality. In [7] Antonio Ros and Francisco Urbano studied Lagrangian
submanifolds of €" with conformal Maslov form and Whitney spheres. Later in [5] a class
of Legendrian submanifolds with closed conformal vector field in Sasakian space forms was
studied, where it was analyzed the existence of these submanifolds and were given their
geometric properties. In this paper, we introduce a class of normal anti-invariant in Kenmotsu
manifolds, called the Whitney type sphere through an analogy of those in the complex case
and we prove some properties of them and that they have a closed conformal vector field in
Kenmotsu space forms.
We remember some necessary useful notions and results for our next considerations.

Let i bea C7- differentiabile, 2n+1 dimensional almost contact manifold with the

almost contact metric structure (F, &, n, g), where F is a (1,1) tensor field, n is the Reeb vector
field, all these tensors satisfying the following conditions:

Fl= I +q®& nEy=1 g(F¥ F¥) =g(x, V) —g(X)n(yY), (1)

for all X, Y in y(#), where #(M) represents the set of all vector fields on .

Let M be a submanifold of M. We consider ¥V the Levi-Civita connection on M, V
the Levi-Civita connection induced by ¥ on M, ¥~ the connection in the normal bundle
T=M, h the second fundamental form on M and Az the Weingarten operator. The well-
known Gauss- Weingarten formulas on M are:

Velr=V, Y4+ h(XY); Vei=—AgX+Vin (2)

for X, Y in x(M) and 7 in 3=(M,

We consider the Sasaki form .2 on M, given by 22(X,¥) = g(X,F¥). Also, we denote
by N the Nijenhius tensor of F and ¥'™ = N '+ 2dn@¥&. An almost contact manifold # is
a Kenmotsu manifold if
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dn =0 di?=nsd; NP =0,
It is also known that an almost contact manifold # is a Kenmotsu manifold if and only
if

(VFI¥ = —g (X, FY)& — q(X)FY; V& =X —n(X)E, 3)

for all X, Y in z#(M7.
From [3] we have the following expression of the curvature tensor in Kenmotsu space
forms:

R(xEY)E= :j [¢(Y.2)X — g(X,2]Y] +c:—1[rriﬁ’lrr(511’— n(¥m(2)X +
+g(X, Z)n(Y)E — g(¥.Zm(X)E + 0(X,Z)FY — 2(Y.Z)FX + 20(X, Y)FZ. 4)

From [4], we recall the following:

Definition 1.1. A submanifold M of a Kenmotsu manifold # is a normal semi-
invariant submanifold if & is normal to M and M has two distributions &, D=, called the
invariant, respectively, the anti-invariant distribution of M, so that:
(1) F.M =D SU-F i =
(it} D, Dz, « & = are orthogonal;
(itt) F@,.= D, FD-cT M,

for all x in M.

If B = @ then M is a normal anti-invariant submanifold of M and if P== 0 the M is
a normal invariant submanifold of .

Also, in [4], it was proved the following:

Lema 1.2. If M is a normal semi-invariant submanifold of a Kenmotsu manifold M,
then:
(1) Apn¥ = Az X, for all X, ¥VeD=
(#) A4z Z= —Z and Fz&= ¢, forall Zex(M).

2. RESULTS AND DISCUSSION

Proposition 2.1. If M is a m-dimensional, normal anti-invariant submanifold of a
2n+1-dimensional Kenmotsu manifold #, then m = .

Proof: For xeM we have T.M =T.M& IYM and dim Fr M= dim T,M= m.
Moreover, because M is normal anti-invariant, we have FT.M o IT-M: FT.ML = § = and
then dimTFM = dim FI M +dim=§&, ®=m+l. Now 2m=m+dim ;M —1 =dim
T M +dimT=%-1 =dim [, #-1=2n or m=n.

For our next considerations, let M be a normal anti-invariant submanifold in a
Kenmotsu manifold #. We have the following decomposition:

T-M=FT .M &L MS i >
where 7 M is the orthogonal complement of FT M & <X & = in ToM, FTM = |0 FT. M,
M) =, oM. Let R(XY¥), hT(X,¥) be the components of h(X,Y) on (M),
respectively, FT M, for X,¥sx(M).
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Propositon 2.2. Let M be a m-dimensional normal anti-invariant submanifold in a
2n+1-dimensional Kenmotsu manifold M. Then:

F~oF — FoFP+ Foh®y FohT4+ A — 0 h—hf + R —g@F. (5)

Proof: From(3), Lema 1.2 (ii) and (2) we have

AEX =—X; gtﬁtxrwrﬂ = E[A‘f}:r?} = —_&‘[:X,P:[
and then we obtain the last relation of (5). The first two relations of (5) follow easily using the
fact that M is a normal anti-invariant submanifold, (2) and the first relation of (3).
We consider the 1-form:

gz (M) = F(M), ag(Y) = g(¥.Fr ), ¥ Ye x(2M), (6)
for all 77 € #=(M). In [2], it was proved that @3 is closed if and only if
gl Vzn, FY) = g(Ven, FX), ¥V X, Yex(M); az= 0. (7)

Definition 2.3. Let M be a normal anti-invariant submanifold of a Kenmotsu manifold
8. A vector field X & #(X) is a closed vector field if the 1-form e is closed.

Proposition 2.4. Let M be a m-dimensional normal anti-invariant submanifold of a
2n+1-dimensional Kenmotsu manifold M. If there is satisfied at least one of the following
relations:

(1) the mean vector field H of M is parallel;

(i)  m=n,
then FH is a closed vector field.
Proof:
(i) because H is parallel, from (7) we obtain that @z is closed and
Oty = C-gan(Ed = ~9_ that is FH is closed.

(i) m=n implies that & = HY and &ewlX) = 0. for o1 Xe 2(M),

Definition 2.5. Let M be a normal anti-invariant submanifold of a Kenmotsu manifold
#. A vector field on M is a closed conformal vector field if

(i) X is closed

(i) X is conformal, that is

g(Vy& 2) + g(V&,Y) = ——div(X). ¥ X,Y,Z¢ 2(M), (8)
where div(X) represents the divergence of X. Moreover, if there is FeF({M) so that
h{X,X) = fFX, then X is a special closed conformal vector field.

From [7], the conditions (i) and (ii) of Definition 2.5, are equivalent with:

__ dtulEd
Fol =¥ Fer(M) . 9)

Definition 2.6. A n-dimensional normal anti-invariant submanifold of a 2n+1-
dimensional Kenmotsu manifold # is a Whitney type sphere if its fundamental form h
satisfies the following relation:
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R(V,V) = 2g(V.V)+ 2g(H, FV)FV + - (B, )g(V.V)EL. ¥ Ver (), (10)

where H is the mean curvature vector of M and A # F{M).

Proposition 2.7. If M is a Whitney type sphere of a 2n+1-dimensional Kenmotsu
manifold M, then
i="
=2 all =1,

and

RV, Wl=A [g(l", W)H + g(H,FV)FW + ¢(H.FW)FV - ig(l",W]e,"], (11)

for all ¥, We¥( M), where A is defined by (10) and | U]l represents the norm of Efr.'flzﬁ}.

Proof: From Lema 1.2 (ii), we have g(h(X,¥),&) = —g(X.¥), YX. ¥ & #(M).

Let 184 wes 8o F8yp o, Fa,£F be a F-basis of #(M) so that {2y,..8,} is a local
orthonormal basis of z{¥}. Then g(&. &)= 1 and [|F|*=ZI%, g*(i.Fe,)+ 1 or
NE = 1.

Now, from (10) we have h(s,e,) =},[H-I-E&EH,FQJFG¢+%§[H,§'J§'_| and
nl — Eh, kie,e,) — Aln#+ 218 and then A= ﬁ% Relation (11) results easily from the

symmetry and bi-linearity of h.

Theorem 2.8. If M is an Whitney type sphere of a Kenmotsu space form #(¢), then
FH is a closed conformal vector field of M.

Proof:

For &,V ¢ #(M) and V an unitary vector field VL E, from (4) we have

B(zv)v =7z
and then [F(Z.V}¥]== . Now, from the Codazzi equation, we obtain
(FER}(w. ) = (FER)(Z, V)
and from the properties of Levi-Civita connexion, Lema 1.2 (i), (3), (5) and (11), it results
that
(FZhI(v, V)= A] ZE} + 2g( T H, FV }FV]
and
(Br}(2, ¥) = Alg{ BE, PV IFZ + g( TR, FZIFV).
From these last two relations, we obtain:

VeH + 2g( VeH . FVIFV = g( Ve H,FVIFZ + g( VH,FEFV. (12)
From (12), because V is unitary, we have

a(H Frl+2¢(Fv, GE)} = o FH, FZ). (13)

Because M is an n-dimensional normal anti-invariant submanifold, using Proposition

24 (i1), it results that FH is a closed vector field. Moreover, we have
g(FV, BoH) = g(FZ, B2 H] and from (13) it results that

g(Fv, 7z} = 0. (14)

From (2) and (11), we have:
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Vo(FH) = —n(H)FZ — g(Z, FE)f+ FVzH — FALZ
—AlglZ,FH)H — ¢ FZ.H)# — g(FZ,E)}¥ — ||B|I*FZ + FZ],
and then
Vy(FH) = F G3H. (15)

From (12) and (15), it results that Wz(FH) = —g(FV, W H }Z and then, using (9) we
obtain that FH is a closed conformal vector field.

Proposition 2.9. Let M be an Whitney type sphere of a 2n+1-dimensional Kenmotsu
space form §(c). Then the Ricci tensor Ric, the scalar curvature £ and the sectional curvature
K of M have the following expressions:

- (rm1dio=ad | 3a7-4] 0, 201 2512 3

() Bte(r) = [22E 4 0 e, L RIER 4 (n- DSEEV.EN (6
.. _ mim=1Me-3) ) Zmin—13 , »S(r=1)

(i) = e, ntee ) 4 ot (a7

(i) K Cx¥) = 2 4 2[R + 36° (7, FX) + 3¢° (L FYY 424 &, (18)

In-l-:l.}"[

where X, Y are two orthonormal vector fields on M.
Proof: Let {#;,...8,} be a local orthonormal basis of M. From Gauss equation, we
have:

Rtc(V) = ch&ce,,vﬁva,}-rzgc&ca,,e,ﬁ,&cv v)) - ch&ca,,vj,&ce,,vj}

From (4) 1t results that

S a(Eervie) =720 e g, 3 gae) = S22 iz

an_d from (10), we have
"

> (ke e k(¥ V)) = ng(H,k(V,V)) = nAllHI® + 262(H, PV) + EIIHIF]:

Tt §(h(ep VYo VD) = o [ZIEIPIVIE + 66 (FV, B) + (Cr— DIYI

+ng*(H,FV)].
From these last four relations we obtain (16).
(i) results from (i) and the fact that g= E%, Rlc(s,].
(i) from the Gauss equation, we have

E(X,Y) = g(RXVIV.X) = g(RQLY)Y. X} + g(h(X, X). h(¥, YD} — g (R(X,Y),R(X.¥)),

for X, Y two orthonormal vector fields on M,
Because M is a normal anti-invariant submanifold, from (4) we have

Bx, Y)Y =228,
g(h(x, X), R(Y, YD} = AP + 2¢° (H,FY) + 2g°(H,FX) + % + T_;i:]

and
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g(h(X, Y),R(X, YY)} = A*[g°(H.FX) + ¢* (H,FX)].

From these four relations we obtain (18).

Proposition 2.10. If M is an Whitney type sphere of a 2n+1-dimensional Kenmotsu
space form #(c), with H the mean curvature vector of M, Ric the Ricci tensor field and K
the sectional curvature of M, then:
(m=13(c-3) , Im" -4 u - (m=13(c=8) , 3m"=4 , In°(m—1) 2,
s Tt T e 1P S Rle 5 =0+ s+ = HEI

c—3 gn® 2,1, 1
ExY) 2 2+ == (7R +2+ )
where X, Y are two orthonormal vector fields on M.

Proof: it results from Proposition 2.9 and the Cauchy’s inegality
gt (U V) = g(U. Ulg(F. VL

Theorem 2.11. There are not compact Whitney type spheres on a Kenmotsu space
form M (c).

Proof: Suppose that M is a compact Whitney type sphere in the Kenmotsu space form
8 (7. From Bochner’s Theorem, the first group of Rham cohomology is H*(M;E) = ©.
Because M is an Whitney type sphere, from Proposition 2.4 (ii), we have that FH is a closed
vector field and there is feF (M) so that FH = grad(f). Moreover, because M is compact, it
results that f has critical points which are zeroes of H and this is in contradictory with the fact
that Il = L.
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