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1 A few of history

The starting point of all the story of the uniform approximation was the moment of 1885 when
the famous mathematician Karl Weierstrass (1815-1897), already old, gave his celebrated
approximation theorem:

Theorem 1. (Karl Weierstrass, 1885) Any continuous function
[ a,b] = R is the uniform limit of a sequence of polynomial functions (P,), (with real
coefficients).

This deep result was such exciting that later other mathematicians gave new proofs of
this theorem. We mention the proof of Charles de la Vallée-Poussin, Henri Lebesgue (1898)
(see [28]), Tiberiu Popoviciu in 1950 (see [23]), Dimitrie D. Stancu in 1959 (see [25]).

A very important moment of the finding of the proofs for the theorem of Weierstrass
was the one produced by Serge Bernstein in 1912, when he constructed, associated to every
function f € C([0,1]), and for any n € N, the polynomial

B ) =3 (1)t -y ()

k=0

The sequence of these polynomials is uniformly convergent to f. Note that S. Bernstein
used a proabilistic method to obtain his theorem (this method was deeply developed by
Dimitrie D. Stancu in a fundamental work [27]). (As known, the polynomials of interpolation
of Lagrange, L, f, does not converge always to f if n — oo, c¢f. C. Méray, C. Runge, S. N.
Bernstein, G. Faber, G. Griinwald, J. Marcinkiewicz.)

Of course, the polynomial of Bernstein conducted to an operator

B, : C(la,b]) = C([a,b])

3

called the operator of Bernstein and very studied.
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Another approximation operator was constructed by L. Féjer, starting from the interpo-
lation polynomial of Hermite Hs,.; with all the nodes only double and choosing these nodes
being the roots of the polynomial of Tchebycheff T, ;. So, this approximation gave a new
uniform convergence to f and then, a new proof of the theorem of Weierstrass.

But after these remarkable examples, to construct a new approximation operator was not
easy; although, note the works of T. Popoviciu 1932 ([22]), G. M. Mirakyan 1941 ([19]), J.
Favard 1944 ([8]), O. Szész 1950 and V. A. Baskakov 1957 ([3]).

2 The results of T. Popoviciu, H. Bohman and P. P. Korovkin

Come now in the mathematics of the 50 s.
The romanian mathematician Tiberiu Popoviciu, a former member of the Romanian
Academy, presents in a Conference given at this Institution in 1950, two short works ([23]
and [24]) in which he deeply analyses the conditions for the uniform convergence of a sequence

of positive linear operators (Ly),
L, : C([a,b]) — C([a,b])

3

to the identity operator,
Lof 20 f

(n—00)
In another work of 1952, [5], Harald Bohman finds that, if (A4,), is a sequence of linear
and positive operators

An 2 C([0,1]) = €([0,1])
and
A (1) —> 1
Ap(z) = x
Ap(2?) — 22

uniformly on [0, 1], then A, f — f, uniformly on [0, 1], for any f € C([0,1]).

This result and the one of T. Popoviciu were examined by P. P. Korovkin in 1953, which
formulated it in a very clear manner (see [9]). Six years later, in 1959, he published the book
entitled ,,Linear Operators and Approximation Theory“ in Russian, that was translated in
English and published in 1960 by Hindustan Publishing Corp. of Delhi (India) (see [10]).

This theorem is, in a modern version, the following:

Theorem 2. Let L, : C([a,b]) — C([a,b]) be a sequence of positive linear operators

and let ex(z) = 2%, k = 0,1,2,.... If L,(ex) converges uniformly (for n — oo) to ex on
[a,b] for k = 0,1 and 2, then the sequence L,(f) converges uniformly to f on |a,b], for each
f € C(la, b]).

And so the theorem was mentioned as ,,The Theorem of Bohman-Korovkin“ or, more
often, as ,,The Theorem of Korovkin“. But the most correct name can be considered ,, The
Theorem of Popoviciu-Bohman-Korovkin “

We can consider this fact as a mistake in the appreciation of the results of the romanian
mathematicians.

It exists a trigonometric version (using 1, cosz, sinz) of the theorem; we don’t discuss
this here.

3 Some examples of using the theorem

For any positive linear operator (more precisely, sequence of operators) L, : C([a,b]) —
C(la, b]), by the theorem, it is sufficient to compute the action of the operator L,, on the
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Ltesting-functions“ eg, e; and e, called the moments of L,; if these converge to ey, ey,
respectively eo, uniformly, then the uniform convergence (L, f) ﬁ) f is obtained.
n—o0

We give some examples.
(a) The operator of S. Bernstein

We obtain
Bneo = €y
Bnel = €1
1-— unif.
(Buea) () = a2 + T2 ),
which gives again the well-known result.
(b) The operator of D. D. Stancu (see [26])
'This operator is given by the formula
i [k—a](1 — g)[n—k,—a L
(o) . n\zxr ( 'f) L3
(Sn f) (ZL‘) - Z (]{3) 1[m7,a] f m ’
k=0
where - .
{ gt =y(y—h)ly—2h)-...-(y—(n—1h) if n>1
[0,h] — 4
Y
(of course, if @ = 0, we find again the operator of Bernstein).
We have
S7<za>€0 =€
S7<7,a>61 =€

z(l — z)(1 + ma)
m(l + )

(s§ﬁ>62) (2) = 22 + s eo(a).

(c) The operator of binomial type T. Popoviciu

A sequence of polynomials (p,),, is said to be of binomial type if every p, is of degree n

and the equalities
n

ut0) =3 (1) ptwmn o)
k=0
are satisfied identically in v and v, for any non-negative integer n (that gives immediately
po = 1 and p,(0) = 0 for any n > 1).
Suppose that p, (1) # 0, for any n € N. Then one can define the linear operator of Tiberiu
Popoviciu (see [22])

1.0) ) = = 3 () outalns(ols ()

(for any f € C([0,1])).
This operator was studied by C. Manole in his thesis [18] (under the guidance of D. D.
Stancu), by means of umbral calculus (finite operatorial calculus). We have

The0 = €g
The1 =€

(1)

(Toes) (z) = 22 + & + 21l - 7)a?,

where a,(f) are certain coefficients which depend to n and tend to 0, where n — oo. So

Tne2 ﬁ ey (uniformly).
n—od
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We mention that there is also a bivariate form of the criterion, that can be used to study
the convergence of the positive linear bivariate operators of approximation (see [30]).

For many details on the theorem of Korovkin (Popoviciu-Bohman-Korovkin) see [1], [2],
(7], [12], [17], [29], [31], [32].

3 3 3

4 Some contemporary remarks

A modern point of vue on the theorem Korovkin is presented in [11]; it is, in fact, a general-
ization of the theorem in the space

CX)={f: X —>R|[f continuous},
where X is a compact space, endowed with the norm

1 f]lee = sup [ f(z)].

zeX

The classical result are found again.

A deep relationship between the theorem of Korovkin and the absolute continuity is given
in [21]. In fact, in [21] is given an explanation of the phenomenon of the theorem of Korovkin
by the absolute continuity.

A version of the theorem of Korovkin (Popoviciu-Bohman-Korovkin) for weighted ap-
proximation are given in [6]. Here is also given an example of space in which, for a certain
weighted approximation there is no a Korovkin finite subset (of the type {eg, e1,€s,...,€ex}).
This is linked to the fact that the Cech compactification of [0, c0) is not metrizabile (recently
proved by Woods (see [33])).
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