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Abstract: The paper is a survey concerning quadrature formulas obtained by using
linear and positive operators. We recall here the Bernstein quadrature formula, the Schurer
quadrature formula, the Stancu quadrature formula and the Schurer-Stancu quadrature for-
mula. We present also some new results regarding the composite quadrature formula of Bern-
stein type.
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1 The linear and positive operators used

In this section we recall the linear and positive operators used for the construction of the
quadrature formulas which we shall present.

First, let us to denote N={1,2,...} and Ny = NU{0}. Next, let p € Ny be given and let «,
[ be real parameters satisfying the condition 0 < a < f.

The Schurer-Stancu’s operator is defined [2] for any n € N, any f € C([0,1 + p]) and any
z € [0, 1] by:

(3571) () = 3 puste)s (22) ()

where

R G T 2)

are the fundamental Schurer’s polynomials.

Many approximation properties of the operator (1) can be found in the monograph [4] and
the references therein.

Note that for « = f = 0 and p € Ny, the operator (1) is the Schurer operator [9] defined by:

(Buof) (@) = :i:ﬁn,k(x)f (). )
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For p = 0 the operator (1) reduces to the Stancu’s operator [12], defined by:

(5090) () = Y pmastolf (£29) ()

where
puate) = ()2 = o 5)

are the fundamental Bernstein’s polynomials.
For « = f =0 and p = 0, one arrives to the classical Bernstein operator [7] defined by:

9=3 nsto (£). ©)

Using the operator (1), for any f € C([0,1 + p]) one arrives to the following approximation
formula:

f =8Pt + RS (™)

where Rn f denotes the remainder term.
Following the Stancu’s ideas [10], [11], [12], [13], in [4] was proved:

Theorem 1.1. For any f € C([0,1+ p]) and any x € [0, 1], the remainder term of (7) can
be represented under the form:

(Be2r) (2) =5 (6 = pha - adien € ] (®)
- ﬁx(l — ) [11, 72, 735 f]

where the brackets denote divided differences and 0 < & <& <1,
O<m<m<n <1

Corollary 1.1. Let f € C([0,1+p]) be two times differentiable on [0, 1] having the derivatives
f"and f" finite on [0,1]. Then, for any x € [0,1] there exist £, n € [0,1] such that:
(8 =p)z = a}f(6) = 5o ——a(l — @) [" (). (9)

(BEF) @) = 6 2(n + )

Let « = f =0 and p € Ny. Then, the approximation formula (7) becomes the following
Schurer’s approximation formula:

n—+p

f - Bn,pf + Rn,pf- (10)
As a consequence of Theorem 1.1. and Corollary 1.1., it follows:

Corollary 1.2. i) For any f € C([0,1+ p]) and any x € [0,1] the remainder term of (10)
can be represented under the form:

(}N%n,pf) (z) = —%[51752; f1-

where 0 < & <& <land0<n <n <n3 <1
i1) Let f € C([0,1+p]) be two times differentiable on [0, 1] having the derivatives f' and
f" finite on [0,1]. Then, for any x € [0, 1] there exist £, n € [0, 1] such that:

(Rusf) 0) = —Zpi0) - 2

n 2n?
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For p = 0, the approximation formula (7) becomes the Stancu’s approximation formula:
f=80Pf + RS, (13)
As a consequence of Theorem 1.1. and Corollary 1.1., it follows:

Corollary 1.3. i) For any f € C([0,1]) and any x € [0, 1] the remainder term of Stancu’s
approzimation formula (13) can be expressed under the form:

n

mﬂl — )01, 12, M35 f1, (14)

(R;a’ﬂ)f) (z) = ﬁ{ﬁx —a}&, & f] —

where 0 < & <& < 1Tand0<n <mp <m3 < 1.
it) Let f € C([0,1]) be two times differentiable on [0,1] having the derivatives f' and f"
finite on [0,1]. Then, for any z € [0, 1] there exist &, n € [0, 1] such that:

_n
2(n+ B)?

Suppose that « = f = 0 and p = 0. In this case we get the classical Bernstein’s
approximation formula:

(RS 1) () = ——{fr = ab'(6) - o(1=2)1"(0). (15)

As a consequence of Theorem 1.1. and Corollary 1.1., for approximation formula (16) we get
the result obtained by Tiberiu Popoviciu contained in:

Corollary 1.4. [§]
i) For any f € C([0,1]) and any = € [0, 1], the remainder term of (16) can be represented
under the form:

(Raf) () =~ (1~ 2) 61,65, 65 f], (17)

where 0 < & < & < & < 1.
It is well known the following estimation of the remainder term of (16), [16].

it) Let f € C([0,1]) be two times differentiable on [0,1] having the derivatives f' and
f" finite on [0,1]. Then, for any x € [0,1] there exists & € [0,1] such that, the following
equality:

[ (Buf) ()] < 5-o(1 — )] (18)
holds, where:
ML) = max |(2) (19)

2 quadrature formulas based on the operator gfﬁ;ﬁ )

Let f € C([0, 1+ p]) be given and let

n+p
/ e =5 A (15) + 10 (20

be the Schurer-Stancu type quadrature formula [3], where the coefficients are expressed by:

gl 1

S — 21
PR 4+ p 1 (21)

for any kK =0,n + p.
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Lemma 2.1. [5] Let e;(x) = 27 (j non-negative integer) be the test monomials. The following
identities:

rie)(eo) = 0; (22)
(@,9) _B-2a-p
Tn,pﬁ (61) - 2(n n /3) ; (23)
ey = 20Dt P =it D 200, 21

hold.

Remark 2.1. i) In general ry, ’m(el) # 0, i. e., the degree of exactness of (20) is 0.
it) For B = 2a + p, yield r Oézaﬂ’)(el) =0, 7"7({3}’,20‘”)(62) #0, i. e., (20) has the degree of
exaciness 1.

In what follows, we are dealing with the Schurer-Stancu quadrature formula having the
degree of exactness 1, i. e., with the following quadrature formula:

/ f(@)de = if(“—“) + (PP f). (25)
_n+p+1 n+p+ 2« P

Theorem 2.1. [5] If

i) f € C([0,1+p])NC([0,1]);

it) B = 2a+p and n+p > 402, the remainder term of Schurer-Stancu quadrature formula
(25) can be represented under the form:

T(Oc,2a+p) (f) _ (20& — 1)77, + 2@2 + (20& — 1)p
12(n +p + 2a)?

n?p

F(&), (26)

where € €]0, 1].

Remark 2.2. The minimum value of the remainder term of the quadrature formula (25) is

obtained for a = %

Theorem 2.2. [5] If
i) f€C([0,1+p]) NC*([0,1]);
it) n+p > 4a?, the optimal quadrature formula of Schurer-Stancu type is the following:

n+p 2]{3—{—1 1 )
/f _”+P+1Zf<2n+2p+2>+24(n+p+1)2f(5)' (27)

Remark 2.3. i) Fora = =0 andp # 0, form (20) we get the Schurer quadrature formula:

/f =n+p+1n2+pf(’“) F (). (28)

it) For p =0, from (20) we get the Stancu quadrature formula:

1
- k+ o
(e.8)
[1@as= =7 (E25) + e, (20
. k=0
iti) For p =0, from (27) we get the Stancu’s optimal quadrature formula:
1
2k +1 1
d "(£).
/f(x) v n+1zf<2n+2> A1 (© (30)
0
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3 The composite Bernstein type quadrature formula

Starting with the Bernstein approximation formula (16) in [16] the following Bernstein
quadrature formula:

j fla)ds = iAjf (2)+ms (31)

is obtained, where

1 _
A= , ) = 2
and .
Bal ]I < 5 Mol (3)
The focus of this section is to construct the composite Bernstein type quadrature formula.

For this aim, the interval [0,1] will be divided in m equally spaced subintervals [£=1 £,

k =1, m. Each interval at his turn will be divided in n;, k¥ = 1, m subintervals. On each such
type of interval [kml, 7’;] k =1, m, with corresponding knots n; + 1, k = 1, m, the Bernstein
quadrature formula (31) will be applied. Next, adding the mentioned quadrature formulas
the desired Bernstein type quadrature formula on interval [0, 1] will be obtained.

Let [a,b] be real interval, which in n, equally spaced subintervals will be divided.

We start with two auxilliary results.

Lemma 3.1. Suppose that a,b € R, a < b and f € C([a,b]). Then, the Bernstein polynomial
associated to the function f is defined by:

B = e 3o () e - a2y (aﬂb; ). e

§=0 P
Proof. Tt is easy to observe that the correspondence ¢ — Z=¢ transform the interval [a, b] in
the interval [0, 1]. Taking (5), (6) and the above remark mto account, yields (34). O

Lemma 3.2. Suppose that a,b € R, a < b and f € C*([a,b]). Then, the remainder term of
the Bernstein approzimation formula on [a,b] verifies the inequality:

(x —a)(b—x)

R, < M. 35
(o)) < Gl (39)
where Ms[f] = m[a}z | (x)].
zc|a

Proof. One applies (18), taking the transformation ¢t — =% into account. O

In what follows, let us to consider the interval [0, 1] divided in the equally spaced subinter-
vals [% %} k =1, m. Each interval at his turn will be divided in n;, £ = 1, m subintervals.
In each interval [k 1, %} one considers the distinct knots z; = k"’jn_ixﬂ j =0,n,. Applying

Lemma 3.1., yields the following Bernstein type polynomial:
Mk 7 ng—j .
n k—1 k kng —nk +7
B, = m"* E - — — — —_— . 36
The corresponding Bernstein type approximation formula on the interval [% %} becomes:
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If f € C*(0,1]), the remainder term of (37) verifies the inequality:

(B @) < E= ) G =) oy (38)

an

where Ms[f] = max |f"(z)].

z€la,b

Theorem 3.1. If f € C?([0,1]), the following Bernstein type quadrature formula

\m»

1)dz = ZA’ (M> + R, 1] (39)

ng

d

holds, for any k = 1, m, where

1 _
Al. = . ) — 4
T mng + 1) (V) =0, (40)

and

R L] < My[f]. (41)

12mmny,

Proof. Integrating (37) on [%=1, £ and taking (36) into account, yields:

) o
- %(2’“) /tj(l — {)™Idt.

The last integral is the Euler function of first kind B(j + 1,n; — j + 1). Taking the well
known properties of Euler function of first kind into account, it follows:

J m<j> Ut b=+ D) = e e T 1)L (g 1)

For the remainder term, taking (38) into account, we get:

i< [ () (e "

(41). O
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Theorem 3.2. For any f € C?[0,1], the following composite Bernstein type quadrature
formula

1
RS 1 (kng—ng+ g
0/ (o) = mZZan( ) Rl (13
holds, where
1 "1
B [f]] < oMl (44)
k=1

Proof. Adding the Bernstein type quadrature formulas (39) for £ = 1, m, we get the following
composite Bernstein type quadrature formula:

j e = LSSy (Mot S i, (49

k=1 j=0

Denoting R, [f] = > R, [f] and taking (41) into account, yields:
k=1

ESGES SAGESE AR SE (10
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