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Abstract:  More and more random phenomena in our environment are modulated by
differential stochastic equations. The problem is finding of techniques solving differential sto-
chastic equation using similar ways to the one we use for solving classic differential calculus.
One such way s solving differential stochastic equation with the integrating factor. In the
following paper is exemplifies of this solving way in respect of the Ito’s rules of the stochastic
differential calculus.
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1 Introduction

The technique of the integrating factor in solving of stochastic differential equation is to mul-
tiply the both terms with same factor that confinable groped we roll of stochastic differential
expression.

Let beB; is the Brownian 1-dimensional motion, By = 0 we remain the same rules specifies
the stochastic differential 1to, [4]:

2 Main Results

Let be x; 1-dimensional stochastic process,B; the Brownian 1-dimensional motion which
satisfies the following stochastic differential equation:

de’t = Tt dt + dBt (2)

Statement 1: The solution of the equation (1) is the following stochastic process:

t
Z’t:Bt—B0'€t+€t'/Bs'€_st (3)
0

Where, the integral of the right side is the It integral, [5].
Proof : We use the integrating factor, and multiplies the both sides of equation (2) with
e~!, and obtain:

e_t . deft = e_t Tt dt -+ e_t : dBf (4)

To regrouping the terms of the equation (4), we rewrite:
eit . d.]ft — eft Ty - dt = eft : Bt- (4,)
To find the stochastic differential of the product ez, process:
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det z)=a-d(e")+e " dr,+d(e) dz (5)
Because, de=t = —e™! - dt , we find:
dlet-ay)=—et ay-dt+et-doy—e b dt-dx; (5)
Now, we use equations (1) and (2) by introduction them in the right side of (5’) equations,
it follows that:
de b zy)=et-dr,—e b - dt (57)
To compare this equation with equation (4’) we deduct:

d(e™"-z)=e"-dB, (6)
Therefore, we obtain:
et-a, = [l dB, (6
The integral of right side is It6 integral, and equation (6”) is immediately.
Ty =€ - fot e *-dB; (67)
We apply now the integrating by parts for It integral to find the following form for equation

(67):

t
x; =€ {et-Bt—Bo—/ Bs-e_s-ds] (7)
0
Or, therefore result:

2 =DB;— By-e +e' - [ By-e*ds (7))
Finally, for By = 0 the forma of solution of stochastic differential equation (2) is:

t
Ty = Bt + et : / Bs -e %ds (8)
0

Statement 2: If the process x; is the solution of equation (2), and B; is the Brownian
1-dimensional motion then the expectation value and the variation of the process are:

Elx,)=—By-€', Varlz,] =t + B3 - * 9)
For caseBy = 0:
Elx) =0, Var[z] =1t (9)
Proof: To evaluate the expectation value and the variation of stochastic process (7’)
using their properties, [8]:

Elz)=E[B]—E[By-¢'|+E [et - /Ot e *B, - ds] (10)

Because

E[B] = 0, E[By-¢!] = By - e, E[et-fge—s-Bs-ds} = e fle - E[B)] - ds =
0,FE[BZ] =t (10)

We have (9). To evaluate the variation for the caseB; = 0, we have:

Var [z, = E [(z, — E[z))*] = E [2}] (11)
But )
@2 =B} +2-By-e'- [ By-eds+ [et - [' B, - e*Sds} , (117)
With the properties of expectation value of Brownian motion, [8], similar (10”), we obtain
the form of (9').

For the case By # 0, the relation (11°) is more complicated, but the important term is
the one which contains the Bj - €*, because his expectation value is not equal to zero, all the
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other terms have their expectation value equal to zero, and then we get the form of (9) for
the variation stochastic process.

Statement 3: Generalization. The Ornstein-Uhlenbeck or Langevin equation. Let be
the following stochastic differential equation:

dv, = p-x;-dt + o - dB; (12)

where u, o are real constants, B; € R, is the Brownian motion.
The solution of (12) is a stochastic process with form:

t
xt:J(Bt—BO-ew)+M'J-e“'t~/ B -e "% ds (13)
4}
The expectation value and the variation of this process are:

Elz)=—0-By-e"" Var[z,) = 0® -t +0°- By - e** (14)

The process (13) is called the Ornstein-Uhlenbeck process.

Proof: The prove is similar, we use the integrating factor, e #*, and compare with the
stochastic differential, d (e™#*-x;). For the evaluation of the expectation value and the
variation of the Ornstein-Uhlenbeck process, we use the properties of the expectation value
and the variance of Brownian process.

3 Conclusions

In this paper we used the technique of the integrating factor in the solving a two differential
equations and are evaluated the expectation value and the variation for the solutions of these
equations. The technique of integrating factor consist in finding an appropriate factor which
multiplied by the both terms of stochastic differential equation and by arranging in such a
way so that we obtain the stochastic differential. The It stochastic differential rules were
used.
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