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Abstract. We show how can be characterized the speed of convergence of the
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1. Introduction. A series of optimization problems conducts to some inequalities,
asymptotic calculations, numerical calculations and approximations.
In the convergence problems it is important to know the speed of convergence (or “the
order of convergence”™) which characterizes it.
S0, we can consider several well-known examples.
{a) The convergence estimations of the Picard-Banach-Caccioppoli Theorem of fixed
point of the contractions. Let (X,d) be a complete metric space and f:X — X be a

contraction of constant «e (0,1), 1. e. such that
d( f(xy, flv)) < od(x, v) forany x ve X.
Then, for the unique fixed point x* of the contraction fwe have the “i priori” error
estimation

dix,  x¥) = dixg.x) n=0L12,...
1=
and the “i posteriori” error estimation
dix ,x*)= d(x . x, )

(b) Let f:[0,1]— R be acontinuous function and B_f the Bernstein polynomial of
order n attached to f.

o n ‘n) kD
(B f)(x)=" lr"f]—.r}”j'£| xe [01].
’ PR )
The Voronovskaya's theorems affirms that, if fis twice differentiable on [0,1] then the

tollowing asymptotic result holds
limn[(B,f)(x)- f(x)]= m; 5 f1(x).

(c) Many evaluations are given in the theory of approximation using the modulus of
continuity, one of the most known result being an evaluation of Tiberiu Popoviciu

||} B_f)(x)— fl.‘.r‘J| < %L}F _. ﬁ'

Other evaluations are given in the theory of the approximative metods for solving
equations, in the cuadrature formulas and many domains.

In the study of the functions of a discrete variable, ie. of the sequences, these
evaluations has a great importance.

So, the definition of the fundamental constant e, involving the formulas
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(1) (o1 1)
lim| ]+—| :]im| l+—+—+...+—|=¢
el g meee 1 2! n!)
is well-known, but the inequalities
& (. 1Y &
ze—|1+—]| =
R+ L n 2+
and
| ( 1 1 1 1
ce—|l+—+—+ +—|<—
nlin+1) \ 1t 2! n!! nln

show that the first convergence is slower than the second. As a consequence, the numerical
computation of the number e uses the second one.

In the following we will analyze on example and after this we will present a selection
of such results, especially obtained by us.

2. The analysis of an example. Consider the previously mentioned two sided
estimation

< fe—]+l|f c (2.1)
2n+2 L n) 2n+l
This inequality implies the relation
{ ! WY
limnie—|l+li |:E. (2.2}
—yac | h n 2

which is the first iterated limit of the sequence (1+1/n)" (respecting the sequence of
functions atural variable 1/n, 1/ n* 1/ 1", ). [But the equality (2.2) can be also obtained
directly passing to the real variable and computing lim .rllre —(1+1/x) :I:e;"ﬁ (in certain cases

it is necessary to apply firstly the lemma of Cesiro-Stolz see [3], [13] and after this to pass to
the real variable)].
Conversely, the equality (2.2) may suggest as two sided estimation the following

pr W
[ | e
ce— | 1+—| = —.

2n+1 " n) 2n

But this is wrong! The correct inequality is (2.1).

e

¥

We will show here (following [16]) the technique to prove (2.1). The two sides of (2.1)
must be proved separately; we must isolate the constant e and we obtain that the first part of
(2.1) is equivalent to

1

u f| 1+l~'|m !..]+ ..|f-.‘.e (2.3
L om0 2m+l)
and the second part is equivalent to
F WA '\ dif
e<[1+1] {1+ 1|20, (2.4)
. orn) L 2m)

Obviously
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limu, =limy, =e,

By e
then, to obtain (2.3) and (2.4) it is sufficient to prove that the sequence {u_ ']ﬂ is strictly
increasing and the sequence (v, ']ﬂ is strictly decreasing.

We pass to the positive real variable and we will prove that the functions that extend
the previous sequences to the positive real variable, 1. .

def | 1V ( 1
u.:.r1:|1+—|’1+ |
Vox S 2x+l)
JIZ‘J'I 1 | [ | i
Lf.r}—. —r||‘ El
has u'(x) >0 and v'(x) < 0, for any x> 0. We obtain
'l Y42 '
u'(x)= l+i| lnf!r+l‘_|—1n x— ] i tr- - - (2.5)
x+1/2x+1 (2x+1)° |
f 1 il I 2x+1 |
W — - | _ - = __-_ - )
! |{.=.’}|—|._l+_r | I_l.-]m{.:.’+]}| Inx Pl R (2.6)
We establish the sign of these derivatives using an inequality of J. Karamata
¥
2.7)

2 |
<In(x+1)—Inx=< (x=0)
2+l Jx+1)

(see [8], pag. 273). Applying the first part of (2.7) we obtain atter a little calculation u'(x) =0

To obtain v'{x)< 0 is sufficient to apply a relaxed form of the second part of (2.7) namely

Infx+1)—Inx = —| —+LI
r+1l x)

and we obtain

X

v i) = ——l I +—| <
ax* (x+) \

These completes the proof.

3. A list of examples. The first iterated limit of many sequence suggest, each of them,
a -:‘Dnespcndmg two sided estimation. We give some examples

£ 4 J_ -_In+] M = = F I.'1+'|. -
* limn| [+—] —e‘:—& <|1+—]| —e<— see [14 (3.1
ne | ) 2 2n+1 | n | 2n (see [14]) :
(1 (1Y) 1 11 1Y
¢ limn— | 1-—| |=— & <—=|l-=| €« ——— (see [11]) (3.2
ne= e Lon) | 2e Jne e | n | (2n—1)e { 1) :
- =1 % ; w1
1} I 1 I (1) 1 1
* limn| | I-—| ——‘:—&—r:! ——| ——a——— (see [11])(3.3)
me |\ n) el 2e (2n-le L on) e (2n—2)e
. 1 1
* limnic —cl=—& < - — (3.4
m—pea 2  2Zn+l n
1 1
where ¢_=1+ E+E+ A——Inn and ¢=7v=limc_ is the well-known constant of Euler
e n Ar—po

(see[15]).
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o 1 1
¢ limn’ Ir“,-'—RHI:—&—zr:",f—RR{ - (3.5)
A—pe 2 12{n+1) 12k
I 1 | [ 1
where R, =l+—+—+.. . +——In| n+=| (see[3]).
2 3 H L2
T o1 | 1
o limn' (T,-V)=— & ——<T,-1<—. (3.6)
e 24 ABim+1y 48r
I 1 | ( | 1
where T, :]+—+—+.__+——]n| nt—t+— | isee[10]).
2 3 i | 24n )
: y . ] |
¢ limn{y-x)j=—& ———<y-x,<—, (3.7
e T2 12(r+1)? 12n*
[ | |
where x =l+—+—+...+——+——Inn (see[21]).
2 3 n—1 2n
The inequality (3.7) conducted C. Mortici and A. Vernescu to improve (3.4) as
following
| | | |
P T =Y <——— 2 EBS}
2n 12n 2n 12{n+1)
(see [9]).
o limn (Lo - ()= ! ! = {(8)-C, (9= —. (3.9)

s s—1  (s—D(n+1)"" (s—1jn

where se (1, =), Eﬂfs}:]+:7+;7+___+

1 . L . . . . .
—and C(s)=lim(_(5), 1s the famous function of
] s

Riemann (see [4]); a simple proof using only the sequences is given in [19].

. o | l
o lima"(a, (o) —alo)) =E & —1# a, () —m’rx}{ﬁ, 3.1y
: 2+— |n" i
(see [ 1], [2]).
l l |
* limQ n=—F & ———=<0 < . 311
Loiid -Jq A SJ7n
1-3:5...-(2n-1
where {1 = (2n—1) (see[B3])
2:4-5-_.-2n
Two stronger ineqm]ity are the fﬂ]]Dwing
——< {} <—/——= (see[B
||~1c| n+— ||"t|n+—
<) <
"E| LV
4 32n
(see also [22] and [23] for other 1'et1nen1ent5 and expansions).
. ]1mn| w =fe T LT o T (e 11).(3.12)
s J 8 4a2n+Dl 8e) 2 A(2n+

where
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_— 2.2.4.4.6-6-_.-2n-2n
" 1335577 (2n—-D(2n+1)

is the sequence of the Wallis formula lim W, =§ (see [17]).

A—poa

1

* lima(lnr—Al=—& <In2—-A = \ 3.13
n—te : -'11- 4.’:+2 " -‘in+l { ::I
| |
where A = + +. .. +————In2 (see[18])
" o+l n+2 2n [15]
) | | . |
¢ limi(—1)"niln2-5 j=—& <(-1)"(In2-58 )< \ 314
R Tl O R W R
where §, :l—%+...{—““—]l (see [20]).
2 n
* lim(—1)"n| ——8, |=— <(-1)" —=-8_ |<—, (3.15)
e 4 ") 2T la ") 4
where § —1—l + L] +...(=p™* : (see [20])
! 3 5 7 2n—1 -
f 1y 1 1| Inn 1 |
s limnpllL —=— & —|l-0t— [ ——o——, i3.16)
e | " oe) 2e  2en! n /! L e Zen
where L :w;mmr—qfﬁ (n=2), o .vi (see 7]
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