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RESU lJE 

Le prcsen t travail s' occupe ce l'etude therm odynamique de 
quclques derives de "al chyde isophtalique, de la 
tctr: dcc uhydroucri ine ct de la 3-inJ azolooe. L'ctude 
thermodynarnique a ele realist: p calorimctrie de cornbustion, par 
caiorunetrie differenuelle a balayage (DSC) ct par analyse therrnique. 
ALt'sl ont cte determinees les nthalpies standard de cornbusuon. les 
cttc ts thcrrniques qui accompagnent les changcments de phase et le 
comportement cinetique des composes etudies a l echauffernent 
progressif dans I'atmophere inerte. 

Les donnees eriergetique obtenues peuveut ~ c utilisees our 
determincr es cnthalpies St3..l1 ard de f nn ati o, les cntropies e 
changerne [ de phase, les effets thermiqucs des reacnons chirniques 
auxquelles partic ipent les cornposes etudies il l' etermination de 
ccrraines chaleurs ' isornerisation et i\ la caracteri sation cinctiq e d ' $ 

re. ctions de de omposition thermrque , 
Introduction 

L'etude therm ochimique realisce app orte des donnees 
suoplemcnraires p OUT la caracterisation des cornposes chirniques Il ­
1\ ' , obtcnus par la condensation de l' a! .hyde 4-h)' roxy-f -mcthoxy­
i .. .phtahque (1 ) avec quelques amine arorn atiques, de COlT ' oses 
chimiques (VI-IX) obtenus par lacetylation de la l ,2- l.ihydr -3H­
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indazol-J one(3 - indaz lene), (V), et des stereoisomeres trans, sin, 
trans-(X) e l trans, anti, cis-C 1) tetradecahydroacridine (scheme 1). 
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Les precedentes publications 11 , 2, 3i ont presente les conduion 
de synthese et de purification des cornposes nvisages. Les fl::.l '·rion. 
de combustion des cornposes azotes ctudies dans ce travail, ă 2GS,15 
K, sont: . 

Les rcnctions sont accornpagn ces par les enthal ies standard de 
cornbustion, t\ Ho. grandeurs qui : sout det .rrnm ~ t" ; 



experimentaldrnent A partir des enthalpies standard de combustion 
on a calcule les enthalpies standard de formation, L':.rH°, grandeurs qui, 
ă cause de leur importance pour la caracterisation energetique des 
reactions chimiques, se trouvent dans des tableaux de donnees 
thermochimiques. L'enthalpie standard de formation d'un cornpose 
chimique, CcHhOoNru a ete calculee par la relation: 

tlrH o 
( CcHbO.NQ) = - 't\.(W ( CHhOoN. ) + ct\.rW(C01,g) + !:.. c'rW ( HIO,I) 

, 2 

ou 6rH°(C02,g) et 6rH° ( i-hO,l) sont les enthalpies standard de 
formatien connues /4/ du dioxyde de carbon et de l 'eau ă l'erat 
liquide . 

Les enthalpies standard de formation des substances etudiees il 
cote de celles des amines utilisees /5 ,6/ et de I'eau liquide ont permis 
a calculer, par exemple, les enthalpies des reactions a 298 ,15 K: 

, , HQ 

' H O 'H 1 N ' '';~H ;co--?-ell ' I'' A' 'H ~ 0 
II Jeo . li 11 0
 

ti
 ~ 
La calorimetrie dynarnique differentielle ă balayage (DSC) a 

permis la determination des temperarures de changement de phase (en 
ce 'cas la fusion ) et les effets thermiques qui accompagnent ces 
transforrnations . 

Les donnees d'analyse therrnogravimetrique et 
thermodifferentielle ont ere obtenues par la methode differentielle nOD' 
isotherrne de Freeman et Caroll 17/ , O' apres certe rnethode, l'energie 
dactivation, L':.E*, de la reaction de decornposit ion therrnique d'un 
cornpose chimique , l' ordre cinetique de la merne reaction, n, la 
variation de la masse avec la' ternperarure, W '" f(T) et la dependance 

dW = f(T) sont reunies par la relation: 
JI 

6E ' l1 (y) l118(':;;') 
- • -- <:: - n + -----""-­

I.JOJ · R l1 lgW . l11~W. 

ou Wr represente la diminution relative de la masse dessai au 
moment t, elle est definie par W, = Wco - W, ou W C<" est la masse 
dessai soumise il la decornposition et W est la masse dessai au 
moment ( de la decomposition therrnique. 
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La relation precedente est I'equation d'une droite en 

coordonnees 61~(-: ") = 1{f) ], qui est utilisee pour determiner 
61y,W, 'l 61Y,W, 

l 'energie dactivation L\E. - â partir de sa pente - et l'ordre cinetique 
total du processus de decomposition thermique - el partii" 'de 
l ' intersection avec l'ordonnee. . . 

Partie exper imentale 

Le synthese et la purification des cornposes I-XI ont ete decrites 
dans les references 11-31. La purete des substances a .ete verifice pâr 
analyse elementaire et par chrornatographie. 

Pour realiser les experiences de combustion on a utilise une 
bombe calorimetrique adiabatique - Gallenkamp CB 110 - decrite 
dans une precedente reference 18/. 

Les effets thermiques et les temperatures de fusion ont ete 
determines ă l'aide d'un calorirnetre DSC 2 Perkin - Elmer 
(sensibilite : 5 mcal-s'). . 

L'analyse thermogravirnetrique et therrnodifferentielle a ete 
realisee avec une balance TGS 2 Perkin - Elmer 19/.· Les 
determinations ont ete effectuees dans' une atmosphere d' argon et 
dans un regime dynamique de ternperature de 10°C/min. 

Resultats et remarques 

L'equivalent energetique du calorimetre de combustion a ete 
determine li partir d'une serie de combustions d'acide benzojque ­
etalon thermochimique - Riedel de Haen AG, Seelze, Hannover 
9E70681 , pour lequel L\HO(s, 298,15 K) = - (26426 ± 70) Jsg". 
L 'initiation de la combustion a ete faiteă I'aide d'un fil de Cr - Ni.et 
respectivernent d'un fil de coton dont -les chaleurs de combustionsont 
connues . L' equivalent energetique du calorirnetre a la valeur Ucal = 
(10845±15) JIK. 
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Les resultats experirnentaux obtenus par calorirnetrie de 
combustion pour le cornpose Ill , par exemple, sout consignes dans le 
tableau 1. 
Tab leau 1. Cornbustion du cornpose III fi 298,15 K 

I 
1 ro (substance), (g) 0,5 6874 0 ,63433 0,57550 0,65832 

q Iallumage), (J) . 120.89 122,34' 121,42 'r21,93 
q ( sol. fINO)). (1) 25,93 26,05 26,37 26 40 

boT fIe) 1,514 1.687 1,532 1,752 
·~UO(s 298,15 K)' (kl-rnol") 8 162,4 8165 ,2 8168,1 8156,6 
-~(.9 '"298,15 K), (kl-mol") 8161 ,7 8164,5 8167,4 8155 ,9 

-âcHrn0(5, 298,15 K), ' (kl-mol') 8162,4 ±4,9 
-277 ,6 ± 4,9 ~<lI°( s ; 298 15 K), (kl-mcl") 

Les resultats consignes dans le tableau 1 correspondent a la 
reaction: 

CI6HISO~ (s) + 35,5/2 O 2 (g) = 16C01(g) +lS/2H1 0 (l ) + 1!2N2 (g) 

De rneme facon on a obtenu les enthalpies de combustion et de 
formation pour les autres substances . O ' ailleurs, il faut preciser que 
pour les substances organiques la combustion constitue la seu le 
methcde experimentale pour detertn iner les enthalpies standard de 
formation . I 

Les enthalpies de combustion et de formation pour les cornposes 
etudies (I-XI) sont donnees dans le tabl eau 2. 

Tableau 2 . Eothalpies standard de combustion et de formation des c~mpos es I-XI 

Compose 
cbjmiqu~ , 

Formule 
' moleculaire 

MlL!se 
molaire 

(2'"mor1
) 

-t...H..Q(s, 298 ,15 K), : 
. (kJ'mor l 

) 

6tH...·(I, 298;1S-K), 
(kJ.oior l 

) 

m C9H,O. 180,16 1 4 173,5 ± 7.3 -51 1 5 ± 7,3 
-207,1 ± 3?(ro C1J-l I2O,N2 256,255 70 17,1 ± 3.7 I 

.nu CtJ-i,sv ,J'.( zs: ::; Î n' ... .... . . ~ 1"\. o I u, ~..,. .L "', ::7 "' .., ., L I A " 
·L. I J,V. ~ ~ 7 

(lV CIJ-iuO)N 305,3 27 9753 ,7 :i::3,J 133.2 ± 3 3 

-68,2 ±'8 5 
-255 2 :1: 1,9 
-219 ,2± 1,9 
-442 2 ± 2,4 . 
-371.1 :1: 2 .5 

·2 632 ± 2 ,4 
·25 2,6 ± 2,5 

(V C,!-40N2 134, lJ6 3543.0::t 85 
(VI) C9H.O,N2 1761 Î 5 442 8,3 ± I 9 -
( VU) C.~02Nl 176 \ 75 4464) ± 1,9 
(VIII) ClIH,. O)N1 218.211 53 13 7:1:2.4 
(IX) CtlH,.O,N1 218 ,2 l1 5384.8 ± 2,5 

(X) Cl lH2JN (?) 193,2 15 81397± 2 4 
(Xl) C,1HZ) N (?) 193.2 15 8150,2 ± 2,5 

7
 



Les enthalpies standard de formation des cornposes I-IV, par 
exemple, a câte de celles des amines utilisees /5, 6/ et d'eau /4/ ont 
permis de calculer, en utilisant les lois de la thermochimie, les effets 
thermiques, il. 298,15 K, des reactions de condensation entre 
l' aldehyde 4-hydroxy-5-metoxy-iso-phtalique et les amines 
mentionnees (scheme 2) : 

Scheme 2. 

/ 
.~ 
~CHO 

o
+Iil~(l) 

(5) 

I 

-l-bO (lJ 

~ 0'H:~::;offiy (s) 

H.c~1=N-O(s) 

H 

6J-h= )20 89kJ/mol 

(5) 

+ H~ -HiJ(\) 

O (S) 

Eu outre, les enthalpies standard de formation ont permis a 
ca1culer les energies disornerisation entre les isomeres de position VI 
et VII, 6.Hj' OIll = 36,0 kl-rnol', entre les isomeres de fonction VUI et 
IX 6Hi<om = 71,1 kr-mor' et entre les stereoisorneres X et Xl de la 
tetradecahydroacridine, 6H isoD1 = 10,6 kl-mol'. 

Les valeurs des euihalpies standard cit: formation mertent a ia 
disposition un critere pOU! comparer la stabilite energetique des p aires 
des isomeres mentionnees . Ainsi, plus la chaleur degagee ~ la 
formation est grande, plus la stabilite du cornpose est grande. -:es 
resultats sont eu concordance avec les donnees structurales des 
cornposes respectifs. 

Par calorimetrie dynamique differentielle dans un regirne de 
chauffage controle (5 rncal-s' ) dans une atmosphere dargon om de 
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deterrninees lb enthalpies et les temperatures de fusion /9/. Pour les 
composes I-IV, par exemple, ces donnees sont reunies dans le tableau 
3. 

Tableau 3: Enthalpies et temperatures de fusion des cornposes 1 -IV 

, Composes chimique 
.. 

Temperature de fusion 
' (K) 

Entb..alpie de fusion 
, ' (kJ o moi·1) 

. , ', ' (D ' 395 ,5 25,81 
(U) 453 ,0 36,22 

. (III) 440,0 43,63' 
. (IV) 430 ,1 33,12 

Les courbes thermogravimetriques W::=f(T) et .' 
thermodifferentielles dW/dt=f(T) obtenues avec la balance 
therrnogravimetrique pour les deux stereoisomeres X et XI de la 
tetradecahydroacridine sant presentees dans les figures l et 2. 

50 100 150 200 t( °C) 50 100 150 200 \( 0C) 

25 

20 

25 

20 

15 

lO 

15 

10 

5 
~ 

w 

Fi auT,. 1 F ienT ~, ? 
- ·0 .-~ - • 

Les resultats experirnentaux pour les composes X et XI sont 
retenus dans les tableaux 4 et 5. 



Tableau 4: Resultats de l'anâlyse thermique pour le compose X 

W,Wt:. 1 • 10" L 10", AlgW.trC) Ig.~IgW" o.lll·dW~ 
Tac-I ' dtdldlToc'i 

168 28 1447185 2.18 O O 252 2.40 O 
, 180 580,02 138 1763 0316 226 2.35 2.20 -<>M 

0,07 93 103 2,013 0,566170 2.25 2 ,22 .o ,18 165 
-<>,35 '60 136 2,133 ' 0 ,686 230 0\1 112160 2,05 

Ij() 018 15838 2 198 0.751 78 .o, 5 I 2.36 189 
23 173 2238 17(6140 2.42 0 .28 0,791 52 -<>.684 

2.48 0,30 13 5 183 2,261 0 ,814130 335 1.525 .o.875 
·120 8 188 2,2741.54 0,36 0827 1,)221 -1.08 

2,61 043 4 192 2283 0836110 1.079 -132112 
0,50 2 194 2,2872 .68 0&40 7 0845100 -1.851 

95 . 0,536 U . 19U 2.289 08412.72 0 ,698 -2.00 9 5 

-<> J58 0633 

.o 318 1237 
-<>,510 2,353 

2,396.o.679 
. -<>.86-1 3.5 39 

-1.075 3685 
-l,}06 4353 

·1.$80 5143 
-1851 5952 
-2 ,009 6 .328 

W.,= 196 

Tableau 5: Resultats de l'analyse thermique pom le cornpose Xl 

~C) 1 . 10" 
T (K' ) 

A-L. 10" 
T (1(" ) 

w w, IgW, ', A lgW , !ffi'. ' 
dt 

I;dW 
dt 

t:.1~ 
dt · '. 
A~ 

AI1lW 
t:..!!ffi:!.Q:. 

Il.leW 
197.7 2.120 o 55 43 1.633 246 2,390 O 
190 2.159 0.039 ( 19 79 1897 0.264 170 2.230 -<>.16 .o,606 lA?7 
180 2.20 0.080 82 116 2.Q6.i 0.431 124 2.09Y .o .297 .o .689 1.~56 

170 2.25 0.130 54 144 2.158 0525 86.5 I 937 .{lA53 -<> .863 2 .HI> 
160 U O 0.180 36.5 161.5 2.208 0.575 60 1.778 -<l .612 -LQb-+ 3.JJO 

150 2,36 0.24 23.5 17U 2.241 0.608 n 1.623 .{} ,767 -U61 3.947 
1-10 U2 O.JO 14 1&4 2.265 0.632 27.5 lA39 -<l ,955 - U 05 4.736 
130 2.48 0.36 9J 188.5 2.273 0.6MJ 17.5 1.243 -U47 · 1.792 5.625 
120 2.54 0.42 5 193 2.285 0.652 u : 1.041 ·1,349 -2 :069 6.+40 
110 2,61 OA9 2 196 2.292 0,659 7 0.845 -1.545. -2,3+4­ 7,435 
100 2.67 0.56 I 197 2.294 0.661 4 . 0.602 -1.788 -2.705 8,471 

w..,~ 198 

Le traitement Ji des donnees 'experim entales par la methode 
mentionnee 17 /, permet d'obtenir les pararnetres cinetiques: les 
energies dactivation et 'les ordres cinetiques des reactions de 
decornposition thermique, a partir des representation graphiques des 
fonctions 

(figures 3 el 4). 
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dt 
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dactivation pour la reaction de decornposition 
thermique du compose X est 6E* = 89,8 kl-mol I , et pour la 
decornposition thermique du cornpose XJ est 6E* = 48,6 kl-rnol". 
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Les ordres cinetiques totaux pour les reactions 
mentionnees ci-dessus sont 0,6, respeetivement zero. Ces valeurs des 
ordres cinetiques prouvent que les reactions de decornposition 
thennique ont lieu dapres des mecanismes complexes de reaction . 

D'apres les valeurs des energies dactivation des reactions de 
decomposition tberrnique des composes X et XI on peut conclure que 
la stabilite thermique de l'isornere X est plus grande que celle de l' 
isomere XI, constatation que est en aceord aussi avee les vale urs des 
enthalpies standard de formation des mernes cornposes. 

J 
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LOCALLY SYMETRIC SURFAcES WHOSE SHAPE 
OPERATOR IS NONSINGULAR, NOT
 

DIAGONALIZABLE AND RAS A REAL EIGENVALDE 

Alina Constantinescu - Valahia University ofTargoviste 

Abstract 
Eqiaffine structure ona nondegenerate hypersurface 

1. Introduc/ion 

Let f: M" ~ Rn+l be a hypersurface irnmersedin the affine space 
Rn';'l , To develop the equiaffine theory for M" we assume that Rn+l is 
provided with an equiaffine strucrure, that is, it has a fixed volume 
element wwhich is paral1el relative to the usual flat affine connection 
Din Rn+1• 

We are interested in introducing in M" an equiaffine structure 
(V' ,8), where V' is a torsion-free affine connection and 8 is a volume 
element such that V'8 =O. 

We first develop a local theory. We choose an arbitrary 
transversal vector field ~ in a neighborhood U in M" 50 that we have: 

Tf(.~ )(Rn+l ) == f(Tx(M») EB span(~J at each XEU (1.1) 

Let x and y be a vector fields in U. We may decompose Dxf(y) 
according to (1.1) and write: 

DJ(y) == f(V x ) + g (x,y)E, at each pcint xE U (1.2) 

Just as in the classical theory of hypersurfaces in Euc1idean 
spaces, we can verify that \l is a torsion-free affine connection in U, g 
is a tensor field which defines a symmetric bilinear ferm 00 each 
tangent T.~(M) . 
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We call 'V the induced affine connection and g the affine 
fundamental fOTIn expanding to (,. 

. We also decompose D); as follows: 
D:<~ = - f(SX) + 't(x)S, where S is a tensor of type (1.1 ), called 

the shape operator, and Ţ is a forrn, called the transversal connection 
form, 

In the last section is presented some.results following the work 
of Wtodezimierz Jelonek (1). 

2. Shape operator nonsingular, non-diagonalizable with a 
real eigenvalue 

In this case the shape operator has exactly one constant 
eigenvalue A. E R. Let us defme T: S-A.r. Then the equation (T) T2 =O 
holds on M. 'VT = 'ilS is a symmetric tensor. There exist local fields 
El, E2 such that: 

TEl = E2 TE'2 = O (2.1.) 
and : 
a) . g(EI;E1) = Il 

b). g(Et,E2)'= E tE{-~ ,I} (2.2.) 
c). g(E2,E2) =O 

We obtain: 

a ). 'VT(Ez,E.) + T('V E2,E I) = 'VEzE2 (2.3.) 
b). 'VT(E 1,E2) + T ('VE[,E2) = O . 

we have using the apolarity condit.on: 
Ig"j'VT(EhEj ) = O 
In our case gll=O, g12=e, g22=_1 hence we obtain: 

-'VT(E]E I ) +2e'VT(E1E2)=O (2.4 .) 

From (2.i.) it follows that : 
'VT(E 2E2) +T('VE2EZ)=O 

and from (2.3.) (a) using (T) we get 

VT(E2E2) =T\7T(EIE2) 

Hence form (2.3) b). and (T) we obtain: 

14 • 



As a consequence we get frorn (2.4,): 
V'T(E1E2) =: O 

1 - Hence -2SK(X jE2) = °and K(,E2) =7 O, V'S(,E2) = O, We obtain: 
1 C(X,Y,E 2) = O . (2 .5.) 

•. 
As E2'''=TE t by virtue of(3 .2.) a)., b). and using (2.5 .) we get: 

g(V'E2 ElIEl) = O, g(E 1,TV'E2 EI) == g(TE 1,V'E2 EI) == O (2.6.) 
The fields EI, E2 are lineary independent, hence , from (2,6 .) it 

fol\ows that V' E2 EI = O. 
Using again (2.5.) we obtain from (2.2 .) (c) g(V'E2 El ,E I ) =O 

hence GU 
I = O, where we detine Gj~i by : 

V' EjEk== IG)kiE, 
From (2.3 .) (a) it follows tbat: 
V' O E2 = 0 
Differentiating (2.2.) (b) with respected to EI we get: 
o..' + Gl/=O 

I 

hence, summarizing our considerations we can write : 
2=G 2=OG l2

1 =G21
l ==Gn l =G21 (2,7,) n 

Git' = -G,} = o. (2.8.) 
where o. is a smoth function. To compute G1[2 we shall use the same 
equation: 

R(E j ,E2)E I ::= Ct.~EI + (~-A )E2 (2,9 .) 
R(E 1,E2)E2= - ~AE2 

By covariant differentiating with respect to EI we get from 
(2.9.): , 

(2GlI l + G,,2)(O.E, + (E-AYF.,) +QII2( . EAf.,Î ~ (n..vY' t: IE,) + 
• •• . _ , .. J • .. J , _ ; ......;;J ..." \.:;:J 1 '" ..... ! J 

(E,-A)V' E1E2 = ~AGlI1 El + (SAGt I 
2+ (E,-A)G1} E2 

The equation gives us: 
(~.A ) +( - ~A.)Gl12 = ~A.G) ,2 + (~-A)( -«)
 

hence G l / = «~-A)/~A)Ct.
 
Proposition :
 

Let (M,i) be a Iocally symetric affine surface and let {El, E2} be the 
frame satisfying (2.1 .) then the following equation hold : 
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a). 'lE2E1 = O
 
b). \l EIE2 = -AE2
 

c). \lElE! = -AEI + «c;-Â.)cxJc;Â.)E2
 

d) . 'l E2E2 = O
 

3. Main results on the coordonate system 

Lemma 1. Let (M,t) be a locally synunetric affine surface and let 
{El, E2} be the .fr~e . s~tisfying (2.1.) and (2 .~.): Then around any 
point X{) E M thereexists a coordinate system (U, x., X2 ) such that: 

EI =01 E2 = \V02 (S3) 
where \V E CCO(U). In these coordinates the ccefficients of affine 
metric are as follows: 

gll = 1 gl2 =9\V g22 = O 

Lemma 2. In the coordinates satisfying (S3) the connection 
coefficients are as follows: 

r2/ = -02 (tnI \VI ). 
Ir II =~Ol (Inl \VI) .
 

r 11
2 = -«~-A)/~A)OI \V
 

r, = Ofor others i.j.k
 

Lemma 3. In the coordinares satisfying (S3) the coefficients of the 
metric B and the connection V are as follows: 

B11 = Â.+c; BI2 = ~A\V-l Bn = O 
r..' = -al(InI wJ ) r l l 

l 
:; «~+Â.)/~A)Ol\V 

and fjk
i = f j l} 

for others i.j.k . The function \1 = In! \~~ satisfies the equation: 
01(~U) =C;Aexp(-u) (E3 ) 

Rernark: The funcrion \V 1S naturally with a shape operator S and 
affine metric g. In ilie introduced coordinates (XI,X2) wehave: 

SOI = AOI + \V02 1
1 

sa2 = Â.~ 

and 
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Theorem. Let the function UEC<X> (O), where o is an open simply 
connected subset of R2

, be a solution of a second partial differential 
equation: 

al(a2~) = A.t,exp(-u) 
where ~E {-I,I} A.ER\{O} 

Then there exists an imrnersion fn : o. ~ R3 such that (D,fn) is a 
nondegenerate surface with the locally symmetric Beaschike structure 
and with il nonsingular and not diagonizable shape operator. 

The standard coordinates (XI,X2) on O , with respect to the 
induced affine metric and connection, satisfying equations (S3) and 
(G3). 

Let (M,t) be a nondegenerate affme surface with the locally 
syrnmetric induced BIascke connection and a not diagonizable 
nonsingular shape operator with a real eigenvalue. Then around any 
point Xo E' M there exists a coordinate system (V1 XI, X2) such that 
equations (S3), (G3) and (2.13.) are satisfied, the function n = inl \jI1. 
satisfies (E3) and (V, ry 1

) is equiaffine equivalent to (W , fn) where 
y(p): = (XI(P), X1(P»), W: =y(V). 

The proof is exactly the same as the proof of Lemma 1. Indeed, 
let us define the i - form Q) bythe equation: 

there an immersion ~ is define as in the proof of Lemma 1., and define 
an imrnersion f by formula (1.2.). The rest of the proof is the sume as 
the proof of Lemma 1. 

R(X,Y) = 1/2 (R(X,Y) + R(X,Y» - [Kx,Ky] 

where R is the Riemannian curvature tensor of (m.g) , As K ( , E2) = O 
we can show that (m,g) has constant Riemannian curvature K, =o A.. 

Every surface considering in the section has constant mean and 
total affine curvatures. 
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The class of all affine surface with the last property was 
described b y L. Vrancken in [2]. 
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SOME REMARKS ON A NOTE ABOUT STEFFENSEN 
TYPE DISCRETE.INEQUALITIES 

1 
I 

Alina Barbulescu - Universiry "Va lahia" of Târgoviste 

The main objective of the present paper is to make some 
observations on a note of mr. B.G .Pachpatte [1] and to establish two 
new results. 

The author have given the fo lJowing theorern, in [1] : 
"Theorem 1: Let {un lEN be a nonincreasing sequence of 

nonnegative real numbers, where N denotes the set of natural 

nurnbers. lf ~n ~EN is a sequence of real numbers such that O :5 cn :5 A 
I 

(A is a constant :;t. O), then 
JO A 

(1)	 I: C nUn s ALu n , where 
n=1 n=1 

1 co 
(2 ) A. = - Lcn. 

A n=1 

Demonstration: From the hypotheses, we observe that: 

A eo A A 'X!
 

ALu n - L CnU n := ALUn - L CnUn - L CnUn =
 
n"'l n=l n=\ n=1 n=1.. +l ,
 

A. ,:;;:. A :..:, 
=	 L(A - Cn)u n - LCnUn ~ UAL ( A - Cn ) - I CnUn :=
 

Jl=l n= 1..+\ n=1 n:= )..~1
 

:= U1..(A A. - f: cn J- I cnu n = U1..( LC n - ~ <.:n J- I cnu n = 
Jl=! n" 1..+1 n=1 n=l n= )..+1 

X! ee -c
 
[ [ cnu n= [ cn ( u n - u ).J 2:0
 =u 1.. Cn­

n= ).. +1 n= )..+1 n= 1..+1
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Here in the last step we have used the fact that A s 1.. + 1s n and 

CX) 

Remarks: 1. We must suppose that the series LC is convergent n 
n=1 

(	 see (2)), because if c n ::: .1 and Ae l , the series 
ro 
LC is not n 

n	 n=1 

convergent and the, relation 1.. 5; n would involve 
?;:

L.l < n (which it is 
n

n=l 
not true). 

00 

But, if the series LCn is convergent andD s Cu> from the 
n=1 

hypotheses, the condition c~ $ A will not be necessary. This a 
consequence of the fact that {sn ~ EN is a convergent sequence, where 

n 

sn = LCk . 
k=1 

{sn ~EN convergent ~ {sn ~EN bounded ~ (3) A>O: Sn <SA. 

But O ~ cn ~ Sn::;; A ~ 0 ':$ Cn$ A, (\1) nEN·.. 

2. The hypotheses that {un ~EN > O hadn 't be used in the 

demonstration ofthe theorern 2 . 

3. A::O ~ rCn . It is not obvious that AE N· . That is why 1 think 
A n=1 

. ~l 1 
that is more correct to use r in the place of L , where (A] is the 

n=1	 n=1 

integer part of A. 
Now , the theorem 1 is given by: 
Theorem J; Let: 
a.{un 1EN be a nonincreasing sequence of real numbers, 

b. ţn ~EN be a sequence of nonnegative real numbers, 
ao	 • I 

c.	 L C n be a convergent series.
 
n=1
 

Than: 
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•
 

00 [x] 
(1)	 Icnu n :5; ALUn' where 

n=l n=1 

(2) A is a number that satisfy: Icnl :5; A, ('v')n E N and 

1 'Xl 
(3)>"=- Z:;c n. 

A 0=1 

The theorem 2 ([ 1]) is given by : 
Theorem II: Let: 
a. {uo hlEN be a nondecreasing sequence of real numbers, 

b . ~n hlEN be a sequence of nonnegative rea] numbers , 
CXl 

c.	 Z:;cn be a convergent series.
 
0=1
 

Than:
 
co IA)


(4) Ienu n ~ A IU n J where 
n=l n=1
 

A is a nurnber tbat satisfy: Icol ~ A, ('Ii)n E N and
 

1 :c
 
>"=-2:: cn·
 

A 0=1 

Theorem III: Let: 
a. {un ~EN be a nonincreasing seq uence of real numbers, 

b . ~n }nEN be a sequence of nonnegative real numbers, 
ce 

c .	 Z:;c n be an absolut convergent series . 
0=1
 

Than:
 
00	 :cfA]

(55It existe A>O so that: I lc olU n :5; A tUn' where >..=± L: lcnl . 
n=l . n=l n=1 

:c ~j 
(6)If un ~O,('Ii)nEN= L:c nu n :5; A LUo ' 

n=l n=! 
Demonstration: The demonstration follows that of the theorem 

1 (with suitable modification). It resulte that :
 
fA]:C Xl fA) ""
 

ALUn - 2::lcn~n ~ r lcnl{uA - un) ~ O= A t un ~ I.lco~n
 
n=l n=1 o=l n=1 n=l
 

x :c 

If un ~O,cn ~ lcn i~cnUn :5;iC niUn ~ L:cnuo ~ L: lcnlu n 
0=1 nO'I 
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From (5) and Un ~ O it resulte (6) . 

00 

Remarks: If LCnis an absolut convergent series, the senes 
n=1 

co 

t lcn l 
n=l 

IS convergent. It resulte that the scquence {vn}n€N IS 

convergent, where 
n 

V n = LIClel . 
le::! 

But , {vn}nEN convergent =:> 

Theorem IV: Lei: 
a. {un1EN be a nondecreasing sequence of real numbers, 

b. ~n 1EN be a sequence of nonnegative real numbers, 
'Xl _ 

c.	 LCn be an absolut convergent series.
 
n e ]
 

Than: 
'X)	 'XlfA] 

(7) It existe A>O so that: Llcn ~n ~ A I un' where 1.. =*tlcnl. 
n=! n= l n=! 

. 'Xl co [A] 
(8)If un .:$O, (V)neN=> LCnun~ IICnIUn~A Lu

Q 
. 

n=l n=1 . n=l 

The demonstration follows that of ilie theorem m (with suitable 
modification). 
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FORMULATION FAIBLE D'UN PROBLEIVIE DE
 
CHANGEMENT
 

DE PHASE SUR UN VOLUME ELEIVIENTAIRE
 
REPRESENTATIF
 

1 
I 

Conf.dr. Constantin Ghiţ ă - Universitatea "Valahia" Targoviste 

Dans un modele quasi-statique de la 
transforrnation ferrite 8 -} austenite r , la loi de 
comportement suppose une liaison entre la 
temperarure, dont les valeurs sont placees dans un 
domaine de sous-refroidissement et la fonction 
fraction solide. Le probleme aux limites 
nonlineaires exige la determination d'une 
ternperarure reduite, appartenant au domaine ou se 
manifeste le sous-refroidissement , d'une fonction 
fraction solide, correspondant au systeme 
parabolique . I 

Jntroduction 

La transformation de phase d'un acier enrre les phases Ierrite et 
austenite se deroule dans un intervalle de temperature, ce qui permet 
une analyse d'un processus non-isothermique dans une certaine 
region du systeme, denornrnee la zone intermediaire . On introduit une 
nouvelle notion: le volume elementaire representatif ([4]), caracterise 
par des pararnetres therrnodynamiques ou geomttriques, en accord 
avec la structure dendritique d' une masse fondue sous-refroidie. Dans 
un tel volume se passent deux phenornenes: la nucleation des gerrnes 
et la croissance des cristaux solides. On admet la connaissance d'une 
fraction de la nouvelle phase. La densite d'energie de la zone 
intermediaire est toujours dependente de la merne fraction; lapport de 
I'energie interfaciale ala densite denergie est appreciable. 

Le cas dynamique est bien situe parmi les rnodeles des processus 
ahysteresis, quoique la loi constitutive de notre modele soit donnee 
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par une application univalente. Pom etre acceptable physiquement la 
10i constitutive doit erre reformule en termes d'une fonction 
suffisamrnent reguliere. Dans un espace de Banach, dans l'esprit de la 
theorie des sernigroupes de contractions, on pose un probleme 
parabolique associe a loperateur nonlineaire m-accretif, derive de la 
Joi constitutive. Les resultats classiques assurent I'existence dune 
solution unique de la formulation faible du probleme de ta 
transformation .5 --+ r ' 

1. Le prodssus quasi-statique de transformation de la 
ferrite et des pararnetres caracteristiques. La reaction peritectique, 
dorit le produit est l'aust enite, est un processus de recristallisation, qui 
commence ii la ternperature critique de 1495 o C et se deroule sur une 
large zone de temperatures (environ 100o C), tandis que la masse 
fondue contient des elementes ferritogenes. Elle correspond a la 
region ou se passe la transformation et ne peut pas etre reduite a une 
surface de separation bien definie. Au niveau rnacroscopique du 
processus de la transformation s -- r , on idealise la strucrure du 
treillis du materiei, en 'adoptam ce volume elementaire representatif 
(VER), centre dans x E n c RJ

, caracterise par quelques vale urs 
moyennes des parametres: 6'(1 , x) - ternperarure rnoyenne reduite, Ftt ,x) 

. Ia fraction solide, F(J , x) E [a,L}. K(/, x) -Ia courbure moyeune de 
l' interface contenue dans le VER. 

. ' La transforrnation isothermique de la ferrite <5 est une vraie 
cornpetition entre les deux phenornenes signales ci-dessus: la 
nucleation et la croissance des microstructures de la nouvelle phase ; il 
haute temperarure la nucleation est ernpechee de se rnanifester , tandis 
qu' ă basse temperature la croissance ne se manifeste plu s , 

un maiutien isulhenue â urie icurperalur'e lJ1UY~JlllC 1"C<.1li~cra un 
equilibre entre les deux phenornenes et assurera une structure 
uniforme avec ' des grains equiaxes . an suppose que chaque 
composante d'un VER presente une surface minimale et soit la 
fonction de distribution des parametres des grains austenitiques des 
VER, centres dans les points voisins de x E n c r'. /1(/ , .r, a). 
dependent de la fraction solide F, alers le nombre rnoyen des grains 
des VER est donne par: 

24 

I 
1 



(l.!) N(I, x) =: f n(l, x, o)do 

L'epaisseur de la region intermediaire est de l'ordre de grandeur. 
des forces de liaison, developpees entre des grains et el1e a cornme 
consequence le sous-refroidissernent (le l'interface (la vieille phase o 
coexiste encore ala temperature plus basse que celle de transition). 

Une ternperature reduite verifie la relation Gibbs - Thompson 
a 

(1.2) 1/(1, x) = - ~ X. It = T - 7'.\1 ' 

ou T est la ternperature thermcdynamique, la tension superficielle, ()o 

t::s la variation de 1'entropie entre les deux phases, x la sornme des 
courbures principales de linterface. 

Un exemple de calcul 'des parametres a., cs 'pour une certaine 
energie libre de la region intermediaire se trouve dans [3], par rapport 
aun pararnetre ~ - la mesure des forces de l'interaction. 

Soit un grain spherique du VER, caracterise par la ternperature 
superficielle: 

(1.3) 11(1 x) =: _ a. ~ 
" I~S <5 ' 

ou s est le diarnetre du grain. On prend comme ternperature rnoyenne 
du VER la fonction: 

2 ~ 1 
(1.4) B(I,X) = -~ f ~n(l.x,o)d<5. 

t::s • S 
, ~ I 

Au niveau macroscopique la' quantite K(I, x) =: 21 J n(<5)d8 reste une 
• 

mesure des irregularites de la surfaces du VER, nous l' appellerons la 
courbure moyenne du VER, contenant des grains equiaxes. On retient 
la relation macroscopique: 

(1.5) &(r, x) =: - ~ K(I, x), 
6: 

eu supposant une tension superficielle et une variation de l'entropie 
constantes dans le VER; on l'appelle encore relation Gibbs ­
Thompson, rnais dans ce cas, pour le VER . 

On interprete la fonctiori: 

(1.6) F(I, x) =: !!.. J 0'1/(1, x, 0)d15 
, 6 o 
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cornme une mesure de la fraction de laustenite homogene du VER . 
Etant donnee la fonction de distribution 
J~I , x, 8) = 8 ~e"' F),m(F) > 0, F E (0,1), a > 0 , on trouve de (1.5) 

(1.7) 8(1 , x) = Oof(F(I, x)) , 80 < 0,0. - constante 

et la fonction f: [o,Ij --+ [o.r] satisfait les conditions suivantes: 

(1.8)f(O) = O,] est croissante, concave sur [0,1], derivable sur (0,1) et 

Iim f(X)=dl . 
1 --+ ° 

Tenant compte d'un resultat des fonctions implicites (puisqu' il y a 

df > o) il resulte: 
dF 

(1.9) F(I, x) ::: F '( e(~. x)) = g{8(I, x)). 8(1,1, x) E [0,,0] , 

ou la fonction gest soumise aux conditions: 
(1.10) g(O) = 0, g{o.) = !, gest decroissante sur [80 ,°1, convexe, 

derivablesur(o. ,o) ·et Iim g'(8)=O .
 
8--+0
 

Une relation (1.9) pour une fonction quelconque g satisfaisant 
.aux conditions (1.10) est appelee 10i constitutive de la zone 
interrnediaire dans le processus de transformation quasi - statique 

8 --+ r, 80 est un seuil de sous - refroidissement de 1'interface, 
correspondant au VER. 

2. Modele dynarnique de· Ia transformation non­
isothermique. On note par w(t ,x) 'la. densite denergie par unite de 
volume, centre eu x, au moment t, definie par: 

(2.1) W(I, x) ::: C8(I, .-:) + JF(I, x) + Jl , 

ou c est la chaleur specifique par unite du VER de la zone 
interrnediaire, Ala chaleur latente foumie par la fusion des grains du 
VER, Jl un facteur d' echelle, 

Dans ce qui suite., nous supposerons le processus de , la 
transformation gouverne par 'l'equation de la conservation de 
l'energie: . . 

(2.2) p & (1, x) + di";;;(/, x) = h(1, x), a 
le transfert de la cfialeur par conduction et sournis a la loi de Fourier 
q(l,x)= = - kgrad8(1,:r), q etant le flux moyen de chaleur du VER, k le 
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coefficient .de conductivite thermique, p la densite de masse 
(homogene), h leterme - ,source, exerce sur le VER en tout point x et 
au moment arbitraire t . 

Alaide de la loi constitutive (l ,.~) on ecrit une equation de la 
transforrnation de phase: " , 

, (2.3) p, ,~(C8(I } r) + )F(I, r)) - kt:.O(I , x) = h(I, r) l 

pour tout (/', x) E q ,= .rQ, r] x .n : , . 

Remarque 2.1: L'equation (2.3) est une equation du type 
parabolique non-lineaire; ma~s si le processus se deroule il la 

tcmperature o E [B.,O] , tel que g' (8(1, x)), = - f', I'equation (2.3) 

degenere dans une du type elliptique : 
(2.4) - k~ l, x) = I~I, r), pour tout (1, x) E Q, 

Le trajet du processus therrnique pour un VER centre eu x, etant le 
sous- dornaine de R',:'occupe par la zone interrnediaire , c'est lui qui 
est caracterise par les parametres macroscopiques, les inconnues de 
l' equation (2.4), qui verifie la loi constitutive (1.9), C' est la Joi du 
cornporternent qui pennet une forrnulation faible du probleme de la 
rransformation, tandis que les conditions de regularite sur les donnees 
sont les plus faibies. 

Probleme 2.2: Soit g: [o.,oJ R, une fonction derivable, avec s' --l ­

fonction lipschitzienne sur ' lo, ,0] ; (1). est un seuil du plus grand sous ­
refroidissement de l'interface), satisfait a: 

(2.5) g{o) = o, g{o.) '" 1, .de.) <o, '1f E (0. ,0), g' (o) = o, g convexe. 
Retrouvez	 o E W," (Q) n L~(Q) , r >?, d,e sorte qu ' il sttisfasse r equation 

(J f;\ ".Ir{jf, ... \ .... j~ , lai, vl\\ !!~ (, ,..\ _ ~ADI, : \ - ~{, _\ 
, - ' - , "" - : \ . , ,, } "tl v v ""I n 'a )' , r t " _V ~" -/ - "~" ~/, 

pour tout (1 , x) E Q et les conditions aux Limites et initiales: .
 
,(2,7) B(O, x) = B, (x), 'it- E n. 0(1, x) =:' p(l, x), 'V(I , x) E [o, TJ x m .
 

Remarque 2.3: Une categorie' .particuliere de, materiaux, pour 
lesquels les fonctions' g el h sont suffisamrnent regulieres, 



g E c1ti eo ,OD, h(·, x) E c'(]a, 71), pour tout x E n [4] et en merne ternps 

l' inconnue sera supossee reguli ere, e E C' (Q) , est celle des aciers . 

On introduit une nouvelle inc onnue du probleme ~ = fl , , on a 
l ' equation dequilibre 

(2.8) p{c + ..lg' ( 9))s ,-k~ + Apg" (B)B;' :: ~ , pour tout (1, x) € Q, 

qui doit etre cornparee, dans les conditions de regularite precisees, ă 

lequation precedente; le terme ~'(B)e;, joue le role d'une 

perturbation. j 
an considere maintenant une nouvelle approximation du 

probleme 2.2, ce qui est vrai merne dans. le cas d 'une lei constitutive 
plus generale 

(2.9) F(I, x) EC(6(I, x)), 

ou G est un graph generalise discontinu (voir par exemple [6]) . Un tel 
probleme apparait dans un processus thermique avec hysteresis. 

On pose les equations: 

pc ae (1, x) + pA~(I , .\') - kM(I , x) :: h, 
, OI 

(2.10) . :: (1, x) ­ ~ (I, .\') :: 0, 

~(I ,X) :: g'( B( I,X))t7 (I,.r) 

pom tout (1, r) E Q. 

3. Existence et	 unicite du probleme de transforrnarion de 
phase. Avec les notations: U := (B, F ), LU = (- M ,O), H :: (h,O) , 

P(A) = {U € RI;O :$ F s 1,90 s B s O, p. p. r, 6(1, x) E13(1, x)s ur ffi) 

(3.1)	 A(U) = { (Apc;,-fX~) ; ~ ;; g' (9)9;, p. p. t, (r, x) E Ql 
u(o) :: ir» (B;, F(O, x)) = (e" g(B,))dansn, 

).. c"ctP-TTlP ri;ffp,.-pntipl ( Î I () \ np,, ;pnt · 
.. - ... J ... .. _ . ....... - . _ _.. .... _. , - . ... "' 1 ............ - ........
 -~-

(3.2) H( / , x) E ţx CU (l , r) + LU(I, x) + A(U(I, r))a'ansQ ,u(a) = U"dans fL- a _ 
L 'ex istence et l 'unicite du prob leme de Cau chy pour (3 .2) seront 
deduites dans la theorie des semigroupes nonlineaires de contractions 
([1]) . Enoncons la notion bien connue de I'accretivite; on prend 
quelques definit ions . 
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Defi nition 3.1: Soit B un espace de Banach (rnerne lattice de 
Banach ş , A une appl ication nonlineaire (eventuellement multivoque). 
A D(.4) c; B -~ B 1 est T-accretive si 

(3 .3) 11(u - u,)" 11s lKlI , - II,) + wh .- v,rll,pour /I " Ir, E D, V, E Au , . 

v, E Au" w > o. De plus, A est m-accretive si A est une applicat ion 
accretive et (1 - M) est surjective .sur D(A). 

Soit I'espace [1' muni de la norme 11*11" par rapport a qui R' est 
un espace de Banach (merne lattice de Banach), 

(3.4) Ivi, = 16\ + !FI, pour (61, F) E R' . 

00 va rnontrer rnaintenant que loperateur A est accretif 

Proposition 3.2: L'ensemble D(A), definie de (3.1), est non­
vide ; I'operateur A est m-accretif si et seulement si (el + Ag)' [0 0] -t R0.

est une fonction injective. 
Dem onstration: Soit V .= U , - v, . ff, .= el - 61" F . .= F, - F, ,(. .= 

= ( , - (, := g{e,)e;., - g' (0,)61; et an prend w>O. On aI 

Iv+ w(pA4.-cpc:;-ri, = i(O+ lip;.,;r l+ j(F - w/X,;-r\ = (61 + wp;";)' -'­

(F - wp A4 f= (e + ,.p~)h o + (F - >K:p<)h, = Iro + Fh, + w((p ).ho - &:h,) .=
 

= e- F" + lJg' (e)e;p(lroA - h,e),
T 

ou /1, E H(O),h, E H(F). H est la fonction de Heaviside. On remarque 

que h, .= 0, ir i = 1, g' (61) < 0.61,' > o, tel que 1(11 + w(p~,-e p<)r 1, ~ 10'1 + 

+Irl = Iv'!' , pour tout u E D(A) , ce qui permet d'appeler A un 

operateur T-aecretif. 
Il rest amontrer que (I+wA) est une applieation surjective, pour 

tout w>O. Soit (j,.f,) E R' et l'equation (l+ wA)U = V ,.f,) . on ama 
donc le systerne 

61 + wp ).( = f ,. 
(3.5) F - v.cp< :: f" 

( = g' (61)0, 

On prefere elirmner ,;- entre les deux relations; on a: 
(3.6) 0 + ),F .= c], + )f1 ' F = g(tI), 
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cecipeut averer la eonelusion: l( ....jc + g). est une applieation invertible 

et assure la soJution unique pom le systerne, donc 

(3.7) a Eh....,+ ,lgr'(Cf, + Â,(1),(J"f1) EIm(! + lli'i) 

mais eomme la fonction gest univalente, on a F fonetion unique. . 
On reprend I'operateur lineaire L: D(L) -4 (L1(Q))', LU = (- 6/J,o)- . 

et on a (ex. [1]) : 
D(D) = {(a. F) I 8(1 . o). F(I. *) E L'(n. R'), 'ţ1 E {o. T]l. 

Proposition 3.3: L'application A+L est m-accretive sur l'espaee 
L'(n, R'). 

On expose un demier resultat sur I'existence et I'unicite du 
systerne (3.2); il exploite des resultats sur les applications dissipatives 
de [1]: 

1Theoreme 3.4: Soit ir = (a" g(a,)) E L'{n.. R ) et f E L'(n x ]0,11), 
alors, le probleme de Cauchy pour I'equation devolution de C3.2) a 
une solution faible (integrable au sens de Benilan): 

luC-, *) =.(8(", A), F(·, o)) : [o, T] -4 L'{n x ]O, r], R ) ; , 

la dependance de donnees h, a', F' est continue et monotone. De plus , 
si h E 81'(0, T; L' (n)). ,10, E L'(n), alors U est lipschitzienne sur [OJI 

C' est le moment de faire une 

Remarque 3.5: Le resultat dexistence a ete obtenu dans les 
conditions faibles de regularite des donnees initiales et aux lirnites. 
Pour nos considerations les donnees sont regulieres ; comme il suit, le 
probleme 2.2 a une solution unique . Des conditions de regularite des 

I 
__... 'l...1:.._ ...." ,.J . ........ ,-c __ "._ ..... t.... ..... l~ ......~ _ ... ...~ •• _ ..... _ .. ,... . ,.,.,.12 / r"l.\ f""\ " I"'a . -; - a l ......\ 
pIVUI"'ll.l>;";:' UU 111--' I--'G.1Qvvu\.j.u", =;:'U'''' 'H . '" <: " 1 \'.::') ' 1 a - \,,:,) . 
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THE CHARACTERISATION OF COBALT
 
COMPLEXES WITH SULFURATOMS DONOR
 

LIGANDS
 

Laura Gorghiu - Universitatea "Valachia" Targoviste 
Maria Brezeanu - Univ-ersitatea Bucuresti 

Cornel Tarabasanu - MibaiJa - Universitatea Politehnica Bucuresti 

lntroductton 

This work is write down in a actually big area, these complexes 
constirute in mixes sulphides foreruaners, supramolecular 
associations which are used like chatali tics and narurals processes 
models . 

Although chemical literarure shows the synthesis and 
characterisation of many cornplexes with thiourea ligand, however, 
unt\\ 
hete1

no\'l, tnere weren' t 
'o\)o\'ft\uc\ear COffi?\e'x.

sno\'led tne. 
es of t.l\\S type . 

cnarâ.ctemat\on. ol ilie. 

. 
Metbods: 

'Ţhe complexes are cbaracterised by elernentary analysis, 
vibration and electronic absorption spectroscopy and by thermal 
analysis. 

Results and discussions: 
The elernentary analysis permitted to estabtish the minimal 

formuia of these cornplexes, 
The results of this analysis are presented in the following table: 
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Table 1: Analytical dates 

Nr Compound N i% Co % C% N% S% 
det 

ca lcul fouod calcu l found calcul found calcul found calc ul found 
value vaJue val ue valu e val ue value va lu e va lue value valu e 

1. NiCo C)H,N.S,O, 12,7 1 12,64 12,77 1 2. ~5 5.20 5. 15 12,13 12,05 27,72 27,80 

2. NiCoC1H,N . S,01 11,60 11,89 11,66 J 1.24 23.73 23,12 11,07 11. 17 12,65 12,58 
3 Ni Co ClH,N .S , O, 8,20 8,3 2 8,24 8, 10 10.06 10.20 23 ,47 :2:l.5 0 26,82 26,59 

4 NiC oCl H,N,S. O, 7, 14 7.25 7.1 8 7,08 8,73 8,90 27,26 27 ,18 23,36 23,40 

With a view to establish the . nature of ligands and thcir 
coordination mode, there were registering the vibration spectra in 400 
- 4000 crn' area. The results phrases by these spectra are presented in 
table 2 : 

Table 2: The vibration spectra: 

CH,N~S (1) (2) (3) (4) The assienmen!5 
415 

468 
47 5 m 

, 570 i 
6 10 1 

L 63S i 

550 m 

635 s 
685 m 

4 18 m 

490 ro 

li (NCS) 
v) (SO,) 

li CN CN) 
lt (OCO) 

v, (SO.) 

730 

94 5 s 

715 m 

970 S 

910 
980 s 

717 m 

980 s 

685 m 

835 s 

v 

li (OCO) 

v (C"' S) + v (NC N ) 

vl(NO J) 

v iCe) 

1083 

1380 
1416 

J 476 

1625 

IG1030 
\1100 vi 

.. ~ 40 ',t: 

990 m 

covered 

1400 i 
1435 i 

\ 5 15 i 

\630 vi 

1030 s 
1060 s 

covered 

1435 i 
1420 
1500 i 

J545 vi 
1630 i 

1090 s 

1390 i 
1440 m 

148 5 i 

6 15 vi 

1070 s 

1330 m 
1370 m 
covered 

)485 i 

1620 

-
v) (SO.) 

V I (SO.) 

p (CH,) 
v(NCN)+'( (N"H l}+ V(C=S) 

v) (NO ) 

v (NCN)+v (C=5) 

'YA NH1)+v( NCN)+v(C =S) 

v,(OCO) 
v (NCN) 

v~(QCO) 

(O (Nl-I1) 
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CH~N1S (Il (2) (3) (4} The assianmears 
3200 3220 vi J JBO vi 

3220 
3180 i 
3300 i 

J120 

3170 
v, (NHl) 

3300 3340 vi [3320 vi 
3420 

[3380 j 
3445 i 

[ 3300 
3370 

v M (NH1) 

where: (1) [NiCo(CH"N2SMSO")2]: (2)
 
[NiCo(CH"N2ShCCH)COO)~]; _
 

(3) -,-NiCo(CH4N2S)6Cl,,; (4) ~ [NiCo(CH"N2S)6](NOJk 
For the assignment of the bands which appear in these 

comp1exes spectra are used the special literature dates conceming the 
vibrati on modes of free thiourea and the vibration modes of acetate, 
sulfate arid nitrate anions . There are used also the special literature 
dates conccrning the vibration modes .of some complexes whicb 

.contain these anions and thiourea coordinated in different modes ­
mono, bidentat, or bridging ligand . 

The modifieations appear in all ofthe vibration modes of tbese 
ligands after coordinaticn. These modifieations consist in change of 
plaee and intensity ofthe bands . 

For the modifications of the bands of thiourea vibration modes 
we can say that: 
::=> the bands of the 3200 - 3500 cm" area - characteristics of vlNH2) 

and V~(NH2) vibration modes may be 'used for tbe fixing of tbe 
donor atom in respectively eompound. So, the eoordination of 
thiourea through sulphur atom dori't Iead to a modification of these 
bands . In the case of thiourea -is coordination through nytrogen 
atom it establish the splitting of these bands in two groups and the 
reduction of their intensity, too. 

=>the B I vibration mode 'v(N CN ) frorn 1476 cm' of free thiourea is 
sensihie at sulfur coordination because C . S double hond character 
increases, 

=> the absorption band intensity eorresponding ro vibration modes 
v(NCN), y(NH:) aud v(C=S) decreases .or disappears when 
thiourea is coordinated by the sulfur atom. In free thiourea 
spectrum th is band is very intensive and is located ar 1083 crn' : 

=>	 the absorption band of the 730 crn' by free thiourea spectrum 
corresponding to extend vibration v(C=S) and v(N-C-N). This 
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band IS rernoved from smaller wave numbers which is in accord ing 
to C= S double character decreasing. 

On the basis of the vibration spectra (by table 2) we can 
conclude: 

=:> for the complex which is obtained by both metals sulfates, the 
I 

I	 vibration spectrum presents an intensive band to 1515 crn' . This 
band is assigned to v(NCN) extended vibrationwhich characterises 
bridging thiourea between the metal ions. The spectrurn presents 
also the characteristic bands .of SO/- anion which is bidentat 
coordinated. 

~ for others synthesised cornplexes, the vibration spectra present an . 
intensive band in 1485-1500 cm" area which is assigned 1.0 . 

v(NCN) extended vibration when thiourea is monodentat ' 
coordi.nated by the sulfur atom. The spectra present also the 
assigned bands of vs(NH2) and va.s(NH2) vibration modes . 
However, these bands are reduced like intensity and are splited in 
two components which it shows that thiourea is coordinated by a 
nytrogen atom, too . So, the thiourea functions like a bidentat ligand 
with two different donor atoms . . 

=> for the synthesised complex by both metals acetates the IR 
spectrum presents the corresponding bands of vs(OCO) and 
va,,(OCO) vibration modes to 1420 cm" and respectively 1545 cm 
1, and also the .corresponding band of 7I:(OCO) deformation 
vibration to 550 cm'. These bands indicate that the acetate anion 
functions like a chelat ligand. . ' 

=:> the registered spectrum of the synthesised complex by the nitrate 
metals systerns presents the absorption bands to 835 and 1335 cm". 
which are corresoonded of the v~(NO." Î and resofctivelv v.,,(NO,), 

...	 - • - < ... ~ ... " ... ~ 

The bands are located at the sarne values like ionic nitrates. This 
fact indicates the NO} anion presence in the ionisation sphere 
compound. 

For surrounding geornetry metal ions information there were 
recording the electronic absorption spectra in 350-1300nm area. 

These spectru are presented in fig. 1 and fig. 2. 
The qualitative cornparing of the electronic absorption spectra of 

the obtained complexes indicates that the [NiC o(CH4NlSMS 04h] 
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and [NiCo(CH 4N1S)6](N0 3)4 spectra are similar and there are total 
different for the [NiCo(CH 4N2SMCH]COO )lJ and 
[NiC o(CH 4N1S)6CJ4J complexes spectra. (These two last spec tra are 
also simi lar). 

The comparison of the obtained dates with the dates that are 
presented in chemical liter atur e shows that the band s of 
[NiCo(CH4N1SMS 04)1] and [NiCo (CH 4N2S)6](N0 3)4 spe ctr a may be 
ass ignedto Co(II) and N i (II) tetrahedral surrounding ions. Th e bands 
which appear in . synthesised complexes by both ace tate ions and 
respectively meral chlorides . are ass igne d ro Co(Il) ion with a 
maximum spin 3d7 configuration and to 3d 8 confi guration Ni(Il) with 
a octahedral surrounding (table 3): 

Table 3: The assignrnent ofthe electronic spectre bands 

Nr. Compound Colour Absorption 

blue 15:3"10) 

2. 
a h 

ah 

violet 

gre en 

d ark 

Th e assignmerns 
band (crn" ) 

16 6"10) ~A~--+ '"TI(P ) (v) ) Co(U)T d 
1. 

14 7 " 10) 
S 695"10) 

' 8,33 ' 10' 

Td 13,S" 10] . 

)A1 1~) TI I(P) (v) Ni(lI) a h 

'T" ~ 'T , ,(P ) (v)Co( ll) Oh hJgh Spin 

IS 5" 10' 
16:4 "10) 

'AI1--+)T" (VI) Ni( lI) a h 
' T 11 ~ ' TI . ( VI) ColII) ah hig h spm 
'Al -))T2o (v tl Ni(ll) a h 

)AZI --+ 3Ţ ' I(? ) (v ) Nil) l ) ah 
'T11--+'TI.(P ) (v) Co( ll) a h high spm I 

J AII ~JŢ '6(V.) Ni(U) Oh I 
"T,e--+ 'T1.(vl) Co<lI) Oh high spin I 
J Al. ~)T :. (v,) N i(n) Oh . I 

green lJ .S"I O' ' T , --+'T ](P ) (v;) Nl( ll) T d 
1,'1"10) Td 'A2--+"T,(F ) (V2) ( 0(11) Td 

8)3"103 
• !T , --+!A l (VZ) Ni (Il ) re 



• 
=> In the [NiCo(CH4N2SMS04)2] electronic spectrurn ,the Vj 

absorption band (which correspcnds to 4A2--> 4T 1 (P) transition for 
Co(II)) is splited and located to 590-650 nm area. . 

~ Another absorption band of this spectrum corresponds to 2T 1->3T1 

(P) transition ofNi(Il) ion with a.tetrahedral surrounding. 
~ In 1000-1300 nm area we can see only the absorption bands 

evolute and are characteristic to 3T1_>3A2 for Ni(II) and 4A1->4T 1 

(F) for Co(II). 
~ Regarding the V I absorption bands, we notice that thc bands are 

removed in the IR area . 
The [NiCo(C~2S)4C16] complex electronic spectrum shows al! 

of ilie absorption bands which correspond to Ni(ll) in an octahedral 
coordination. These bands were characteristic to the following 
transitions: 3A2g->3T 1g(P); 3Alg->3Tlg; 3A1g->3T1g 

This spectrum also contains the absorption bands of Co(ll) 
transitions: ~lg_>4Tlg(P); 4T1g->4T2g . The bands show tnat Co(ll) ion 
has a 3d7 configuration in a high spin state. 

Of the basis of the resulted dates from the complexes electronic 
absorption spectra and with Konigh forrnulae we can calculate the 
splitting parameter 6. = 10 Dq, the B - Racah parameter (which 
indicates the interelectronic repulsion's of the cornplexes) and the ~ 

nefelauxetic factor (in table 4) . 

Table 4 : The spectral parameters values 

Nr. Compound 
Ni Co 

10Dq B P IODq B ~ 
der. [cm'"] [em"1 [cm" ] lcm"] 

1. rNiCoTu2(SO')21 449533 708,4 0,680 4970 595.55 0.613 
2. ..JNiCoTui(CH.COO).l 8333 725.0, 0.690 8669 578 0.590 
3. fNiCoTl41CNOJ)' 449533 709,4 0,680 5516 556.8 0 570 

4. fNiCoT14CL. l 8000 703,15 0685 10305 713,66 0,730 

The obtained splitting parameter (6.) values for the octhaedral 
synthesised complexes show a smalllength for the ligand crystal field. 
This fact is in accord with the assignment of the bands. The 
nefelauxetic pararneter (P) values are from about 0,57 to about 0,73 
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and indi cat e a prevalent ioni c rnetal-Iigand interaction . H owever , in a 
grea t measure it rnaintains the covalent metal-ligand interaction , too . 
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n a Coriclusicns: 
w1t11 ali the obtained dates In quantitativc elerneniary 
vibration and electronic absorption spectra, the rnost 

le structural fonnulac for the synthcsised complexes are the 

J. 

(7 ' 
o' 

;So, 
.. e, 

3Y
 



I 

40
 



THE STAI3ILITY OF THE MOUVEMENT OF A
 

MECHANICAL SYSTEM OF CONSTANT MASS
 

Minai Guta - "Dunărea De Jos" University Galaţi 

Constantin Ghita -" Valahia" UniversityTârgoviste 

The Stability of the movernent of a mechanical syst em of 
constant mass was studied by Leapunov and its main characteristics 
were : infinite interval of the movement (ta +00), iniţial di sturbant 
forces wereosmall enough, and the stability of the non disturbant 
forces were studied only in the case ofthe iniţial disturbant forces. 

Kataev studied the problem of the mechanical stabilit)' of. a 
materials systern in a finite lapse of time, submitted to disturbant 
forces initially finite and of disturbant forces constantly finite. 

The first method that has permitted the conuete resolving of the 
stabilit)' of the rnovernent in a lapse of finite time was given by 
Kamenkov. 

In this paper we will use Kamenkov's method in order to 
determine the conditions of stability of a non stationar)' (inconstan t) 
movement of a rnechanical system out of the equations of the first 
approximation, thus determining the interval in whicn the non 
disturbant movement is stable. 

The stability of the movement of a material systern when the 
constant disturbant forces that act over the system lack, is reduced to 
the determination of n functions x: (z), that satisfy the system of 
differential equations: 

i <i < (1) n 

were functions b y (t) are real continuous functions, and where real 
continuous functions X, depend an t, the disturbant functions x, (t) 
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being function sof class K+l , if Iunctions XL (t) are functions of class 
K. . and havc the property of being nul! if alI values of x are null . 

Thesc conditions imposeo on functions are accornplished in the 
interval t o~ t ~ T, [x, (t)1~ h, where T:;t.to, h :;t.O, and T,hER. 

In thc solving ofthe problern of a material system stability an a 
finite interval, starting from the movement tOt when the material 
systern has beeri submitted ta disturbant forces XiO(i=1,2), Kamen.kov 
has rnodified the definition of the stability of the mechanical system 
givcn by Leapunov, thus : 
For any disturbant forces XiO the verify the condition . 

t rtaljX jo] 2 ~ A 
j,, 1 \ )= 1 

Where det Ilaijll :;t. 0, and A is a sufficiently small constant, one 
cun det ermine an interval [ta, 10+TJ in whi ch disturbant forces Xj(t) 
give the in inequali ty: 

n ( n ] 2 

~ l~a ;JX j ~A 
then the non disturbant movement in relation with x., 1:s; i :s; n, is 
slable on this int erval . 

If T=O then the non disturbant rnovement is stable an the finite 
interval of time . 

Tne system ( 1) can be written : 

l ~ i ~ n (2) 

wher e PiJ (10) are the values of coefficients PiJ (1) for t=4J and 6.Pij (t) = 
Pi/t) - PI/4J). 

In order 10 find out the solut ions of systern ( 1) we shal1 consider 
the d lffercntial cqu ation systern with constant coefficient: 
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dx, f' o
 
-~ =c: p,)xg °1 S; i S; n (3)
 

j= I 

where pij°=piito) that has the characteristic determinant: 

detllp\JO) .. A- l n 11 = o (4) 

that adrnits a member m of real roots and 2p complex roots. 
We shall consider the problem of the determination of time 

interval in which the non disturbant movement is stable and take the 
case when characteristic equation (4) will have multiple roots . 

After a linear transformation we will have: 

n 

Y1 = IalJxJ (5)
 
i- 1.
 

where ai) ER, and detllaijll ::ţ. O, will transform systern (3) under 
canonical form, in whicb we have a number of real roots and a 
number of complex roots of the characteristic equction (4). 

Supposing that for any initial values tbat satify condition (*) 
where ai) are the coefficients of the linear transformation (5) , we can 
introduce function r that depend.s an t: 

(6) 

, 
where x,({) l S; i S; n are the solutions of system (1) .
 

-

- d r 

Wh ..:n we calculate the expression rd;" we have: 

(7) 
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in which H is a square ferm in variables Yi, witn coefficierus of 
constant functions an limited in relation with t, and S(to, t , Yi) is a 
function variables Yi and tirne 1. 

We can determine the following function out of (7): 

2( ) 2 fI H(t o,t 'Yi)+S(to ,t 'Yi) 
r t o' t = r eXP2 2 dt (8) 

T r (YI)
o 

where y/t) 1 ~ i -» is solution to systern (1), 
We note rm2(to,t) the superior margin of function r2(to,t) al 

moment 1. 

The movement will be stable on the finite time interval [to,to+T) 
and the inequity (*) wil1 be satisfied, thing that can expressed by: 

(9) 

It results out of (8) thr.i inequity (9) takes place, for an arbitrary 
choice of function S, and i~ will be necessary and sufficient that thc 
square form H be negatively :iefmed for any time interval 1. 

In order that the square ferm H be negative1y defined, if is 
necessary and sufficient that in matrix II Cin II corresponding ta this 
square ferm, ilie successiverninors Dx(t) of odd order be negative and 
the even ones be positive . 

D1(t ) < O, D 2 (t ) > 0 , DJ (t) <O, ... ., (-1tDn(t ) >0 
(10) 

Suppose for t=lo that conditions are accornplished . 
Then no matter what elernents Ci].; (ta,t) are, in spne of tneir 

continuity, conditions (10) are accomplished within a fmite rime 
interval that is until the moment t, when deterrninative D, (t ,) "" O is 
canceled: 

D n(11) "" O (11) 
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Particularly it is necessary that the main rninors of degree 1 be 
negative that is a11 red roots and real part of complex roots of the 
characteristic equation (4). 

lS i s m 
15 K s P (12) 

are negative. 
The necessary conditions (10 ) for which the non disturbani 

rnovement be stable in a fmite tirne interval (to,t)) are even sufficient. 
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THE STUDY OF THE IONIC NITRIDING
 
PROCESS APPLICATION ON 12% Cr STEELS
 

FOR TOOLS AND COLD DEFORMATION
 
DEVICES MANUFACTURlNG
 

Gh. Vlaicu and A. Arabagiu - Central & Research Laboratory, The Special 
Steel Complex, 

' sos. Gaesri, no 9-11,0200 Targoviste, Romania, fax.: + 4013 Il 11 15 

Introduction 

The ionic nitriding found a good application in the treatment of cold 
deformation devices that, because of the hard work conditions, must 
stand complex loads and show superior physico-mechanical 
properties. For example, the working rolls of plate cold rolling mills 
must stand loads with specific tensions of 1000 - 2000 N/m2 , must 
present hardness of 60 HRC, a very good toughness (a high rotating 
bending fatigue strength), must stand to outstanding dynamic tests 
(irnpacts, tors ion) and must present a high wear hardness and 
outstanding tribologicai properties. The good behaviour in 
exploitation of these devices is conditioned by severe adjustrnents , 
high dimensional accuracy and the absence of clearance in gear 
systern, reason for that tbe dimensional restrictions to the 
manufacturing of deformation devices are very exigent. So, for cold 
working are used special high-speed steels, maraging steels and very 
often (being more accessible) steels with 12% Cr. This article 

. analyses the possibility of applying the ic.iic nirriding to steels with 
]2% Cr, referringto VMoC 120, pursuing the way of hardening by 
this supplernental trcatrncnt thc wcrking surface of the defcrrnaticn 
devices, so that the y rneet the qualiry requirements. . 

The final mechanical properties of the cold working devices are 
the result of the technological interdependent factors , that interfere on 
the technological flow : processing, casting, for ging, prelirninary heat 
treatrnent, cold treatment, secondary heat treatrnent. rectifying and 
surface hardening and tempering by ionic nitriding process 
applicarion. 
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The studied steel has the next chemica1 cornposition:
 
C Mn Si Cr Mo Y S P
 

1,63 0,420,30 11,5 0,51 0,29 0,014 0,01
 

The hardening is made at 1020 - 10800 C arid tempering al the 
ternperature of 500 - 520 0 C. After this treatrnent it is obtained a 
hardening structure with 59 - 61 HRC hardness. 

Experiment 

Samples with <1> = 15 nun and h = 8 nun had been taking for the 
establishing of YMoC 120 steel ionic nitrid ing process parameters . 
Afl.er the secondary heat treatment, the samples are subjected to the 
ionic nitriding process in the experimental equipment of the Central 
and Research Laboratory of the Special Steel Complex Targoviste 
(Fig. 1). The nitriding process parameters: discharge power, gaseous 
mixture ratio (x = nitrogen/hydrogen) nitriding temperature, exposing 
time were varied between imposed limits by the initial martensitic 
structure tnat must no be destroyed and by the [mal nitrided structure 
that must be obtained, The [mal structure must have high hardncss 
and high tribological properties in cornbined layer and tenacious 
diffusion layer. The micro hardness method for establishing of the 
nitriding layer thickness is used. The curve HY 0.3 vs. distance by tne 
sarnple edge was picking up. The d value (from the micro hardnes s 
profile) at which the layer hardness is: 

. H"" - HVJl
H, = + HVlj

2,72 

is considered to be the layer thickness . Where: HYM is the maximum 
hardness otthe layer and HYB the basis material hardness (core). 

The way in which the combined layer' mean hardness varies with 
nitriding temperature had been analysing within the framework of rhe 
experiments made for the establishing steels (with 12% Cr) ionic 
nitriding technologi cal parameters. The curves 
6Hy = f(T) are shown in Fig.·2. 

The micro hardness curve (the profile) vs. distance by the sample 
edge is presented in Fig. 3. The nitrided layer thickness variation 

47 



(obtained by the' above mentioned method) vs. exposing time for 
various temperature values i.s presented in Fig. 4. 

The formation 's kinetic of layers at tbe nitriding of this kind of 
steel was pursued on samples at the following parameters : 1= 12 mA, 
U = 1400 V, N21 H2 == 111, T == 5000 C and exposing times t == lh, 
1.5h, 2h, 2.5h , 3h. The qualitative and quantitative structural analyse 
was made by X-ray diffraetion. The diffractograrncs are presented in 
Fig. 5. The unit nonnalisation and ASTM card index comparison 
were used for qualitative analyse. The integral intensiry ealeulation 
method had been using for quantitative structural analyse. On1y 
samples with the same quantity of co-existing phases were taking in 
aeeount and only the representative peaks for the forrned nitrided 
phases : (200) for y" structure and (100) for E strueture were analysed. 

Results and conclusions 

The next eonclusions can be drawn from the experirnents: . 
- the tempering must be done at a ternperature above t == 5000 C to 

assure for the ionie nitriding treatment (that must be done at 
temperatures under the tempering one) enough ternperature. 

- the ionie nitriding made on austenitic strueture of VMoC 120 steel 
leads to the obtaining of a eombined layer realised by y" and c phases 
with a maximum hardness of 
HVO 3 z: 1250. 
- ilie nitriding layer tbiekness for various temperatures varies with 

the exposing time after a - "1/ t law (for exposing times among 1 ~ 3h). 
- the mean hard ness of the obtained combined ;ayer is lessening 

. , .; .1••1.~ ;~ ~~"'~~c ("\ l' th" " ,,.,rlrinn '''mn''r::ltll rp' frnm . J.·hlf'\ "1 == 1?()() at 
VyttJl \I-oi\,.. U,l,,-,.\.t~'""' v .... L( ........ ,· .....·"-··b ~-" ... ... .t" ....... - .._ ... ... . -- --- --, V,-I - .-"_ .. ~
 

T == 5000 C to HVO 3 == 750 at 7000 C. So, the indicated temperature , . 

to obtain il hard eombined layer is T == 5000 C . 
Thc next conclusions are resulted from the diffractograrns .analyscs: 

the configuration of the obtained layers at the ionic nitriding 
eanied out on 
VMoCl20 steel in hardened-tempered state is complex. The 
superficial layer contains (Fe,Cr,Mo,V)4N and (Fe,Cr,Mo,Y)23N 

, . '. 
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nitrides that together with the diffusion layer confers outstanding 
mechanical properties to the metal [ 1 ]. 

With the increasing of the exposing time (from t = 1h to t =3h) the 
t: nitriding quantity formed initially in the superficial layer decrease 
and the y" nitriding quantity increases enough. The 't" layer is harder 
[ 2 ]. 
So, at an exposing of 2 - 3h it will be obtained a combined layer 
formed by t" nitride and a smaller quantity (percentage) of t: nitride. 
The t: nitride has a low hardness but shows superior tribological 
properties and rust-resisting properties [ 3 J. 

From these experimental results we can say that the ionic nitriding 
ofVMoC120 steel must be done in the next technological conditions: 
temperature T = 480 - 5000 C, exposing time t = 2 1/2 - 3h, gascous 
mixrure N21H2 = II 1 and pressure .p = 3 torr. 
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REMARKS ON DECOMPOSITION PRINCIPLES
 
AND AN ECONOMIC INTERPRETATION
 

Mihaela Oprea (Predescu) - Universitatea "Valahia" Targoviste 
. . 

1. Introduction 

Many of linear progranuning problerns are difficult to solve 
because of large dimensions. But in many cases theor structures 
contains O with constraint coefficients matrice. 

If we consider the following linear problem: 

\(f c ,'x Jsup 

" , ~I 
subject to 

A jX I = b [ 1 s (~ r 

1) r 

I: B .s , = b o 
1> I 

X , ;;:: O 

where Ai E M m". , ; B ,E M . , ' x., Ci and b, are vectors. m , 

For example the constraint coefficients matrices A has rhe 
particular forrn: 

AIOO' .. .0 1
 
OA,O. o
 

A = 
000... .A, I
[ 
B,BlB; B,)
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We shall obtain immediatcly an economic interpretation for the 
parti cular form of the prob lern (1) if we consider r economic al units 
lead by the main center (r centrelaized economic units). 

Let bc j = economical unit, 1~i :0 

Thc vertex x, whose cornponents represent the level of economic 
activities verify the following constraints : 

(2) {A,x,=b,} 
x , ~ o 

On the other hand there arc general restnctions whose are 
required by the affiliation of the economic units at the centraJized 
center. These restraints are named "couple restrictions". 

We assurne the following ferm of these restrictions: 

(3) i B,x, =b• 
.. 1 

The focus of the problem is to optimize these activities unfolded 
by these econornical units. 

Obviously, we must to maximize the function 

(4) == I,c; x, 
,t i 

Given the linear problem (l) its dual: 

I, h;u, 
. =1 

I [ ' 

l 
(5) inf subject ro .
 

A,rU,+ 8 ,rll.ZC" lS1Sr
 

" , arbitrary oS 1 S r 

The components of the verten Uo represented by the "couple 
vanables" which give us a relation berween dual variables u, . .. .uP' 

Thus we consider for each i, l si ~r , the following linear problern: 

s u~{c,r - IIB.)xJ 
(6)	 ~!,,\ : A, X; =b, U E «"
 

Xi ~ O 1s I ~ r
l 
We'Il an that the next result give us a method to solve problem 

(1).(Sec (1)) 
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2. Decomposition principle 

Theorem (See (1» 
Let be u€R ID fixed and we have optimal solutions for the 

problems Pi(u), l:Si:Sr 
If x.' , l sisr are optimal solutions for Pi(u» l :SiSr and the 

condition : 
I 

p 

(7) I),.x; =bo• 
..,.1 

then x' = (Xt', . ... xp' ) 1S optimal solution for ( 1). 
Proof: Because of the condition (7) we have x· is a program of 

problem (1) 
Let be x= (XI, ... xp) another program of problem (1) and then 

x., 1~ iS p are programs of problem pi(u) 15i:0 
But x,· is optimal solution ofproblem 

Pi(u} ~(C? - uTB i)Xi~ (C)T - uTBi)Xi' > l:Si:0 (*) 

Sumrnarize obtain: 

ş: «. -I <·-c: ~ I'uT(b,x,-B,x; ) 
)0 1 1)0\ 1'>1 

r 

From hypothezia: I,B,x; = ba 
1>1 

Thus, we shall obtain: 
..[-.. T t-; ~ . \ _ T (, , \ "
 LU \[)jXj-[)iX;J~U '-0o-Oo»u
 

">1 
r r 

Obviously (*) becomes: I,C,Tx, ~ LC;x; = x·optimal solution 
, >1 I:>t 

for problern (1) . 

Remark: This result have been mentioned we have a decornposinon 
principle with its above economic interpretation: . 

52 



The focus is to solve the subproblcrns p,(u) ' 1~ i ~ r aud their 
p 

optimal solutions must be verify the relation	 L,B,x: = bo 
,'1 

30Economic interpretation 

In tbe same way the "Dantzig - wolfe" principle give us an 
economic interpretation if consider the above problerns. 

For instance AiXi is a cantiry of resources, xoi representing the 
r 

optimal level of activities; Z =IcŢ Xi representing general cost aud 
,,1 

the unitar.vertex uT is the prices vertex. 
If use a positive cantity of resource j :~ (B;x;)j>O ~=> the 

disposable descreases . Thus the cost wice increases and result Uj <O. 
Now the price -uJ>O => - uj(B,x,)j>O => the cost will increases, 
«c,r-IlB.)r, :;> o ~ where the general term CiTX, represented the direct 

contribution to the general cost (i c/.t,)< -2 
1>1 

We wish to investigate, for exemple, an non-linear programming 
problem : 

(8) inf {f(x)lgi(X)~O , i>l, . . o, ro} , 
Because linear metbod involve a strong instrument is natural to 

try to solve non-lineare problems using linear methods (this kind of 
approch was descovered by"Wolfe). 

Thus , we consider a network and XI . o • XT are network - point . 
We note that we work in convex ' hypothensional we can write 

• . ./" 1 .. ... -'" L../ lop "' p 

whithout difficulty: z, ~ 
p 

O, IA, =1 

The wolfe's ideeas was to write the function under the form: 
A ~ O

P 

J =IApJ(xJ with :l)p =1 
P	 PJ 
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RepIacing f and g, with their linear fun ction, obtain a linear problem 
in Ap variabJes : 

ruf ( :: '" ±A p f (:e J"J 
p = I 

Ţ

'L Â p g I (x P ) ~ O I ~ 1,. .. m 
p - 1(9) 

T 

The aproximation of the optimal solution is xk = 2: A>"P 
p~ 1 

Now we get obtain another linear specific problem and we can 
solve it with well - known decornposition principles. 
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FERRO-ALLOYS SPECTROCHEMICAL ANALYSIS
 
BY SOLID SOLUTION TECHNIQUE 

Gh. Vlaicu , N. Pavel , F. Pirsan - The Special Steel 
Complex, Târgoviste, Romania _. 

M. Iordan - Universi ty 'VALACHIA' Târgoviste , Romania 

Abstract 

The paper presents the experimental results obtained on ferro­
alloys (ferro-rnanganese, ferro-chromiurn, ferro-silicon and feITO­
moiybdenum) spectrochemical analysis by wavelerigth-dispersion X­
ray fluoreseenee spectrometry (WDXRF). The samples were prepared 
by solid 
solution technique. The precision of the sample preparation method 
had been deterrnining in the case of ferro-rnanganese. The calibration 
curves for ali chemical elements of interest were estabiished using 
certified reference materials produced by BAS-England and Bramrner 
Standarels-USA. The comparison of the experimental results and the 
allowed deviations by wet chemi cal analysis methods confirms rhe 
analytical performances of WDXRF spectrochemical method on 
samples prepared by solid solution technique. 

1. Intr oduction , 
The ferro-all oys are one of rhe h;l~ic:: fnw materiars !.J1 steel 

processing. Their chcmical cornpositi on must be checked ro confmn 
their necessary quality for steel alloying. 

The common method used in chemical analysis of ferro-alloys is 
wet chemical method. Although the wet chemical method prescnts the 
advantages of an absolute analysis this rnethod is often laborious 
and shows high tirne and reactive consumption. Also the wet 
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chemical mcthod is noi fully automated, the operator having a very 
important role, and this can lead to 10w precision. 

The ferroalloy WDXRF spectrochernical analysis IS a 
modem method that can be fully autornated and \eads to high 
precision. The short analysis time (about 30 rninutes from the sarnplc 
takiog time) allows to take real rime decisions referring to the next 
utilisation of the ferro-alloy. 

The most common sample preparation techniques in fe rro­
alloys WOXRF spect rochernical analyses are: 

a) grinding ind pressing technique [1] 
In this technique the sample is milled and the powder is formcd 

into a self-supporting pellet or briquet in a hydraulic press at pressure 
up to 700 0 kglcm2. The powder may be briqueted as is, with a 
binder(such as boric acid, starch or cellulose), with a cellulose or 
other backing, or in a shallow aluminium cup. This sample 
preparation metbod shows a low reproducibility due to the following 
effects: 

-part icle size effect witch leads to inhomogeneities, 
-rnineralogical 'effect, notably where the mineralogical 

cornposition of the sample is variable. 
b) solid solution technique (2) 

2. Solid solution sample prep ara tion technique 

This modem preparation technique consists of following 
processes: 

-the ferro-alloy sample is rnil led up to an establ ished grain stze 
« 200 !JID) 

-a measured quantity of ferro-alloy is mixed with the appropriate 
quantity of oxidis ing agents. The mixture is placed on a flux layer in a 
platinum-g old crucible lik.e in Fig. 1. The platinum-gold crucible is 
heated in a' radio-frequency fumace al very well controlled 
temperatures. 

-in the first stage, the crucible is heated to temperarures about 
800 0C and the ferro-alloy elements are oxidised. In the second srage. 
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the crucible is hcated to tcmperarurcs about 1200 aC, the flux is Iuscd 
and the oxides' resulted from the ferro-alloy are dissolved in the 
melted flux. 

-the solution is homogenised by mechanical stirring arid is 
casted in a casting dish where takes place the solidification process . 
The obtained bead is ready for spectrorneter presentation. 

Error! Objects cannot be created from editing field 
codes, 

Fig . 1. The positron of the sample preparation recipe 
components in the Pt-Au crucible. 

The solid solution technique presents, for ferro-alloy sampl;:'s 
preparation, the following advantages: 

- no mineralogical and particle effects 
- homogeneous samples 
- easy to prepare standards 
. blanks are possible 
- odd shaped samples cao be aoalysed 
- reduction of absorption and enbancement effects 
~ correction possible via standard addition 
The disadvantages of solution techniques are: 
- the volatile elements, like carbon aod sulphur can nOI be 

analysed because theyr volatile compounds fonn 
- difficult trace element analysis due to dilution 
- high backgrounds 
- increased absorption oflong wavelengths (light elernents) . 
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3. Experiments 

3.1 Sample prepara/ion recipe 

Thc ferro-alloy sample's preparation recipcs were established for 
a Philips PEARL'X 3 automatic furnace . For this furnace all the 
pararneters involved in the preparation process can be programmed 
and controJled leading to a high process reproductibility. 

The sample preparation recipes for ferro- manganese, ferro­
chromium, ferro - silicon and ferro -rnolybdenum were optimised. 

In the preparation recipe optimisation the following parameters 
were considered : 

a) the flux rype 
The rnost cornmonly used fluxes in the solid solution 

techniques are lithium tetraborate (Li2B407), natrium tetraborate 
(Na2B407), lithium metaborate (LiB02). Lithium tetraborate was 
chosen because this flux allows a better light element's analysis 
(P,Si,A!) due to the weak X-ray absorption. It is less hygroscopic then 
others fluxcs, it has a low viscosiry in the molten form and it doesn't 
crystallise very easy. 

b) sample/flux mass ratio 
The ratia is optimised for light elernents (P,Si.Al) and low 

concentration analysis . The maximum quantity of sample is limited 
by the flux capacity to dissolve the .sample (saruration point of flux). 
In addition, higher concentrations of sample reduce the probability of 
crystallization. 

c) additives to fluxes 
For ferro-alloys some materials must be added ta the flux for 

different purposes. 
Oxidants are added to oxidise the ferro-alloy particles in order to 

dissolve them in the flux. The oxidants used are NaN03, K.N03, and 

Sr(N°3h · 
Heavy absorbers are added to the flux ta increase the x-ray 

absorption and to decrcase the rnatrix effect. As heavy absorber is 
used Sr(N03)2. Also ilie Sr is used li.ke internal standard for ferro­
rnanganese analysis. 
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-
The releasing agents reduce the melt adherence on platinum 

crucible and dish. The NaI was use like a releasing agent. 
The fluidization agents decrease the flux acidity and increase 

the mclting fluidity for a better casting. The Na2C03 is used as 
fluidization agent. The additive s' quantities are cxperimentally 
optimiscd. 

d) oxidation, fusion, casting temperatures and times 
Thcse parameters are optimised to assure a fuJl oxidation of 

ferro-alloy material, a good homogenity of the melt and a complete 
covering of the casting dish. 

e) bead tbickness 
The bead has low Z components in high concentration and it 

acts as a Iight absorber, The primary X-ray radiation has a quite long 
path (~lmm) for these rnatrixes. Experimentally a bead thickness of 
about 3mm is proved to be sufficient to absorb completly the primary 
X-ray beam. 

AlI ehemical substances and tbe ferro-alloy powders are dried in 
drying house at 105 0C (the drying time being establi shed by constant 
weight procedure ). I 

The looses of ignition (LOI) are estimated for additives and 
ferro-alloys . The sources of LOI in ferro-alloys are C and S because, 
during the melting process, C and S are volatile compounds form. 

3.2. Sample preparatton method precision 

The primary source of errors in ferro-allo ys WDXRF analysis 
arises from the sample preparation process. The uncertainty in terrns 
of precision had to be established in order to esiirnate the overall 
uncertainty. 

Tbe experimental procedure to evaluate sample preparat ion 
precis ion is presented in the case of ferro-manganese. 

The procedure consist in the following operations: 
- a ferro-manganese sample was drawn from the existent raw 

material store. The sample was milled up to a grain size <200 jlm and 
then homogenised and dried. 
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~ eight beads from this sample were preparing, using the PhiJips 
PERL'X3 fumaee, in the same eonditions (preparation recipe, 
oxidation-fusion-casting programme parameters aud operator). 

- these beads were measured , using Philips PW1606 
speetrometer, in the folIowing way : 

1. eaeh bead measured onee 
2. one of ilie bead mcasured eight times. 
- the precision's for each measurement set, € 1 and E2, arc 

evaluate in terms of relative standard deviations, €2 means the 
precision of the lheasurement process and El means the overall 
process precision (sample preparation and measuring). The sample 
preparation process error is e = .Jf:I' - c:' . 

3.3. Results and conclusions 

The experimental results regarding the sarnple preparation 
method precision are presented in Table 1. 

The Table 1. shows that ilie sarnple preparation and rneasuring 
process error is smaller then the precision of wet chemical analysis in 
conditions of repetability (allowed deviation in the same laboratory). 
The conclusion is that ilie solid solution technique applied to ferro­
alloys is enough stable to permit measurements witb an accuracy less 
then wet chemical analysis. 

The calibration curves are established using certified reference 
materials (CRM's) produced by Brammer Standards-U'Szv arid BAS­
England. 

An analytical program is established for each type of ferro-alloy. 
The samp1es were measured sixty seconds with a Rhodium X-ray tube 
using 45 kY aud 55 mA. Tbese parameters were se1ected to excite al] 

ilie elements in samples aud to obtain a good counting statistic at low 
concentration Jevels. 
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• 
Table 1. The precision of the sample preparation method 

Ele m. Statistics o n first set o f Wet Statistics on sec ond set of 
name mcasur ements (eac h bead che rnical rneas ure rnerus (o ne bead e 

meas ured once ) precision measured eight time s) 
(abs ·dev., 
%) 

Me an Re I. Abs, Me an ReI. Abs. std . 
value ' std. std. valuc st d. deviation 
(%) deviatio deviat io (%) deviat io (%) 

n n n 
& 1 (%) (%) &? (%) 

Mn 77.04 0.24 5 0.189 0.40 76.97 0 .064 0.050 0.236 
Si 2.40 0.417 0.010 0.07 2.405 · 0 .324 . 0.008 0.262 
P 0.546 0.688 0.004 0.0 15 0.550 0.440 0.002 0.529 
Fe \3 .52 0.267 0.036 __ a _ _ 13.51 0.101 0.014 0.247 
Cr 0 .048 1.J52 0.00 1 a ___ 0.047 1.069 0.0007 0.828 

The mathematical model used in regression analysis is [3] : 
. ·c ,;. D + Ef R(I + L: aoq (1) 

For ferro-rnanganese and ferro-chrornium inter-element 
coefficients cx. are theoretical calculated using ALPHAS program [1]. 

The parameter's witch defines the regression quality are the root 
mean square standard deviat ion: 

1 D 

RlvtS -=	 - .L: (Cchem, - Cc:>lc/ . (2)
 
n - J' .:1
 

and K factor: 

(3)
 

1 
W lI t:1t: . 

Cchem is the certificated concentration 
Ccalc	 is the calculated concentrat ion 
n is the number of experimental points (number of reference 

beads) 
j is the number of calibrati on curve coefficients calculated by 

regression 
Co=0.1 % 
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The K fact or allows to cal culate the analyti cal error ata given 
conc entration level , 6C : 

6C = K..JCeaIC+Co (4 ) 

Fig. 2 shows the ca libration curve of sili con in ferro-sili con. It 
can be ob served the linearity of this curve on a very wide 
co nccntra tion range . This is a fcature aris ing from the sample dilution 
in beads (di lution co effic ien t 1:1 8). 

Error! Objects cannot be creatcd from editing field codes. 

Fig. 2 . The cal ibration curve for silicon in ferro-silicon. 

Table 2, 3, 4 and 5 summar ise th e regressi on results for ferro­
rnan ganese, ferro-chrornium, ferro-silic on and ferro-rn olybdenum 
respect ively. 

Table 2. The regres sion resu lts for ferr o-rnanganese . 

Elem. CRM's Concemration's RMS Analytic Wet 
narne name K errors chemical 

C%) (%) factor 6C (%) uncertainti 
es (%) 

Certified Calculated 
Fernnl 040 0.4 15 0.007 0.04 
BS120d' 0.57 0 .565 0008 0.04 
BS 120c • 064 0.6JO 0.008 0.04 
BS120b' 072 0.713 0.009 0 .04 

SI 8 S120 080 0.802 0.00872 0.0096 0 009 0.04 
BS20812d 0.98 0.970 0.0 10 0.04 . 1 25 1.248 0.01 1 0 .06 
BS208f2b 1.41 1.'1 06 00 12 006. 1.88 1 894 00 14 0 06 
0 (" '") 1"1. o , "" '"> ,,< .., AC J f"I n, A "o 
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BS208/2d" 5493 5523 029 0.80 
5744 57.43 030 0.80 

BS 120d' 6242 6 1.89 031 080 
Femn2c' 6343 63.57 031 0 80 
BS 120c • 7075 70.73 0 33 0.80 

MN B5208f2b. 70.92 
7605 

71.0 5 
76 09 

0.32 15 00394 0.33 
03 4 

0.80 
080 

BS 120b' 77. 77.2 1 034 080 
Femn2 78 3 78.3 5 035 080 
B5208 /2 79 08 78.86 035 0 80 

, BS 120 84.21 83.92 0.] 6 080 
; Fernnl 85 59 85.92 0.]6 0.80 
\ Femn2a • 

8 5120a • 

Tab le 3. The regression resu lts for ferro-chromium . 

Elem CRM's Concent rarion 's RMS Analytic Wet 
narne name K errors chernical 

(%) (%) facto r 6C (%) uncertairuies 
(% ) 

Certified Calc ulated 

BSDO/ l a 41.5 5 41.56 0.27 035 

· 42.]6 4258 I 027 0.35 
BS D O/2a 47.85 47.73 0.29 0) 5 

· 51 60 51.45 0 30 035 
BS lJO/] 52 ]3 52.45 0]0 0.35 

CR BS 130/1 52 60 52.47 0.325 1 0.04 1] 0.] 0 0.35 

Fecr/ t a • 6270 62.] 7 0.33 0 45 
BS130/2 6277 62 .88 O.] ] 0.45 
BS 1]0/2b 6357 63 .17 0.33 0.45 

· 73 88 74. \0 035 0.50 
BSlJOllb 85 7 1 8606 0.38 0 50 

· 
Fecrll 
8 5204/4 I 
BS204/4b 

· 
No te * mean s that these standards wer e obtained USUlg standard 
add ition techrti que . 
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Ta ble 4. Regression results for ferro-s ilicon. 

Elem. CRM 's Concentrari on's RrvIS Analytic Wet 

name name K errors cbernical 
(%) (% ) factor ~C (%) u nc ert ai nties 

(% ) 
Cert ified Calcu late 

d 

SI 

BS 14011 a * 
BS 140/4a • 
BS 140/l 
J7E 
BS 140/4 
BCS3 05­

l a ~ 

BCS305-1 

36 .16 
39 .84 
45 .20 

M ·5 
49.80 
60 .00 
75 .00 

36 17 
39.83 
45 .24 
4644 
49 .93 
59.7J 
75. 13 

0. 1403 00 185 

O Il 
O 12 
O 12 
O l J 
013 
O 14 
0 16 

050 
050 
050 
050 
050 
0.50 
0 50 

Ta ble 5. Regression results for ferro-moly bdenum . 

Elem CR.t\1's Conceprrauon's R.\.1S Analytrc W et 
name name K errors chernical 

(%) (%) factor I'IC (% ) uncertainues 
(%) 

Cerufied Calculate 
d 

BCS23I /4b 42 .00 4i.88 028 0.,10 
~ 5600 56.04 0.32 0.40 

MO BCS231/4a 59 65 59.9 1 0.338J 0.0424 033 040 
~ 64 40 64 73 034 0 50 
508-l 68.00 67 .62 O J5 050 
BCS2J 1/4c 7000 69 74 O J 5 050. 
Femo-68 
BC S2Jl /4

--.--._"'. "--­ ~~._--........ , ... " - ..." 

Note :* means that these standards were obrained using standard 
addi tion techn iqu e. 

Co m paring the analytical errors with the uncert ainnes of wet 
che rnical me rhods (allowed deviations be tw een two labo raton es ) 

shown in Table 2, 3, 4 aod 5 in can be co nc luded th at the WO XRF 
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analysis of ferro-alloys using solid solution technique leads to higher 
accuracy's. Also, the method is faster and can be easily automatized. 
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VARIATIONAL METHODS FOR PERTURBED
 
LAPLACE PROBLEM WITH MIXED BOUNDARY
 

CONDITIONS
 

Cristinel Mortici - Universitatea "Valahia" Targoviste 

Let D ERn be a bounded domain with c l
_ boundary an and r a 

part of aD. with the area meas [">0 . . 

There exists a cube K={x' Ix, I<a, lsisn} which contains .o. 
Let us consider the following problem: 

{6 II + r» = f on n 

(1)	 u=O on r
 

~= O on an - r
 an 
where fel2(D.) and P:D(P)cl 2(D.)~Ll(D. ) is a differential operator, 

D (P) dense in L2(D ). 
We 'lI use variatiooal theorem for the linear case, theo Riesz 

method for constru ction of a minimizing sequen ce and finally we'll 
gi ve the aproximation error. 

For	 the non-linear case we'll use the variationai theorem of 
Langenbach. 

1. L i.I1~"I C<~5e
 

Let use denote
 

D(B) = D(P)n {u E C2(D~U = o--r.:: = Oon oD -[" } which 

rernains dense in l 2(D).
 
Theorern 1. Suppose that P·.D(B ) ~H (H=Ll (D.) is a linear, symmetric
 
operator such that. .
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(2) <Pu,u>::Scllullz, ('vi) u~D(B ) , where cE(O,2 a2/n). Then : 
a) The functional F:b(B)4-R, 
(3) F (II) = Jq'V ul2- PII (xII (x )+2/(x)1(x )~ J is lower bounded ; 

o 

b) If problem (1) has a solution uo~D(B ) , then this solution is 
unique and it realize min F(u); - . 

c) lf therc exists l1{)ED(B) such that F(uo) ::Sf (u) for every uED(B), 
then Uo is the unique solution of problem (1). 

d) Minirnizing sequences of F are convergent in Lz(Q) and they 
have the sarne limit denoted by u'*ELz(Q) which is generalized 
so lution in sense of Sobolev of problem (1). If u*ED(B), then it is the 
clasical solution . 

Demonstration. The conditions of fundamental variational 
problem « 1), page 127) are fulledfor the following functional 
backgoung : 

H=Llo.), B: D(B)cH4-H, Bu=-6u-Pu. 
Problem (1) is equivalent with 

(1 ' ) Bu=- 7, fELz(Q) 
We must to verify that B is linear (obviously),symmetric and 

strict posit ive. 
Indeed: 

<Bu, v> =<-6u-Pu, v>=-<6u , v>-<Pu, v>=<Y'u , Y'v>-<Pu, v>=<Y'v, 
Y' v>-<u,Pv>=<Bv, U>. 

2/<Bu, u>=IIY'uI 12-<pu , u > ~2a 2 /n"uI1 2- c llull z=i llu l lz , where i=2·a n-c>O. 
1have used Friederichs inequaliry (4): 
(4) II Vu I 1 2~2 a2/n ll u I 1 2 ,
 

F (u ) =< Bu, u > - 2 < - j ,u >==< - 6 u - Pu, u > '+2 < f, u >=
 

II II )'IvujIZ- < Pu ,u > +2 < f, u >::S J~V UI 2_ PU( X)1I(x)+ 2f (x )u(x)dx 
II I Q . 

The conclusion follows from fundamental variational theorem. 
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2. Riesz methodfor construction ofa min imizing sequence 

We'lI give a mini.mizing sequence for functional (3) in case 
O=[o',a]-[O,b]cR2 

Let us suppose that the system (BUmn)rn.nEN is total in H""L2(0), 
whcrc 

. mJrX . n Try
 
li ;:;: Sin --Sin --, m, ncN
 

mn a . . b ' 
That rneanş tbat the system (umn)mneNis dense in energet ic spacc 

Ha endowed with energetic stocar product. 
(5) <u, v>HB=<Bu,v>H, u,vED(B). 

r.; 
System orthonormal aud total in Hfl 

and now we can calculate Riesz coefficients: 
(6) 

C{,n=<f/Pmn >r I !J(x,y)rpm Jx,y)d~a:v =';"nI !J(x,y)sin7Sin:d~d., . , 
where rom=liumnIIHB' 

System (k Il rn;,) IS orthonorrnal and total in L2(O) and results 

that 

i r 2 mm. mrv ( )
(7) f mn ;:;: .b ~~ sm-~sJnb f x, y dd, are Fourier 

coefficients of fELi0). 
Therefore 

M '­
(8) amI! = - 2- rmnf mn 

Minimizing sequence for F is 
" .[;;b " K nx m: 

(9) uJ, .y ) = L O"'i iP Kj (X, y )=o - - L IA,sm--Sln -J _· 
, .• =1 2 IA =1 - a b 
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and ilie minim point, which IS also the unique solution of probl crn ( 1) 
1S: 

-fJ; ~ f . K rex. j ny
u o ::::: -- L...J K SIn --SIn - ­

2 J .K ~l ) a b
 
Approximation error will be 

Also 

2
U - 11 :2H 8 :5. -ab II / 11 II ""'2L., rp: 

2 r.« ~n'l 
• o(l0) 

and therefore 

ab 11/ II~ 
2 a 2
 

2 --- C
~ fi 

3. Nonlin ear case 

Theorern 2. Let P:o(B)cH-)oH a nonlinear differential operator such 
tbat: 

l ) P has linear Gateaux differenrial on o(B); 
2) The map u-)o«DP)(u)h[ ,h2> is continuous on O(B) , for 

every h 1,h2ED(B ); 
3) «DP)(u)h),hz>=«DP)(u)hz,h t>, (V)u),hl,h1,Eo(B); 
4) Thcrc cxists a constant ct.(O,2a2-n) such that 
«oP)(u)h,h>:5.cllhIl2, hc;D(B) 
Then the following asertions are true:
 
a) The functional F:O(B)-)oR,
 

(12) F (u) ::: ~ IIV "II:, + < f, U > H - LI < P (!" ),U > II dt 

is lower bounded; 
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b) If Uoc:D(B) 'is a solution ofproblem (1), then it is the unique 
solution and realize rnin F(u); 

c) If there exists uoeD(B) such that F(uo):$;F(u), Vl1{)c:D(B) then 
Uo is the unique solution of prob1em (1); 

d) Every minimizing sequence is convergent in ~(O) and alt 
have the same limit denoted by u*c:L2(O ). If u*c:D(B), then u'" is 
clasica1 solution for (1). 

Dernonstration. We must verify the hypotescs of Langenbach theorern 
(( 1), page 406) with 

L{8)=tiEL{f')rC(1 U = o-r;~ =(b/iD-r}B: 1:(8)->H,~ =-/;u-Pu 

lndeed : 
< (DBXU~.,~ >== «tJ~)-(DPXuh)~,>=<v~, v~ > - < (DPXuY1,~ >= 

< vltz, 'Vh, > - < (DPXu ~2 ' Il, >==< (DPXu ""A.~ > 

< (DPX"lh,h >=i"hl'- < (DPXul' ,h »':ll' -+1' =1'lul!" with r' =2a'n -r- C >O 

FinaHy 
F(u)= 

S~ < B{i,Ă" >H dl- < - f,1I >H= S> -It-u - P(I,Ă1I > dr+ < I,« >H = H'V!I~+ < F.« >H - S> p~jll > H c 
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OPTIMISATION nyNAMIQUE EN TEMPS DISCRET 

Narcisa Teodorescu - Universitate a "Valahia" Targoviste 

L'optirnisat ion dynamique erudie les problemes ou les decisions 
doivent etre prises en sequence . De tels problernes abondent en 
economic et en finance : gcstion de portefeuille, choix de 
consommation , dinvestissement intertemporel . .. 

On distingue plusieurs types de problernes suivant que I'horizon 
est fini ou infini et que I'evolution de I'etat est determine ou 
stochastique. Mais le raisonnement de programmation dynamique 
sadapte il tous ces cas de figure. 

La mcdelisation aJ'aide d'une variable d'etat est a la base de ce , 
principe. Certe variable resume aun instant donne toutes les variables 
exogenes qui peuvent influencer le futur. TI n'est pas necessaire de 
connaître les valeurs passees. Le cboix sequentiel d'autres variables, 
appeles controles, permet d'inf1uencer I'evolution de letat et d'agir 
sur la fonction objectif. 

1. Cas deterministe il horizon fini 

a) Formulation du probleme I 
Les donnees sont: 
- les dates de decision t=0, .. ., T-1 ou Test appele I'hor izon, 
- les variables d'etat e, de controie v, 
- l'elat initial eo et une loi d'evolution <p , a la date' t, ayant 

observe l'etat e(t) le choix d'un centrele v(t) determine letat futur par 
la lei devolution. 

e(t+l )=<p(t, e(t) r-o, ..., Ţ-l ( 1) 
an peut irnposer des contraines aux variables detat et de 

centrele sous la forme: (e(t),v(t))c;K(t) 
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- une fonction objectif additive dans le ternps: 
r-l 

Ij3/u(/,e(t), v(t)) + j3rh(e(T)) 
f=O 

La fonction u(t,.,.) est I'objectif de la periode l, ~), le tacteur 
d' escompte entre Oet t et h la fonction d' heritage. 

La separabilite de cette fonction dans le temps permet de definir 
la fonction objectif il partir d'un etat e(s) et du temps s cornme: 

1 (r-I J.fi f;, j3 IIJ (1, e(11 v (/))+ j3 1" h(e (T )) . 

On cherche alors il detrminer la suite de controles qui entraine 
une evolution de l' etat -maximisant 'la fonction objectif. Autrement dit, 
on veut resoudre le programme y: 

r -l 
max L fJ,u(t, e(t), \/(1 ))+ fJrh(e(T)) 

f·O 

(e(/), v(t ))eK (1)r 
e(t + 1) = {O(1 ,e(t), V(/)) I = O, ..., T - 1 

t e(O)= eo 

Le programme est dit stationnaire si ~(+I I ~(, u(t ,.,.), c.p(r,.,.) et 
K(t) sont independents de t. Dans .ce cas le rapport constant PI-rl I ~l 

este appele facteur d' escornpte, 
Example 1: Chois de consornmation deterministe 
Un consomrnateur dispose d'une richesse initiaJe Wo et aux 

periodes t=O, .. ., T-1 il choisit le rnontant de sa consornmation c(t), 

son eparagne (ou sa dette) pouvant entre placee (ou ernpruntee) au 
taux brut sans risque R(t). 

Sa fonction d' utilise ci chaque date est u, sa. fonction d'hentage 
h et son facteur d'escompte psychologique p. La sequence de 
consornmation (c(t)t=D....T.1 est optimale si elle est solution de: 

T -1 ... . 

mac L ,6I U (e(1)) + j3 T II (w (7'))
,-0

(w (1), c(1)) E R' xR • " r (2)
W (1 -+- 1) = (W (1) - C(1 ))R (1) I = O,." ' Ţ - ! 

W(O )=W. 
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Ici la variable de centrele est la consomrnation, et la variable 
d' etat, la richesse. 

b) La principe de programrnation dynamique 

Le programme y est un programme d'optim isation avec des 
contraintes d'egalite donnees par la loi devolution . li peut etre resolu 
el. laide des techniques de Kuhn et Tucker et de Lagrange. Nous nous 
interessons ici il une autre approche , cellc de la programmation 
dynamique. 

Exemple 2 
Considerons un programme ou le nornbre d' etats et de controles 

est fini. Un tel programme se schernatise par un graphe comme celui 
de la figure 1. 

L' interpretation est la: suivante: 
- un point au dessus de la verticale associee el la date t 

correspond il un etat possible el 1., 

- un arc entre deux etats represente un centrele perrnettaant 
d'evoluer d'un etat vers l'autre, 

- la fonction objectif par periode est donnee par les nombres au 
dessus des arcs et la fonction d'heritage par les nombres attaches aux 
etats finaux , 

Ainsi, pour la sequence: de controles flechee , la fonction objectif 
vaut 

1+ (- 1) +8+(-1)=7 
Pom resoudre ce programme, il suffit de se placer d'abord a 

I'avant-derniere date: t=2, en chaque erar p0şş ibk Pour chacun de 5~S 

etats, on determine le contr6le qui maximise l'objectif a partir de cet 
etat ainsi que la valeur de ce maximum. Dans la figure 2.a . ses 
contr6les optimaux sont fleches et la valeur maximum est encerclee. 
S'; ' a plusieurs solutions, elles donnent toutes la merne valeur 
rna-,., ..um. Il ri'y a donc pas dambiguite sur certe valeur et plusieurs 
fleches peuvent partir d'un merne etat. 
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Il suffit alors de remarquer que l'on peut se ramener a un 
programme avec une date de moins, l'objectif fmal attache achaque 
etar de la date T-l etant la valeur encerclee. En effet on sait que, une 
fois atteint cet etat, on pourra obtenir dans' la suite certe valeur, et pas 
plus. 

En iterant certe methode on calcule de proche en proche la suite 
des controles optimaux (toujours vers la haut dans cet exemple) . 

Ce principe de calcul se generalise aisernent. Pour cela 

considerations les programmes y(s,e) : 

max (l_l~I,O,u(l,e(/).v(I))+ 'orh(e(T)))
J3 s t .. J 

r (s, e (e (1 ), v (1 )) E K (/) 

It (, + 1) '" (ţi (1. e (1 ~ v (1 )) 1 '" T - 1 (1 )S , . . . , 

e (s ) '" e 

Dans ce programme, on chercne a optimiser I'objectif a partir s 
et de l' etar e. 

Le principe de programrnation dynamique repose sur la 
remarque suivante: 
Si une suite de contrâles conduit li I'etat e l'instant s, remplacer les 
contr6!es il partir de s par une solution de y(s ,e) ne peut qu 'ameliorer 
I'objectif apartir de t=O. Ainsi pour rechercher les suites de controles 
optimaux y, on peut les chercher parmi les suites optimales ă partir de 
linstanr s. 

- La programmation dynamique applique certe remarque 
recursivernent ă partir de T-l en "remontant" le tcrnps: 00 calcule 
dabord les solutions et valeurs des programmes y(T-l), .) puis celles 
de y(T-2 ,.), etc ... Le calcul est simplifie puisque cherche les solutions 

et les valeurs de y(t, .) an se limite aux sequences optimales apartir de 
t+ 1. Ceci est formalise par le theoreme suivant. 
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Theoreme 1 (Programmation dynamique) Supposons que tous les 
programmes y(s,e) admettent des solutions et notons J(s,e) leur valeur. 

(i) La fonction J est caracterisee par la recurrence amont: 
J(t,e) = ma~,(e.v)~{I} {t.{l,e,v)+vt/If)J(t +l,cAl,e,v))}powtollfl =0, ..T-1 (3) 

J(T,e)=fi..e) 
(ii) Une suite (e(t),v(t)!",s, . Ţ.] est optimale dans y(s,e) si et 

seulement si elle verifie les cornraintes et: 
J((l,e(t))=u(t,e(t),v(t))+ ~(' I] / ~tJ(t+l, e(t+1) (4) 

pour tout t=s, .. .T- J . 

L'algorithrne de programmation consiste a utiliser (3) et (4) 

recursivernent el. partir de Tv l . Ă. I'etape T-s on obtient la valeur et les 

solutions des progranunes y(s,e). 

- etape 1: on connait J(T, .). On calcule J(T-1) et les controles 

v(T-1) verifiant (3). Pour chaq ue etat e ces controles sont, d' apres (4),, 
les solutions de -y(T-l ,e). 

- etape T-s: on a obtenu precedemment les valeurs et solutions 
des programmes y(s+1,.). Pour chaque etat e ă s, on calcule J(s,.) et les 
controles v(s) verifiant (3). D 'apres (4) les solutions de y(s,e) 
sobriennent en adjoignant â v(s) Ies solutions de y(s, <p(s ,e,v)).. 

En iterant T fois, on obtient les solutions de y(O,e(J)= y 

2. Extensions: Horizon infini et evolution stoşhastique 

a) Horizon infini 
Ă. la difference du cas precedent, les choix s' operent de t=0 il 

t=oo. La fonction objectif prend alors la forme 

i: fJ , " (j . e (1 ) v (1)) 
1",(1 

On formule des hypoteses assurant la convergence de la serie, 
par exemple on suppose la fonction u bornee et la serie Wt) 
convergente. 
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Le raisonnernent de programmation dynamique sapphque sans 
difficulte et la fonction valeur, si elie est definie, verifie l'eq uation 
(3) . Cependant, la condition terminale n'existant plus, on ne peut pas 
effectuer de recurrence amont en partant de 1' horizon . La fonction 
valeur n' a d ' in tere t que si on peut deviner sa forme. Certe t âcne est 
facilitee dans le cas stationnaire . En effet, les programmes y(s,e) sont 
alors independants de s. Si l'on note par J(e) leur valeur, la fonction J 
veri fie: 

J( e) = maxVI~ . V )EK {~J( <p(e, v»} 

b) Evolution stochastique 
La seule difference concerne la loi devolution et la fonction 

objectif: l' dat present et le choix du controle ne determinent pas l ' etar 
futur, mais seulement sa loi de probabilite, En consequence Ia 
fonction objectif revet la forme d'une esperance. On se dome ainsi : 

. - un lei d 'evolution aleato ire representee par une probabilite de 

transition rr(-It,e(t),vj .â t, si I'etat est e(t) et la centrele choisi v , on sait 
queI'etat e(t+l ) est distribue suivant la probabilite rr(-\t,e(t),v) . 

Souvent on donne directement e(HI) sous la forme d 'une 
variable aleatoire: 

e(t+ I)=<p(t,e(t ),~(t » 

ou € (t)~ ... Ţ .I est une suite de variables independantes . 
L'independance des variables €(t ) doit resumer toute linformation 
pertinente ă t pour prevoir le futur. 

Contraireinent au modele deterministe, il est important de 
preciser que le controle ă test pris en connaissant I'etat e(t) realise . 
Autrement dit, la variable de choix a t n 'est pas la valeur du centrele 
mais une fonction - on dit une strategie - qui determine le centrele 
choisi au vu LÎt: t'dal rcilli:>t: . Nous la noteroas par v(t,e). Dans le cas 
deterministe il est inutile de preciser ă quel etat s' applique le centrele 
il t; puisque les contrales anterieurs il t deterrninent l ' evolution de 
l 'etat, on sait aqu el sappliquera v(t) . 

- la fonction objectif est 

E [ţ: fJ , u «( . e «( ~v ('.e (' »)) + fJr hedT!)] 
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ou lesperance est cal culee suivan t la probabilite deduite de 1t (ou de 
la loi (5) et des controles v(t,.) choisis. 

La encore le principe de programrnation dyn.amique s'erend: il 
suffi t de remplacer l'equation (3) par 
J( t,e)=max(e,v)<K(I ){uu,e,v)+I3l"f-1 / I3 IEt [J( l+1,e(t+ 1))je.v]} (J r 

Exemple J : Choix interternporel de consommation et de 
portefeuille 

Reprenons l'exemple 1 rnais supposons que l'epargne PEU! erre 
placee aussi sous forme de N actifs risques . Le rendement dcs actifs 
au cours du tcmps est independent des decisions prises par le 
consommateur. .C'est une donnee. Nous considerons le cas de 
rendernents independants et identiquernent distribues dans le temps . 

Notons (Rt)i=l ,...N le vecteur des rendements aleatoires des actifs 
par periode. Le rendement de l'actif non risque est Ro. A la date t, le 
consommateur connaît sa richesse W(t). S'il choisit un niveau de 
consommation egal ac, la valeur totale de son portefeuille est W(t )-c. 
S'il investitune proportionx, dans I'actif risque i=I, .. .N (XI peut etre 
negarif), il anticipe une richesse aleatoire W(i+ 1) donnee par 

W (1 + 1)= (w (1»)- c )(R . + L
N 

r,( R; - Ro)) (2) ' 
1 1=.1 

Puisque les rendements sont independents, on peut prendre la 
richesse pour 1111 etat . Sa loi devolution aleatoire est donnee par (2). 
Le vecteur de controle est fOID1e de la consornmation el du 
protefeuille. 

Les strategies de consommation (c(t, W)) et de portefeuille 
(x(t,W)), FO, .. .T-I sont optimales si elles maxirnisent 

E[~: /3,U( C(I ,W (1»)) + /3Jh (W (T) J 
sous la loi d'evolution. 
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ABOUT A MECHANIC SYSTEM STABILITY FOR
 
THE CASE WHEN N = 2
 

Mihai Guta - "Dun area de Jos" Uni versity Galati 

The paper presents the problern of the movement stability for a 
material system when the constant disturbing forces which act are 
nul!. The stabiliry study of a material systern at a finite time submitted 
10 sorne initial disturbing forces are of a special interest. 

We shall determine the urne interval when the non disrurbant 
movcment is stable when thc system is under the influeoce of these 
forces. 

This study comes back to determining il unknown functions Xi(t) 
1$ 1 $ n that will satisfy the differential equation systern of the 
disrurbed movernent ( l ) under the form: 

dx, ~ 
- " ,-- P'ix', +- X, (1) 

cit J. I 

whcre PiJ(t) are real continuous functions of t, and real continuous 
X ,(XI,Xl .. "XllJ t) depeod an time t; disturbing functions x,(t) are ofx+l 
class if x,(t) are class K functions and have the property of being null 
ifall variables x,(t) are null. 

These conditions imposed on X, functions are fulfilled on the 
interval ' 

4,$ t s T, Ix,i$ h 

where T:t-to , h:t-O, and T, b E R 
We propose to analyze a system of form (1) where n = 2, 

that comes back to: 

(2 )
 

whcre the constant disturbing forces are absent. 
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The system of differential equations (2) can be transformed into. 

det IIP-AlzlI=O (3) 
where P=IIPijll (2m2), and Iz matrix unity. 
According to ilie nature of the equation roots (3) we can 

establish the nature of the stability or of the state of equilibrium: 
- if the roots of equation (3) are real and negative, or complex 

conjugated with the real negative part, then the systern is in an 
asymptotic equilibrium . 

- if thc roots are purcly imaginary, then the system is :';UlIjJly 
stable . 

- if the roots are positive or complexly conjugated with the real 
positive part then the systern is in an unstable equilibrium . 

We are going to analyses different possibilities of equation (3) 
roots: 

a) We will suppose that equation (3) al the moment t; has roots 
of the form 

A1.2=Ci±~i Ci,~ E R where: 
«(fs)= 1/2 (p Il +P~z) 

~(l,) =~J4(P \IP22 - P12P21) -(Pli + pn)l 

and coefficients Wij of the irregular linear transformation : 

Yi=CiilXl + Cii2X2 (i=1,2) (4) 
are given by ilie homogenous system: 

which will transform the system of differential equations (1), where 
X,=O in the complex space at the canonic form: 



I
 
I

I 

If we consider the transformation: 

(6) 

then the systern (l) can be written in the space Ras: 

dn A dv .dr""" n + flv dl = AV - un 

The <Xi) coefficients of transformation (4) can be deterrnined out 
of the homogenous system (5) where we can take as pararneters the 
<Xil qualities, We will consider aii =: <X21 =1 and supposing that P2 1';O, 

PIl;CO then we have: 

(7) 

where number (6) becomes: 

(8) 

systern 2 in these conditions becornes: 

( dn .
 
I -=Au+uv+a "u++a " v+U
dt . .. . ...
 

1dv 
dt"= AU+-lJv+qll u+ q 22 v + V (9) 

where: 
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( 10) 

at thc momen t t=to the initial disrurbing forces XjO (j=1,2) are limited 
by the ell ipsc 

(o) (o) (O)

x2+Pn-Pll x.x _.E.!L 2 _ 2
 

1 (o) ' 1 2 (O) xZ ro 
PZI P ZJ 

(11) 
Taking into account the reJations (**) out of (1) when 

condit ions are fulfiUed 

p2(t l , t Z) , 
p2(~ , t)$ r02 s r;
 

Y rnlll(l •.l,.)
 

then the undisturbed movement considered is stable on the [mite time 
interval (lo,t2) 

b) We will consider the case when the determinant (3) is real 
and distin ct A] 2= Y±~ , (Ay2+ iJ,2>0) 

We consi r'er the transformation analogue to ilie transforrnation 
(6). He have the following expressions for u,v. 
where . 
u= 1/2 (Yl+Y2)= 1/2 (a l t + a2l ) Xl + 1/2 (a12 + an) X2 

v=l /2 (hT-}' IJ= 1/2 ( 0.21 - 0.11) XI +1/2 (0.22 - ( 12) "' 2 

(12) 
I) - P - P I I)+ ).l - PII

where all = a 21""1 , 012= , °12 = - --"---'-'-'­
r-. P~ 1 

and then the linear transformation will be: 

P~l - Pl l (J.
U = X: + 2. (13) 

2PZI 
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and sy s iern (3) will be reduced ta 

(14)
 

where : 

dr 
C alc ulating the expression re dt where r iSI vector of coordin ates 

(n, X2) , and dr /dt, it derivate we h ave : 

1~ ~ : = (U + Q' I)u 1 -l- (21-l t- GI2 + V21) UV+ (U -l- G22)V + S (15) 

According la the conclusion (12) (J4) the undisturbed, 
movement is stable within the interval (la, Li) if X l2 = V±I-l+K<O and 
q,/l ) will satisfy the inequaliry 

f 

!\.J + QII + K ~ (G I 2 +G21 ) +1-l1 
I~ OI 2 ( l6) I2'( (1 12 + Q2t) +,l U+Q2 2 +K 

0 1"( 4) which can be wrinen as : 

f io (=u + mascq. . + 2).1 + (G' 2 + q 21) + K)dt 5 O 

that ensures the rmnimum time interval within which the undisturbed 

movement is stable . 
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THE u-THEORETICAL COEFFICIENTS METHOD 
Stain less steel analysis by \VDXRF 

GH. YLAlCU , F. PIRSAN and N . PAYEL - The Special Stcel 
Complex , Targoviste , Romania 

A. Theor eti cal co nside ra tions 

In the X-ray fluorescence analysis, the correlation between 
spectra11ine intensity and elernent's conc entration present in sample, 
in the absence of inter-elernent effects is a straight line. 

R 
[cps] 

C=E*R+D where : C is the element concentrati on 
R is the spectral line intensiry 
E';'.!. , S is sensitivity (kcps /%) 

S 
n = _~ R ic::: h~('kOT(\1mrl ;ntpnc:::itv ()(rn <:\- s ' - - -~---O"' ..... _ ..... - .......------.1 \ -.... r""" /
 

It is well known that in the WDXRF analysis the sensitiviry is a 
rnarrix function. For heterogeneous samples, the rnatrix depends on 
grains distribution arid size and on mineralogical cornposition . Our 
approach refers only to homogeneous samples. 
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In this case the sensitivity is a function of chemical composition. 
For an enough narrow concentration range, the sensitivity can be 
considered constant, so the calibration curve is a straight line. 

For a wider concentration range we must correct the sensitivity 
var iation with the chernical cornpositicn variation, by applying the 
inter-elernent corrections. 

A typical example is the stainless steel case, where for example, 
the Chromium varies between 12-30% . Absorption effects and 
spectral line intensity enhancement appear in these kinds of matrixes . 
Another example is the analysis of additives in lubricating oils where 
high Z elernents ( ZBa =56, ZPb=82) are measured in a light element 
rnatrix. 

The next mathematical model will be .considered for the 
accomplishment of the inter-element corrections: 

n 

Ci =(Di + Ei'Ri)·C 1+ L QwCj) (1) 
j~l 

where: 1+L
n 

Cllj"Cj is the rnatrix correction 
j~l 

a.ij is the inter-elernent influence coefficient of element j on 
.element i . 

The a.ij coefficients determination can be done experimentally 
or theoretically. 

a) Experimental determination 

By a multivariable regression ' the a.ij coefficients are 
deterrnined on a high number of analytical standards. A minimum 
r\1'.,..,.....,h~,.. I'"\-t thrp~ c:t';ln~,;)T"r1c -f'n,. ţlo.,;)f'h r.n~ffi"""PT"'lt ~c rp"-'l1Îrpo.r1 l...'tI thPL 
......... ,. ... AV ......... V.l. ................... o,J\' ............... -......-...... .A. v.>. _ .... _ ....................... ..L.I...I.."' ...................... ...J A .... "1. ..... I>.A .... - ..... ) ..... 1-.....
 

statistical methods for a significant meaning. For a matrix with 10-15 
elements of interest the number of standards reaches high va1ues and 
these are not available. 

The ernpirical deterrnined a. coefficients express other errors' 
sources too: 
- sample preparation errors 
- uneertainties in the eomposition of standards 

• 
86 



- measunng errors 
- chermcal data correlation. 

For the error exernplification that can appear due to the 
standards ehemical data correlation, let's consider the next regression : 

C1=(D1+E1*Rl}t«l +a13*C3+a15*C5) 
V/hen the concentration of elements 3 and 5 are related to each 

other (positive or negative correlation) the regression analysis rnay 
give large errors on al3 and a15 .In the case of a positive 
correlation between C3 and C5 the errors t,a 13 and t,a 15 wi1l be in 
opposite sense. If the equation is then applied to the group of 
standards, treated as unknown samples, the results may still be 
satisfactory . If applied to a sample that did DOt belong ta the group of 
standards, however, the results may be completely wrong, 

Another a coefficient experimental determination method is 
done by using 
binary or temary alloys. The method is particularly applied for liquid 
samples or solid solutions. 

b) Theoretical determination 

The a coefficients are theoretical calculated on the basis of 
fundamental parametres method. The theoreti cal calculation uses the 
X-ray tube spectral distribution, matrix absorption coefficients, 
fluorescence yield and spectrometer geometry. 

The beginning point is the equation(2) that is derived from that 
of Gillarn and Heal 1 and Sherman- and then developed by Shiraiwa 
and Fujino3,4 : 

I 

87
 



_ primary spectrum
 
I excitation efficiency
 

J- J­
l o g (I+~(iP2) l og(l + :n\~~ ) 

R(ip) = J 10( ,1,) ro,CA) [ 1 + 1/2 L: CiF(jq.A) { ţJ{jq ) + ţJ{jq ) }1d l 
Ci m(A)+ m(lp) jq m(ip) meA) 

Î Î sec. abs. Î 
_ _ _ ___ _ _ _______ Î 

Îli 
sec. I 

fluorescence (enhancernent) 
1_ prim. abs. 

Equation 2 

The equation system(1) can be replaced by equation(2 ) allowing 
an unknown samples analysis, starting from a number of pure element 
standards or orrly from,a multi-element standard. 

Tbis resolving way is too complex and requires a larger 
computer and a very long time for the routine analysis . 

This experimental results from this paper were obtained by the 
ALPHAS program, developed by PH1LIPS concern that computes o­
coefficients from the relation(l ).on the basis ofequation(2). 

The equation for an n component systern is: 

-
Ci 

=1+ L:o 
aiJ·t>Cj 

R.i j~ 1 

where C, = I for average cornposition. 
Ro 

Because	 1:
n 

t>e i ~ o one of the correction terms can be 
j =l 

eliminated. 

The ALPHAS program computes after the following scheme 
using equatÎon(2), the partial derivates : 

8.8 



•
 

Ci-for the beginning IS calculatcs for a wcll-defined average 
RJ 

composition 
( C\C2........Cn) 
-then for the next composition Ci are successively calculated 

l\j 

(CI+O. l.CL. Cn) 
(CI.CH O.l .., Cn) etc. 

These values are normalised to the average cornposition. ' 
A Chmo~ification with the respect of the average cornposition 

1eads to a 0 .1% modification of the j element: . . 

C{90 j = ceYRJ j-! = a .. 
l' U=l,2, ......n) 

C{t.Cj) o.J ' 

After the program ALPHAS has produced a list of basice, 

coefficients , it requests which element has to be eliminated. 
For stainless steels we would, for instance, choose Fe . 
Finally, the program gives an cx coeffi cients table where 

t.C j = c, -Cj is replaced by Cj ' 

With a theoretica1 coefficicnts utilisation, the solving equation 
(1) supposes the experimental deterrnination of only 2 coefficients D 
and E and so 6 minimum standards are needed.The advantages are 
obvious: 
- a major reduction.of the number of standard.s 
- the reduction of the regression analysis time 
- cornparing witii tbe cx empirica! coefficients method, tbe errors 
sources can be detected, isolated, estimated, obtaining thus a bigger 
trust and reproducible ca1 ibration data. 

B. Experimental results 

The experimental data were obtained on PHILTPS PW 1606 , x­
ray fluo­
rescence spectrometer . The ALPHAS program was used for a ­
theoretical coefficient's calculation. 
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Sets of stainless steel standards (14% ( Cr ( 28%,Ni <35%) were 
analysed. 

The a coefficients were ca1culated with the ALPHAS program 
on the basis ofthe entrance data frorn Table 1 . 

Table 1. Entrance data for A LPHAS program 

Channel 
narne 

Line 
tvlJe 

Takeoff 
angle 

Concenrration 
value (%) 

C KA H 0.326 
Si KA H 1.310 
P !CA H 0.043. 
S KA H 0.045 
Ti KA H 1.076 
V KA H 0.145 

Cr KA L 13.01 ) 
Mn KA L 1.026 
Fe KA L 56 .383 

Co KA L 0.207 
Ni KA L 19.784 

Cu KA H 1.636 
Nb KA L 0.825 

Mo KA L 2.063 
W KA L 2.009 

The calculated a coefficients with ALPHAS program are given in 
Table 2. Knowing these coefficients and measuring only eight 
analysis standards the calibration eurves for Cr( Tab 3.) and Ni(Tab 
4.) were picked-up . . 

The analytical performances are given by: 
1- rnean square deviation RMS == 1_- L: (Ccllem - CC<llc) 

" ...,....)V n - k 
1 _ the K == 1__ L: (Cchem - C~lc t factor. ' 

~ n- k Cchem +Co 

• 
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I 
Table 2 . The calculated a coefficients w ith ALPHAS program 

Compound 
- -­ - ---- ­

Channel 
name 

Si Mn 5 P Cr Ni Cu Mo 

CrKA 0.867 0.548 1.734 1.2 l 6 1 3)2 0.486 0.556 3 .423 
NiKA -0.808 -0. 119 -0 .716 -0.770 -O 19 1 -O697 -0.748 -0.6 14 

Compoun d 
---------­ -----­
Channel name 

v w Co Ti Nb C Fe 

CrKA 0.981 3.76\ 0.095 4.947 3 162 -0.862 0 .000 
NiKA .oJ 12 -O 535 -0.729 -0.384 -0.643 ·0 .986 0 .000 

Table 3 . Regression analysis for Cr with calculated Q coeffi cients 

R lCr) 
(kcps) 

Concen. 
chemical(O/O) 

Concen . 
caJc.(%) 

Diff. Standard 
name 

52.7202 3.99 3.968 -0.02 16 S21 
10 1 834 7. 7.067 0.0666 519 
\77 544 12.8 12.783 -.01716 55 62 
166 98 14.23 \4.269 0.0394 B5 188 

210.010 15.2 15.174 -O0260 5S51 
206.55 16.5 16.392 -0. 1077 BS84f 
236.655 l U I 18.30 -0.00 82 BS81e 
264. 182 23.3 1 28.383 0.0729 14215h 

Table 4 . Regression analysisfor N i with calculated a coefficienls , 
R(Ni) Concert. Concen Diff. I Standard 
(kc ps) chemicaJ(%) calc.(% ) name 

669014 6.26 6.301 0 0408 55 61 
104 222 9.52 9.439 -0.08091 BS81e 
116.959 10.45 10.428 -O0215 BS84f 
137.693 \2.45 12.435 -0.0148 5562 
144.78 12.8 12.847 0 0474 519 

187.223 15.7 J S.712 00119 1421Sh 
274.834 22.3 22.33 0.03020 521 
313 988 24 96 24 946 -0.0143 B5188 
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for steels, a good calibration involves k s 0.02 . 
For Cr in the range 4%-23.3% it was obtained: 

RMS=0.063 
K =0 .0175 

and for Ni in the range 6.26%.·25% . 
RMS=0.045 
K =0.0143 

The performance criteria for the accomplished calibration shows 
a very good fitting of the calibration curve and so a correct calculat ion 
of al) inter-elemerri influence coefficients. 

The perfonnance criteria RMS=O .055 K=0 .017 where obtained 
by increasing number of standards from 8 to 38 with the same 
matrix and by cornputing the calibration curves (fig . 1). 

Error! Objects cannot be created from editing field codes. 

fig. 1. The calibration curve for nickel 

Cornparing of tbe obtained values with the preceding ones it can 
be observed that the results are comparable . 

It can be concluded that ilie a. theoretical coefficients have a 
correct physical weight and meaning, allowing the computing of a 
calibration curves in a matrix with high inter-elements' effects ( 
stainless steels )using a minimum number of standards, showing 
outstanding facilities in the regression analysis. 
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LA FINITUDE D'UN H-l\tlESURE HAUSDORFF
 
D'UNE ENSEMBLE DE POINTS DANS LE PLAN
 

Alina Barbulescu - Universitatea "Valahia" Targovistc 

Le but de cet article est de preciser deux cas dans lesquels la 
mesure Hausdorff d'un ensernble 1 est finie. On part de I' article de 
Besicovitch et Ursell [BU] ,ou est evalue la dirnension Hausdorff , d, 
d'une courbe y=f(x), qui appartient ala classe Li p c5 (8 E [O) J). Ils ont 
prouve que de [1,2-0 ]. 

ce 

H~(E)~ jnfLd(t- , ) J, (4) 
J=) 

ou l'infimum est considere apres tous les ensembles{Ej }iEN 'qui ont 
d(E,) <8. 

'1< On rnet : 
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H;(E) = Iim H~(E) =sup H~(E) (5) 
o~O 0>0 

an appelJe H; la mesurc exterieure Hausdorff s-dimensionale de 

E. 

Rernarque: an peut demontrer que H;est une mesure 

exterieure . 

La restriction de cette mesure sur le champ borelien des 
ensembles H;-mesurab1es s'appelle la mesure Hausdorff s­

dimensionelle de E,notee par H S
. 

Rcrnar quc: an peut prouver que sur RO: 
?n(E) = cnHn(E), (n~), (6) 

o 'u Â./J est la mesure Lebesgue n-dimensionelle et c, est une 
constante (pour des details on peut VOIT [ R] ). 

*Si Ee RO et h est une fonction continue, positive, non­
decroissante sur un . intervalle [ O,r') et Iim h(r) =0- nornee une 

T-#O 

fonction mesure - on definit le h-mesure Hausdorff de l'ensemble E 
par rapport el la fonction b, par: 

Hh(E)=lim i~f L:h[d(Ei ) ] , · (7) 
.l-#o{Ed i..... ' .e»' 

ou l'infunum est considere apres tous les ensembles {EtLeN' qui 
couvrent E et qui ont d(E i )< B , (B >0). 

Rernarque: Si on utilise des spheres pour les ensembles Ei , le 
resultat est le merne, 

* On dit que f:D (e RO 
) ---) Rest, une fonction Li pschitz de 

clnsse 8 (8 E[ 0,1]) if : 

i/(x+h)- f{x~.$ Mla( (8) 

(V)xeD,aeR II,x+GED,O<aSGo,A4:>O(a et M sont des 



co nstantes). 

>< Si <P I • <P2 sont deux fonctions positives, definies dans un 
voisinage de OER n( on elimine Ode ce voisinage) on note par <p 1 ~ <il2 

,pour x-+ Os'il existe r>O de facon que 
1
Q<Pl (x)~<P2 (x )~Q<PJ (X) , (9) 

('Ii ) x, O< Ixl <r. 
'1< Dans le plan xOy on considere I'ensernble: 

f={ (x , f(x)) : x E [0,1]} (l0) 
qui est le graphique d 'une fonction definie sur l' interva1 [0,1] . 

Theoreme 1: Si h est une fonction mesure et 
het) - r2 (11) 

et si f est une fonction Lipschitz de classe o, OE ( O,1] il resulte que: 
Hh(f)<ro (12) 

Demonstration: 
On couvre l'ensemble r par une familie denornbrable de cercles 

de rayons r>O et on va calculer la sornme' qui se trouve dans la 
definition (7). On note I'ensernble precedent par C r .. 

Lh(2r ):= L:. h(2r; ·(2r)2 s Q L:.(2r )2. (13) 
C C (2r) C 

r r r 

si rE(0,1/2) et r-+ O, parce que, si on utilise (11), il resulte que (3 ) 
Q>O: 

~. (21' )2 ~ h(2r) s Q .(21' )2. 

11 faut estimer L (2r)2 .
 
I
C,
 

La dernonsration suit celle de [BU].
 

XE[ 0,I ]=>I/(x + a ) - I (x)! ~ A/Ix!" ,(I;f )x ,x + a E (.r - k ;» + k ) (14) 

[O, J] est compact => (3) (O,ko), (x ,-k l , xJ+kj), ,, ,,(Xn-1 . kn- l , x; 
I+kn- l ) , (l-kn , 1], qui couvrent [0,1] . 
Si: M=l, 

CJ E (O,XI), C,E (x.», x.), ( 'Ii) iE I,n - 1, clI E(xlI_j,l ) , 

CI E (XI.l- kl _1, XI. l + kj.j)n ( XI - k, xi+k i) , (I;f )/ e2,n-/. 

cest -ă.. dire: 
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O<Cl<Xl<C2<X2< ' " <xn_l<c n< l, (15)
 
l ' osc illation de la fonction f sur ljnterval ie (c ,.! , c, ) es t plu s rcduitc
 

o	 . 
que 21ci -cHI (s i on regardc (14»). 

an peut couvrir la partie de 1 qui correspond il l' intervalle (C,.I 

, C, ) par [l (Ci - Ci_l )0- 1]+1 cerc les qui ont les rayon s «. - Ci. 

I)! 12,('<:/ ) (EG , 

ou (x] represente la partie entiere de x. 

Si r e (O, YJ), <!n peut suppose r que CI - CI" <r, ( '<:/ )1 E r;; .an note 

par C, l'ensemble construit ci-dessus et on calcule la somme Ih( 2r). 
C 

S = {[2 (Ci-Cr _Il- 1)+ 1}{(Cr - Ci_l)h}2 ..,; 

S2(Ci-Cj_I )2{2{c,- Cr _l l-1 +1}= 
S = 2(C, - Ci- l )2 + 4(c, - C,_I )O" + I s 6( C/ - C, _1 ),	 (16) 

parce que Ci - Ci - l e (O),o E[O)) =0 +1 E[l,l]= 
2

(Ci - Ci_l ) ~ CI - Ci_1
 
1 o
 

(C, - Ci_l) + :S Ci - Ci-l 

1/ 

~ L (2ri :S 6 L (c,-Ci _ I)~ 6 . (17) 
C, 1=1 

(13), (17) :::::> Lh ( 2r)~ 6Q =HII (n -c co,
 

C,
 
Si M~ 1=L Ir( 2r ) S 6QM =Hh (r) < eo.
 

C,
 

* Corollaire: an cons ide re la courbe 1 : y=f( x). Si I adm et des 
derivees	 finies en L;I1attUCpoiut [' 11 res ulte que : 

Hh(r) < ce . 

Demon stration: 

('<:/)x e[0,1],(3 )J'(x) = lirn j(;l:+o)- j( x ) E R. 
a ~O CI 

f (x+ O }- flx)1 
~ ('<:/)x E [0,1J,(3)M E R+: CI' I< l~f,5Ia ~ O.\ 
~ If (x + a ) - f(x~ < Mlal,a ~ O. 
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Comme les hypoteses du theorerne (8:=1) sont satisfaites, Il 
resulte que Hh(r)<OJ. 

* On considere une fonction periodique, ayant la periode 2, 
definie par: 

2x ,O~ x < ~ 

'g( x+4k)= -2( x-l),~5:x <.x,kEZ. (18) 

2(x-2),.x~x <2 .1 
g(x)E[-l,l], 
(19)
 
gest derivable, Ig'(x)I""2, (\i)XE R - {ll2+k, kEZ},
 
(20) .
 
On define :
 

co 

.f(x)"" L>1./-2g(~x),('1)x E[O,I],s E(I,2) . (21) 
1=01 

Theorerne 2: Si r est le graphique de la fonction f et que I'on 

suppose que {AilieN' E R+:A;+I > E~' , ( 6 ) l,fixe') ,('1)i eN° 

(22)
 
~ H b ( r )< o:: ,
 

si h est une fonction mesure qui satisfait (11). 
Dernonstration: 
Si Âk +1- J ~ a < Âk -1 (23) 

I/ (x + a) - = li~IÂ /-2 {g{ Jry (x + a )] - g(~X)}1 ~f(x )l 

k ~ 

S; L:~S-21g{~(x +a)]-g(A,.t~ + L:~.S-2Ig[Jry(x+a)]-g(Jryx~ s 
1: 1 i=~+1 

k ~
 

S L:Â/-2 1g{~(x+a)]-g(~x~+:Z L:~s-2 ,
 
i=l ,=k+i 

parce que g(x) e[-l,l ], (V)x E R=;; I g [ ~(x + a )]- g(Jryx)\ ~:z . 

k x
 

~If(x+a)-f(.t~~ L:~r-2Ig[A;(x+a)]-g(Jryx~+2 L:~~-2 (24)
 
i=\ /:k+1
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Si on utilisc (18) => 

. k 00 [ k 00 ]li (x + a ) - / (x ~ s L~s -2 . 2a )., + 2 L ţ -2 = 2 a L.ţ- I + L .ţ -2 
;= 1 i= k+ l i= 1 i= k+ l 

(25) 

L 
k 
"ţ - l = ).r l + ~- ..+).r l <l+ 

/ = 1 

(26 ) 

parce qu 'an a utilise: (22). 
k 

= L ).,s-l < ).k 5- 1[1+ el - s + ..+ S(1 - 5Xk - 2) + s (l -S )(k - l) ] 

/ = ( 
(27)

k ( l- . ) kL As - ) < ). .1 - 1.l=..L_ < C ). 5- 1 
/ k [ _ 6'I- s 1 k
 

1=1
 

pour k suffisamment grand , C1 = une cons tante qui depend de e. 
Les relations (25), (27) donnent : 

00 
s 1li (x + a ) - /(x ~ s 2a(1).k - + 2 L V- 2 (28) 

I=k+ l
00 00 00 
" ). 5- 2 < " (ei ).. )s -2 = ).5-2 "sj(s-2) <C 25- 2 
L.. I - L.. < + 1 k +1 L.. 2 k+1' (29) 

I=k .,-\ j=O )""0 

pour k suffisamment grand, C2= une constante qui depend de e. 
On a utilise: s-2<0, € >1 => j(s-2)<0, 1/€ < l. 

(28), (29) => II (x+a) -l (x ~ s 2aC"IAr l + 2 C2 ).i ~r (30) 

Comme a E [Ak~I'}'k- I ) = a - 1 E ( Ak,J.k+ d = (31) 

SV(x + a) - i(.t )1::; 2aC1(a - : ).i- l + 2C2a2- ~ = 2(C] + C2)a L - , (32) 

pour CI Sti ffisamment petit. 
Comme les hypot 'eses du theorerne 1 sont satisfaites, on a: 

fi;, (r)< oo 

Btbliogrophie 
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ESTIMATION DE L'ERREUR D'APPROXIMATIO N
 
D'UN PROBLEME LINEAIRE PAR DES PROBLE1\1ES
 

D'ORDRE ELEVE
 

I 
Constan tin Ghita - Universitatea "Valahia" Targo vistc 

lntroduction 

Soit OeI(' un dornaine borne, ayant une frontiere r 
suffisamment regul iere, ainsi qu 'on peut definir les espaces des traccs 
et qu 'on peut appliquer les theorernes de prolongement de Sobolev. 
On considere le probleme aux li.mi tes: 

(1.1) Au(\"J 0= H\"J in o . uîx) = g(',j sur r . 
Nous ne faisons pas des suppositions sur la regularite des foncuons f 
et g. On use les espace s de disrnbuuons , 
w(O). w-(o). H~' )' î (r): m <; N. } E N et H'(O) , S > O (3) . 

Nous supposons que le prob leme ( 1.1) a une solu tion unique 

U E H' (O). ~ s k < r + 1, r ;;: J un entier fixe , qui sera precise 

ulterieurernen t. Nous erudions le pr obleme discretise sur lespace fim 
dirnensionnel M " obtenu par une cons truction d 'elernents finis, 

( J.2~ r. c u, c H'(O ) " IV ' ~ (n), 

P,etan t un espace des po lyno rnes de degre rnoin s r; 

(1 .3) V..r E r (3)B(x) un voisinage de x dans R' , tel qu ' il sausfasse 

la propriete : ':Iv E M" v E H'(D. r-, S(x)) . La derni erc condition est 

suffi san te pour definir loperateur de traccv, H J(D.) " ,'..1, -> w (r ) Le 

choix de l' espace M , d 1 ele menrs finis, en satisfaisant il une propriete 
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• 
de la meilleure approxirnation de 1'espace M" h>O, est en accord avec 
I'estirnation: . 

(104 ) v ~n~. {~(h l!Z-Vt.~ +hl '-illz.~ ,>jl f .r J s C(k,j,n)llz~,h' , 't: e}[ '(n) ." 

On trouve dans [1] des detailssur la construction de tels espaces 
d'elernents finis pour les espaces H1(D), HI(O) . En particulier, 
l'application de projection sur les espaces d'elernents finis conserve 
les polynomes d' ordre r, donc satisfait l' estimation de (1.4). 

Pour les besoins de I'approximation, nous introduisons un 
operateur differentiel sur .1' espace des traces, . 1;: fi ' (r) --) t: (f), 

satisfaisant ci quelques estimations pour le norme du graph: 

(1.5 ) C,~llu s II T,=ll"r + IlzlL s C~llz lll.f ' 

On designe T,,' l'operateur adjoint de rl ~ defini en duali te 
(H'(n), Jrl(.o)): (7;\1', lf)o.r := (\1', t; lf\HI.Jr ' l ; il satisfait el une relation 

analogue a(1.5). De plus, 
(1.6) Ilr,T"plL. •. r s QlfPll,OS .s r - 3, \lip c (n). r E 

La definition du probleme approxiruatif pour (1.1) et d'une 
forme variationnelle de celui-ci exigc l' iatroducticu d 'une fumle 

nonlineaire a(. ;. ,.) sur lespace produit j-J '(D.) x (j{~ (n)r doane par : 

(1 .7) a(z, v, w) = (A{x, z, -), ~y) e,o + h'J(v, "·)o, r + h(T"v, T, v,t.r ' [2], 

ou A(x, z, v) est la partie principale de l'opcrateur A, incluanr la 
nonlinearite . 

Exemple : Si I'operateur A est defini par A(r, Il) :; '7(q(x, 1I)%), on 

prend A{x, z, v) : V(a(x, =)vv). 

Defini/ion 1.1: On designe par H I 
- Galerkin - approximation 

sur l'espace M., toute solution II, E M. du probleme variationnel 
discretise: 

(1.8) (3)rr. E M. , o(u,; II" v) = ir .6J/)o.o + ho'(g. v). r + h(T,t;. T,l ) o. r ' v E M • . 

Les questions qui se posent il. l' egard du probleme variationnel 
(1 .8) envisagent l' existence de la solution et la convergence, dans un 
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certain sens, vers la solution u de (1.1). Les responses sont differentes 
dans le cas d'un probleme lineare/non lineare. 

Soit A lineaire, on emploie les resultats (ex. Theorerne Lax ­
Mi/gram) el la supposition que la suite (11,), converge vers la solution 
il, quand 11 -+ o dans un voisinage du type 

(1.9) BcH =: {v. E M, /llv, - III!,,, s K} 

La methcde proposee par H ' - Galerkin - approximation peut 
erre concue comme une version non syrnetrique de la methode Riesz ­
Galerkin des carres les plus petits. 

Remarque 1. 2: Le principe H' - Galerkin suppose la resolution 
dun probleme variationnel dans l'espace H'(n), au lieu de la 
formulation variationnelle classique dans H'(n) , associee au probleme 
(1.1). 

2. Traitement du probleme lineaire 

Supposons que: 
(2.1) A(. . Xr, Il) '" 'i7(a(x)VlI(x)) + b(x)\1/(x) + c(r)ll(x) , 

ou a E W"~(n). b, c E L~(n), de plus, 
(2.2) (3)0 . fi E R, de sorte que o < o < a(x. v) s f3 < -KO, 'Ii>: E n, 'IN E R; 

(2 .3) v7 E R,~ < r S 2. (3)M > O, tel que IDT a(x, v)1 S M (la derivee 
) 

fracuonnaire); f E L'(O), s E H'(r). 

On designe par A":(x) =: 'i7(a(r)"Z(x) - b(x)z(x)) + C(X)Il(X) I'operateur 
adjoint de A et on associe un probleme Iineaire adjoint, 

(2.4) A"z(x) = 1(.r) . .I" E f2,:(x) = m(X), x E I", 

pom lequel il existe I'esrirnation 
(25) c,ll:ll•. ,.., S lI'il, .., +IH•. ~ .r s c,Iiz1Il-1.Cl'O s k s r -1 . 

1 

On considere le probleme (1.1) pour l'operateur A de (2.1) et la forme 
bilineaire 

(2.6) a(v. w) = (Av, M) o + h' )(v, w), r + h(T,v, T,w) ,
o. o r 

avec laquelle on ecrit le probleme variationnel 
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(2 .Î) (3)u. (; M" en sati sfaisant a
 
a(u"v) = (j, ll\~oo + h')(g, v).r +h(7;g,7;'-),.I"'vI' E A-i• .
 

La forme biiineaire a( ,.) a une propriete de coercibilite, consequence 
d 'une incgalitc de type Gărd ing. 

Lemm e 2.3: Il existe p > 0, C TI et ~'o > o, suffisamment petitE 

pour qu e , 
(2.8) n( v , v) ? Plivll;,o - C1HI,n' 'ţ'v E M, + H'{n) , pom tout h 5 ha ' 

Demons tration Etant donne que 
a(v, v) =- (Av, L\V),.o + h-1 llvilo.r + 11 117;vii. r ~ (a(x)6v, 6v) o. o + 

~ (\b\V, 6v)a o +h " JlviI~r .,.. h117;vii:.r ? alivll:o- CiHl,.ollllvll,n+ h -J!HI~ . r + 
++,HI" - iHo r)' , ou oous avons ernploye les relations (1.5) et les 

propnetes de regularite des eoefficients a, b, e. Les proprietes de 
regularite des problernes elliptiques du lapla cien assurent 

I Jv!I ~ . n s c{IIDVII:.o + 11vII" ',r ) 
et par interpolation on a 

J.] I! l · ... 

!! \' i: J ll f s (IHo rr · I)JvII ~.rY s (h - 'IIvII ~. I' Y (hl l vl!~.r Y s: h ; livII~ . r + ~ ~lv1l:r , 
a partir desquelles il est possible de recrire lexpression de a(.,.) sous 
la forme (2 .8), avec les constantcs p , c dependentes de o 

On introduit la norme energetique 

(2.9) IH ~ = 11 \'1/ :,0 + h"llvIIo.f + hllvll :.r' 'vV E H' , %S k 5 r + 1, 

pour les besoins de l' approximation. 
Determiner les conditions a pri ori pour lerreur de 

l approxirnation de - ", dans les espaces du/Ies exige qulques/1 

proprietes de rcgularite des donnees ci )<1 regularite des probiernes 
elliptiques d' ordre deux . Maintenant, nous presentons une resultat 
technique sur I'estimation. 

Lemme 2.4: Soit line solution du probleme11 

r 

(2.10) (3)11 E !vi, + H;(n ), en satisfaisant a A(u ,V ) = 0, 'ţ'v E M., 

aiers la fonction u sati sfaite aux estirnations: 
(2.11 ) IHI ,{} s CiIuiL: h'-' ,-2 5 J 5. r - 3; 
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q ... ~ 1 
(2.12) 1I"li.,.r ~ C'lHI.h ' ,-2:S q :S r + 2"' 

OU les normes sont usuelles dans la theorie des distributions . 

Demonstration: D'abord, on dernontre lestimation (2.12); soit 

r ~ HQ(0),-2:S q :S r +..!- et ,p E Hq-i(o) une solution du probleme aux . 
2 

Iimites . 

(2.13) L" &p '" o ?ans O, !vP = o sur r , - (a(r) ~ ~ b(x)n)~ + h·J,p = r 

sur r. Apartir d~ la regularite du probleme adjoint (2.4), on ajoute un 
nouveau probleme aux limites: 

(2.14) ~ '" o dans o, ,p '" hJr sur r, 
pour leque! on al' estimation: 

(2.15) II~L.~, :S OI'llr ll .r :q 

-Soit ~ . E. c(n), on multiplie scalairement la premiere equation de 

(2.13) et on integre par partie, done 

o = (u , L'~) = u». 6tP\ o + I (a(x)!.:... - b(X)II)t:4da '" (Lu, 69) o + 
• . 0 { • r c5tl ' . 

+ h-'(u, ~),. r - (=, r) o,r > d'cu 

(2.16) (u, r ).,r = (lu, ~)q .o + h·J(u , 6.P)c.r = a(u,,p) - h(I;II, T,,p) e,r : 

Le premier membre de I' egalite conduit a la norme duale Ilull .•. r > mais 
, 

de I'injection c (o) c' M. + Hl (O) assure une bonne definition de 
, 

(2 .16) sur la variete M. + H'(O) . Puisque a(u,,p) = a(u ,,p - v), pour tout 
J 

v E M.,: E M. + HÎ(O), en utilisant la propriete de I'enonce et la bome 
de la forme a( .,.), il existe ' . 
A(u w[ = I(Lu CJ<') + h -'(v w~ + ur , Tu.) 1'" 1\/ ,,11 · 11 .... 11 . . ~ , ~ . .... 1-., ... . l o.r \ ~ J ~ -)'"/o.r - Ij~·Jlo .nll""Pllo.n T 

+ h"IHe.rllw~ e.r + hllT,\>IIe, rll7; w lle,r S CUILvll;.o + h·JH:.r + hllJ;-iC)'. 
1 

(116w11:.o + h ·' IJwII~.r + hllT,w ll~.r)I s qlvll.E 11wI1., '<t(v, w) E ( M. + Hi (O)) \( M•. 
.' '. 

I
 

En meme temps, pour ,p E fl Î"(O), on a
 
• I 

(2.1 7) la(II,,p~ =- la(II, ,p - v)1 ~ CiHI, i nf ((I; - v.11 / v. E M. ) s CJI=llh" ·j·J 11,p11., .1 r.: 
1 
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L'option %.$ k .$ r -t 1, donc 2.$ q 5 r + i, est suffisante pour 

I'estimation (2.15) et on la retrouve ala base de l'estimation 
(2.18) 

inf(llv - 1',11. t r, E M,l s C(n, 1< , r)IHIt , "h" ' , \N E 11'(0.), i s 1. S r ..- 1. 

La relation (2.18) sensuit simplernent de (l.4 ), 

Ilv~ v.] •. (III' - 1',11;,,, + h " Ilv- 1'.11:, + hilv - v.L·)i" 
I 

:o .$ 

~.$k .$r+1. 
2 

Finalement, 00 a 
J J 

(2.1?) la(u , ~~ s qulluh··'hJllrll•. r S CI~I[/ llr llo r. 
L'estirnation du demier terrne de . (2.16) emploie linjection , 

dense c (O) c M. + H'(n) et (1.6) , done 

(2.20) 1(7;u, 7;~ ) o, cl :: 1(/1,7;'7;)..,,1 s q~I-.." r ll~I." (puisqu' on a 
~.. r :o hJr E W(n) , T,'T,r/J.E w'"(r) s OlJllut •.•Arll,.r ' pour tout 

O .$ q - 4 S r - 3 , done 4 S q S r + 1, ee qui respecte la eondition 
. ' . I necessite 2 S q S r + ­

2 

En reuni ssant les resultats (2 ,19), (2. 20) dan s (2.20), il resulte 

(2.21) 11uI1 .•.r S C{IHah·oi + h' IH.•.,.r },2 s q S r + 1, 

mais tenant compte de la norme energetique, on obtient 
I J 

(2.22) Ilu[L = {h)jlul! /? - h ' 11uI1:.rFSIri11uI1 . · 
Une interpolation entre les deux relations (2 .1 1) el (2.22) assure 

J 

(2.23) !I't " S il·"'IHI., pour tout O s q S 2 . On prend dans (2 .2 1) q = 2 
, 

et an emploie IluIl, rh' S h'l~i lla' ee qui nous eonduit ăla eonclusion : 

IHI. •.r S C{ IIuII . h~ + IJulI,.rh' } s q1J115h ~ . De plus, une . interpolation entre 

les espaees H'(r),OS q S 2 el L'(r ) a pour resultat I'estimation 
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, . 

(2 .24) IH.. 
q

•r 5. qllll.,./' r: ,-2 5. q s o. 

Les deux relations (2.23) (2 .24) gardent la verite pour 
I'estimation sur lintervalle [-2,2] de q. On divise I'intervalle 

[ - 2, r + ±] dans quelques intervalles de grandeur 4 et on interpole les . 

espaces de traces entre les deux ensembles voisins et on obtient 
(2:12). 

Pour l' estimation en dualite (2 .11) on prend 
'JI E H'{n),o $ s s r - J; 'JI peut etre approximee par la suite {'JIA}, de 

M.QsD, ainsi qu'cn satisfaite les hypotheses dapproximation: 

(2.25) h'JII'JI - 'JI.II._J .Cl ~ C1I'J1 II..o,o s j s 2r - s + 1, 

(2 .26) h/ll'JI.II·"J.o + hJ I I\Io'ht.J_~ S C1I'J1i1"O s j .$ 2r - s. 
2 

Par la construction des fonctions 'JI. sont assez regulieres, merne pour 
I'ordre 2r, nous avons en vue une approximation 'JI AE M, c H'{n), 

pour laquelle on formule un probleme aux limites: 

(2 27) (3 )~ E H"'(n), ainsi que L'M : 'JI, in n, M = (a(x) ;, -b(x)}'4­

-' h'p : o sur r . 
Les conditions de regularite pour le probleme adjoint (2.4), appliquees 
au probleme, donnent l'estimation: 

116tPl1 ••2.Cl s CJI'JIhll, .Cl'o .$ r s 2r . 

De plus. Ia fonction p satisfait un probleme aux limites associe 
au laplacien; tenant compte de condition sur r , il resulte 

il~I , .•Cl $ C{II~l..f'O + 11PII,.f.r} s C{IIMII." .Cl + h'\r(X) ~ - b(X)IIII e. r} .$(en 

utili sant la propriete de I'operateur de trace huL'_~!l"; Ilut,o) 
j" 

/ ,.. f ll ... II • ,, ' 11...<11 } <' rIU",11 ... 1.' 11", II 1(I'anoroximation 
~ .... 1',11". 11.,0 ... ~'-"I'I .. ,.o - ~lIP" II r, o . ., lI" hll"J.O ) , - -r-r-- Y 

' . _ - - ' - ­

precedente (2 .26) assure) s C( II\Io'II..o + hJ II'JI!l.. ,.,h-'} s q'JIII r , o' 
Finalement, il y a 

(2.28) Ilpll..,.o s C\I 'JI il. o· 
L'introduction de la suite {Y'A}, reste encore une technique pour 

la j ustification de la verite, en utilisant des resultats d1 analyse 
nurnerique. 
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On revient au probleme (2.27) et on multiplie scalairernent la 
, premiere equation li II, E' M,; apres une transformation par partie, on 

a:
 

(2 .?9) (II, Vf')Hl = (II, ['&p) = (f.II, &p) o + J' (a(x)!:... - b(x)n)6iP'du=
 
. . ,0 ~ o. r al 

== (rJ I, &p) e,o + h'(II, ~). I = A(I1,~) -: h(7;II, T,'i). ,r . 

Dans le premier membre on fait le supremum d'apres 'f . E H'(n) et on . 
obtient la norme IIL.o, mais pour le deuxierne an evalue chaque terme; 

c'est le moment dutiliser l'hypotnese du lemme: A(u, v,) :: O, v-, E M. , 
, 

vEM,+Hî(n), 

H",'1) = IA(u , ~ - v)11 :;; CiHIli' j nf{ilf - v,IL.. I v, 'E M. } ::
 
C(k, r, n)II~IL. '.r,h'" -'llull e '
 

puisque ~ s s + 4 <: r + 1, de la relation (2.9) 'de l'a norme energetique,
2 

done - 2 < s :5 r - 3, c'est - il - dire la condition de l'enonce, En 
utilisant (2 .28) , on a 

. (2.30) IA(u, f)! s C\1\Vtoh'·' llull.,. 
Pour le dernier terme de (2.29), Ih(T,JI, 1;f)1 == ~{u , T,'T,'i~ =( '1 E H"'(r) et 

I 

T,"T, f E H"î (r) ) s OJl '/lII ':,.~ ,rllfIL"?r S (la propriete de ~ sur la . 
1 , 

frontiere) O1III/ILi.rll&PlI,. , " (estimation sur typ) ~IIIL, +rll\VIL.\. ohl, De' 

lestirnation sur la frontiere ron deduit: 
,.".! 1 1 t d 3III/II S Cllull h ' , s Ot,· 11"11 .-2 < s - - < r + - , onc - - :5 S S r + 1.I , - ,,- , ).r , s s 2 2 2 

Toutes ces dernieres re1ations entrainent 

(2,31) jh(T,II, T,f)e,rl s-Ot"'I\rtIlell'fL' 
De l'estimation de (2 .29 ), en utilisant (2.30) et (2.31), an obtient 

l' estirnation 
(2.32 ) 11"11,, ,,0 s CIIIIIIl' h"!,OS S :5 r - 3, 

mais par interpolation entre s =. -2 et s == Oon obtient l' inegalite pour 
1 

.. 2 S .1' s r - 3, en merne temps que c (D) c: M, ~ Hl(n) . 

Les estimations des 1emmes anterieurs seront utilisees pour des 
resultats d'exi stence et d'unicite pour le probleme variationnel 
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lineaire (2 .7) et l ' estimation de l' erreur u - u• . dans la norme 
energetique. el dans les. espaces duales suffisarnment regulires. Nous 
pouvons fonnul~r'le resultat central: 

. . . 

Theoreme 2.5: ···Ra"pportons-nous au probleme (2.7), ou les 
coefficients a, Q, c satisfont aux conditions de regularite demandees 

. l . . 

dans (2.1-2,3), h~ ,L'(n), .g E H;'(r) ; alors il existe h. > o aussi une 

solution-unique, ;IA . 'E M. du probleme (2.7); ou h s h•. Pour que la 

solution u E H' (~, ~ s k s r + 1 du probleme aux limite.s (2.1) 
2 

satisfasse aux estirnations : 

(2.33) 111/ - u~lla s Ci nf{llu - v.~ I v. E M.} 5: ClIuII•..r: ~ .5: k 5 r + 1; 

(2.34) Iiu - II.L.<2 s C\1"11 •. »:'.%S k S r + 1,-2 S s S r - J ; 

.... . : 5 1 
(2 .35) 11 /1 - u" IL •.r S ClHlu/ l . ""2 S k S r + 1,-2 5: q 5 r + l ' 

Demonstration: L'existence de la solution U~ E M. de (2.7) exige 
l'utilisation du theorerne Lax - Mi/gram, I'unicite suit directernent: 
etant donne deux solutions "" II, E M., on pose li' = 1/, - II, . Soit un 
element arbitraire v E M. . Nous aurons A(w, v) = o, mais 

conformement au resultat du lemme 2.4, pour s = -1, 
".... .," (2.36') HI, s C1H1

g 
h " " s OJilwll. · 

, , 
A 1'aide du resultat ,du lemme 2.3, pom v E M. c M, + H' (n ) on 

trouve p,llvll/ s·..·A(vz,'v)·;. q'vll,:o S C11v11~ + cn'\IvII~ .. Un .choix convenable 
".l;. • 1 ~ ~ 1 1, • 

(h. = p, - Ol' - C > o) nous peirliet dlecrire'~l~ll; = o, pour tout h s h• . 

On sait que toutes les '~6~es sont equivalentes sur un espace fini 
dimensionnel et de plus, ies convergences faible ei forte sont 
equivalentes. Il resulte danc /(, ~ 1/1 , 

En ce qui concerne l'estimation de l'erreur, on pos e 
1 

t; = - I/~ E NI, + H' (n), pour Iequel nous avons evidernment1/ 

A(';, v) = o, \;Iv E M~ . Dans les hypotheses du lemme 2.4 , a I'aide de 

l'inegalite de Gărding (2.8) et de la rernarque (2 .36), on obtient une 
estimation dans la norme energetique: 



(p, - (),1) 1~ 1~ S A(S-, S-) =: A(S-, u -II,) S qs-il~ inf{111i - v,llef v. E M.} S 

5. C1I~t.1HI , o h '- I. 1I E H' (n)). s k 5. r + 1, d'ou (2.33). Les estimations . 2 . 

(2.34) et (2.35) resultent du lemme 2.4. 

Remarque 2.6: Pour n s 3, ~. 5. %, nous avans w '(n) c c(n) ~ 

avec une injection continue, mais dans ce cas il y a une convergence 
uniforme de la solution du probleme (2.7) vers la solution u du 
probleme aux limites (2.1), quand " 4 O. 
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lPr eliminatres 

Un probleme d'une grande actualite dans une economie 
concurrentielle est l 'etablissement des prix optima pour 1'acquisition 
des facteurs de production, en utilisant les methodes math ematiques 

On considere que la fonction de production Q depend du prix 
du facteur travail - PL - et du prix du facteur capital - PK 

Mathernatiquement, on exprime la relation par : 
Q = Q( PL, PK) 

o On considere qu'entre le volume de la prcduction et le prix des 
facteurs il y a une relation de dependance, qui est inverse (negative) 
seulement si on excede un certam niveau du prix du facteur utilise . 

La variation totale de la production (dQ), qui depend de deux 
facteurs ( travail et capital) est caracterisee par la relation: 

âQ âQ
dQ=-dPL +_0-dPK , 

o 

(2)
aPL aPK 

ou les symboles signifient : 

ao =rmIt::: le taux marginal de la production par rapport a PL
oPL 

OQ =rmPI<. =: le taux marginal de la production par rapport EI PK. 
oPK 

• 
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Q 
relation inversement 

1 
I 

proportionnelle 

entre 
Q 

Qo ~-----~--­

QOF 

) 

Fig 1: L'evolution de la production Q par rapport au prix 
du facteur F. 

En utilisant (2) il resulte que : 

dQ::: fmPL . dPL + rmPK . dPK (3) 

La figure l represente aussi l ' evoluticn de rmPf (le taux 
marginal de la production par rapport au prix du facteur de 
production) f 

2. L 'optim isation du volume de la produc/ion en 
pr esenc e des restrictions 

On va etudier i'optimisation de la production en pre sence des 
restrictions irnposees par une production optimale donne e: 

Qo = Q (PL. Pd· 
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En rnetne temps les frais seront rninimises :
 
R := Ko' PL + Lo• PL , ( 4)
 

ou les syrnboles signifient : 
R = la resource financiere qui doit etre minimise e, 
K, = la quantite du capital necessaire, 
Lo= la quantite du facteur travail necessaire. 
Ko et Lo sont erablis par des calcules technologiques par rapport 

il. un volume Qo, donne. 
Le probleme'd'optimisation suppose I'existence des relations : 

Qo:= Q (PL,PK) (5) 
[min] R =~. PK + Ls- PL (6) 

Pour iesourdre le problerne.on suit .I'algorithrne : 
a) dQ = O(parce que Qo est une production optimale). 

<=> {dQO = fmPt, .dPL + rmI1<. .dPK = O (7) 

ciR = kO·dPK +LO ·dPL (8) ~ 
I 

fmPL = _ dPK 

fmPK dPL ' 
(9) 

si dPL+O. (9' ) 
Si on a dPuF O, la relation (9) donne : 

dR dPI<.
-=Ko '-+Lo
dPL dPL 

(10) 

. . On cherche les points du minimum POUf R, par rapport a PL, 

. 1 . ,dR (11)entre es points ou: -::;; o 
dPr. 

Le point trouve doit satisfaire aussi a: d2R > O (Il ') 
La relation (l0) implique 

dR dPK-- = O c=:> K a ._-+ L a = O 
dPL dPL 

l.o dPK 
~--::;;-- ( 12 ) 

Ko dPL 



rmPL La 
Si on utilise (9) ~ .= -- (13) 

rmJ1( Ka 
Pour de terminer les valeurs optimales PL et PK on forme le 

systeme dequations : 

Qa = Q(PL,PK ) 

rmPL La 
(14 )( 

rmPK Ka
 
Si on connait Qo, sa valeur peut repre senter :
 

(a) la capacite maximale de production de la firme; 
(b) le . volume de production pour lequel le revenu presente un 

maximum: 

Dans ce cas => V = dV ::: O 
m dQ , 

(15) 
ou V = p(Q)eQ, p(Q) represcntent la demande du produit sur le 
marche , 

L'evolution ana1ytique de la demande peut etre determinee par 
la rnethode des plus petits carres, applique e aux donriees statistiques 
obtenues par un sondage du rnarche . 

Si an suppose que la demande a une forme lineaire, il resul te les 
relations pour la demande etle revenu: 

p(Q)=u· ~Q .. (16 ) 
V = p(Q) -Q = (c - ~Q )Q = u-Q _ ~_Q2 

(17) 
dV

V =-=a-280 .. dQ . ­

(18) 
a

PourVm=O~ u-2~Q=O => o. = 2 fJ ( 19) 

Qo represente le volume de la production pour lequel le profit Il 
est maximum; ca veut dire que : 

I Il faut etudier la deuxierne derivee par rapport ii PL pour etre sur que ce qu 'on a ir ouv e est 
un poinr de rrun irnurn d2R doit e tre posiuve dans le point trouve 
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(20)
 
Si an suppose que le revenu et le caut n 'ont pas des forrnes
 

lineaires ~ V(Q) = aQ _ ~Q2 . . 

(21) 
C(Q) = y + CV(l)eQl y > O, CV(J ) >0, (22) 

Ou CV(J ) est etabli par la technologie de fabrication, y signifie le caut 

2 p+ C~(l) 

fixe (qui est connu et il est specifique pour chaque firme de 
production) 

v~ 
d V 

= dQ '" a-2pQ (23) 
. de 

Cm= dQ =2C,.(I1 • Q 

(24) 
Om == O ~ Vin = Cm (25) 
(23) - (25) donnent : 

a - 2~Q == 2C V(I ) 

(26) ~ a =2(P + CV(l»)Q 
(27) 

~ Qoprim == ( 
a 

) .' (28) 

On suppose que les taux rnarginaux par rapport aux facteurs 
sant des fonctions positives et decroissantes. 
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On suppose qu'on peut repre entcr r m :' L ,f", r, par des relations 
li ne ai rcs : 

c1Q . 
- - = r~ If'. =C.\ ll - \ U- PL (29) 
{l fI- .. 

('Q . ­
- :; '", / ' :; (.) j.; • fn -Pr" (30) 
if';: " . , 

J.a relat ion (29) implique : 
~ ! 

Q =Q()LP L- l " + " ~~ I ( f'! ) (31) 

p' .
nn) Q - QI) ~P K • f o ; ~ ~1 ( , ) (32) 

(3 1) et (32) ::::> = QOLf\ - VOPl.2-1- Q(!KPK- rO(PK 2+ <Il, 
(3 ) 

~ e R . 
Si on rn et les conditi ons : 
P", =O , P", = 0 =:) Q( rj . , P. ) =Q( ,0) = 0 (34) 

il result c que : <{'l = O~ 

Oef-\ ,PK) = QnLf\ + QOKPK- V2(PL1+ ro ~ . l ) 
3 5) 

Conclusion: Pour trouve la valeur optimale de la fonction, 
le calcul supposc de trouvcr la soluti n . 

' QO[.- I'o ['[ l .) 
- -- -=­
(loK - ';JP/\ Ko<:::> 

Q :: OOI. "L + Q", ,;,; PK ' ~ ("o pl + 'upi ) 
I 

(36) 
et cnsui e, de vcrifier SI les sur la deuxierne derivee (>0) sont 
snti fuites 

es valeurs PL" et PK dete rmine es seront des points de 
rcfercnce pour ne gocier les factcu . de production sur le rnarche de: 
factcurs de product ion. 

cssourccs ne ess: ire, R,sera minimum pour I L' etLe volume de 
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Exe mple: 
Ori veut de term incr les p I; X optima des lactcurs de P' ,)(J Ul: 1ion 

PL" et PK" a condition que le volume de production Qo ass irc le 
maximisation du profit Pour ce volum e de la producuon, les 
quantites des facteurs de pr duction utilise s sant : 

rfTi>. = 10- 2PL 
L 

r =15' 4P , n;.D ;.
K 

La demande du produ it sur le marche est donne c par: 
P(Q)=1 0- 2Q 

et le cout total de'production est donne par : 
CCQ) = 100 + CV(I )Q 2 • 

ou C V( I) = Y2 repre sente le ceut unitaire variable et le cout unitaire 
fixe est de 1'00 U.F, 

On utilisc les relations (33) el (36) et l ' h ypothese que Qu eSI 
constante, donri ee. 

~ dQo=0 <:::> rttPL · dPL + r""i- • dPK ~ O
 
Mais, Qo = 10 PL - pJ 

1 + 15PK - 2P K'~
 

V(Q) = P(Q) - Q = (10 · 2Q) "Q = 10Q - 2Q:
 
Com:me It revenu est maximum ~ n m' Q) ~ O =:' Vrn( Q ) ­


Cm(Q) = O
 

Mais, Vm(Q) = dV(Q) = 1o- 4 ) 
dQ , 

Cm(Q) = d~~Q) =o Q 

=:> 10 - 4Q = Q Qo= 2 U,F,
 
On utili se tâ) ec 2 = l OP I -PI ~ + 15P K - 2 P,,2 ( LI )
 

(36) ~ IO- 2 !'L =2 ~ -10- 2PL = 30 - 8Pi\. => 20 =:: 8Pi\. - 2PL => 
15- 4PK 

(37) => 2PL':::: ;8PK - 20 ~ PI = 4PK - 10 (e ) 
2 = 40 PK - 100 - 16 PK

2 
- 100 + SOP K + 15PK - 2P!\.2 

202 - 135PK +18P K
2 

::::: O 
926. = 13 5 - SOS "'1 8 = " 152 

- 9 '" 16 16 = 9."4O =:: 
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JX = 1409 ;:::: 60 ; ' ) - 6 5/12 ~ I-\ l = 65 - 210 = 35/3 ; 
P;'2=25/12 => PL2 - -511 0 (irnposib, 
Rmi tt ~(6 5/ 1 2)" l + (3 13 )' 2 = 1725/6 

: Reu ~ ~ rar PL'Ff Ine 
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