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Abstract. In this paper, we consider the Kantorovich-type modification of the
operators introduced by D. D. Stancu in [11]
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and we obtain some results relating to the preservation of global smoothness with respect to a
certain second order modulus of continuity.
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1. INTRODUCTION

Let (L,)._,, N=1{12,...}, a sequence of linear positive operators of approximation. If
global smoothness of a function f is expressed by a Lipschitz condition with some modulus
of continuity, it is of interest if L £ fulfill the same condition.

The Bernstein operators B, : C[0,1] — C[0,1] are given by

B.(1x)=3r. () @

fecC[o1]xel0,1], where Rw(x):[n}xf'(l—x)""', C[0,1] being the Banach space of
J

continuous real-valued function on [0,1] with the Chebyshev norm. The preservation of global
smoothness properties by these operators were studied in [6], [8], [4], [2], [5], [3]- It is well
known that the Bernstein operators preserve the Lipschitz classes defined with the usual first
order modulus of continuity

oy (f,0) =sup{/ (3~ £(x)) - x,y € [0y~ <1}, (2)
In [13], D.-X. Zhou showed that the Lipschitz classes with respect to the usual second
order modulus

w,(ft)=sup{lf(x—h) =2/ (x)+ f(x+h)|: x+ h €[01],0 < h <7}, A3)
are not preserved by the Bernstein operators. He introduced a new second order modulus of
continuity

C-“)z(ﬁt):Sup{]f(x"‘hl +h2)_f(x+h1)_f(x+h2)+f(x)|: 4
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X, x+h +h, €[01),h,h, >0,h +h, <2}
and proved:

Theorem A. Let f € C[0,1], ne N, M >0 and a € (0,1]. If
CBZ(ﬁt)éMt“,0<t§%,
then
@,(B, fit) <Mt" 0<t S%.

Another global smoothness preservation result of this type can be obtained for the modulus
w, introduced by R. Péltanea [9], [10] and independently by J. Adell and J. de la Cal [1]

;(fi1)=sup{l=2) £ (1) + 4 () = f (A~ D)x+ W)} )
0<x<y<ly-x<2t,A€[01]}.
In [12], we established such result, in certain assumptions, for the Bernstein-type
operators

ZPM /) ecloa)x <o) ©6)

where F,, :C[O,l]—> R j= O,n, are linear positive functionals. In particular, the result holds
for the operators K, : L,[0,1] — €[0,1], n € N, introduced by L. V. Kantorovich in [7]

J
nt+l

K,(fx)= ZPM )n+1) j S (7)
n+1
feL[0,1] xe[0,1], where L,[0,1] is the space of integrable functions.
In [11], D. D. Stancu introduced the generalized Bernstein operators
Srs :C[O,l]—> C[O,l] neN,rseN,=N U{O} such that »s < n, defined by

S, (fx)= ZW Z [’“F} ®)

feco,1)xeo,1].
In this paper, we consider the Kantorovich-type modification of the Stancu operators
and we study some preservation of global smoothness properties by these operators.

2. THE STANCU - KANTOROVICH OPERATORS

We consider the operators K, :L,[0,1]— C[0,1], ne N, rse N, (independent of
ne N)suchthat rs < n, defined for s e L,0,1] and x €[0,1] by

JHir+l
n—rs s n+l
nrv fx an rs,j )ZPH (x)(n+1) J.f(u)du ' (9)
i=0 jir

n+l

We remark that
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K (10)= 22 (3P ) AL (10)

From definition, it is obvious that the operators K
simple calculation, we obtain:

are linear and positive. By a

n,r,s

Lemma 1. For the test functions e, (x) = x*, k €{0,1,2}, we have

Knrv(eO’ ):1’ (11)
12
KI’IVY( ): n x+ 1 ; ( )
n+l  2(n+1)
2 _ .2 _ 2 13
K,m(ez,x)= n n+rs2 r sx2 Jr2n rs+2r Sx+ 1 : (13)
(n+1) (n+1) 3(n+1)

Since for r,s e N, fixed, lImK,, (e,)=¢, in clo1], k €{0,1,2}, by well known Korovkin’s

theorem, we obtain:

Theorem 1. If 1,5 € N, are fixed, then limK . (/)= f uniformly on [0,1], for every

fecloi].

Further we give a useful representation of Kantorovich-Stancu operators. Following
the ideas from [13], [4], for the Bernstein-type operators (6) we obtain (see [12]) for
0<x<y<1land 1€el0,1]

/
(f 1 j‘ x+j‘y Z nkl xy X Zplm nk+m ’ (14)
k+[=0 m=0
!
where P, (u,v) = T u5'A-u—-v)"*" are the two-variable Bernstein basis
KN —k — 1))

polynomials, u,v>0, u+v<1.
By repeated application of this representation (suitable) we will obtain:

Lemma 2. Let f € L,[0,1], ne N, r,s € N, (independent of n € N') such that rs < n,
0<x<y<1land Ael0,1]. Then
nrv(f(l A X"_ly = z z s,ky Iy (x’y_x)F)n—rs,kz,lz (x’y_x).

ky+1,=0 ko +1,=0

Z Z w (AP, ., (z)jf(” +ky +my + (ky + ml)rjdu.

my=0m,=0 n +1

(15)

Proof:
n=rs s 1 ) )
K, (FQ=2+0y)= 3 P (@= Dx+ Ap)Y P (A= A)x+ Ay)| f(wjdu
J=0 i=0 0 n+1
zn_m n i ((1 ﬂ/)x—i_ﬂ/y Z s.ky 1y x y X ZPI m ( )J‘f(u+1+(kl+ml)rjdu
J=0 ! ky+5=0 e n+1
2 n—rs 1
= ZP (x,y— xZP,m(Z)ZPn i (@- ;b)x+7byj.f(u+]+(k +ml)rJdu
Ky +5,=0 o0 )
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S n—rs

= Z va,kl,ll (x,y _X)Pn-m,kz,/z (x,y—x)

fy+5=0 kp+1,=0

le Z o B, (z)j f(” +ky +my +(k + ml)rjdu.

my =0y =0 n+l

3. GLOBAL SMOOTHNESS PRESERVATION

We now state a result concerning the preservation property of Lipschitz classes by the
Stancu-Kantorovich operators.

Theorem 1. Let f € C[0,1], ne N, r,s € N, (independent of n € N') such that
rs<n, M>0and « € (01]. If
w,(ft) <Mt* 0<t <1,
then
w,(K,, ft) <Mt 0<t <1,

Proof: Let x,y €[0,1] be such that |x— y| <¢. We can assume that x < y.
From (15) we have

v S u+k, +1, +(k, +1,)r
Kn,r,x(.f"y)_ z z syl (x y X)F’n sy ly (x y x) J.f( 2 2 ( 1 l) Jdu
Ky +h=0 ky +1,=0 n+1

and
N n—rs k k
Kn,r,x (.f;x) = z z s,ky (x y x)F’n WA (x y x) J‘f(mjdu .
ky+, =0 kp+l, =0 n+1
Then
’Kn,r,s (ﬁy) - Kn’m (ﬁX)’

z s,k b xy_x n—rs,ky.l, (X,y_x)‘

ky+4=0 k,+1,=0

-jf(ﬁk?ﬂ?+(k1+ll)rj—f(u+k2+klrjdu

n+1 n+l

0

n—rs I+I
Z Z vklllxy X nrvkzlz(xy x)wl(f—lrj

Kyt =0 ky 1, =0 +1

s n—rs l + l
= z zpv,kl,ll (x’y —-X n—rs,ky Iy (x Y= X)M( rj

Ky +1=0 ky +1,=0 +1

Ky n—rs l +l
SM( Z ZPSvklvll(x’y_x n—rs,kz,lz( y X) +lrJ

Jo+4=0 kp +1,=0

M(n_rs (y—x)+£(y—x)ja ﬁM(L

n+l n+1l n+1

j < Mt”.
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We give now a result related to global smoothness preservation with respect to the
second order modulus given in (5).

Theorem 2. Let feC[0,1], neN, rse N, (independent of neN) such that
rs<n, M >0 and a € (01]. If
w,(fit) <Mt ,0<t g%,
then
wy(K,, f1) <Mt“0<t <%

Proof: Let O<t§%, x,y€[0,1] such that x<y,y—x<2t and 1€[0,1]. We have
‘(1_ j')I<n,r,x (ﬁx)+ j'I<n,r,x (ﬁy)_ Kn,r,x (ﬁ(l_ j')x + j'y)‘

n—rs

z s.ky xy_x n—rs,ky .1, (x’y_x).

ky+1,=0k,+1,=0

la- ”f(wk 1krjdu+ij-f(u+k2+12+(kl+ll)rjdu

n+l

o o n+1

- Z ZZ:PII w (DB, . (z)jf(” +ky +my +(k + ml)rjdu‘

n—rs

S P - (r-2) S S B (P (-

ky+4=0 ky+1,=0 my=0m,=0

I +rly #0
j- 1M +rm, 7 u+k, +rk L +rmy 7 u+k, +1, +(k1 +ll)r
0 [, +7l n+1 L, + 7l n+1

du

_f[u+k2 +m, +(k1 +m1)rj

n+l

'« [, +rl
kl+Z[1:0kz+Z[z: syl x y—x n—rs,ky.l5 (‘x Y= x) ‘@ [f 2( +1)j

Iy +rly #0

s n-rs L+rl "
= z za,klyll (x’y_x n=rsky.l (x’y—X)M{zz(n ‘:]]-)j

Jy+h,=0 ky+1,=0

s n-rs l N l «
SM( 2, 2l (ey-x n=rsky.ly (xy—x) 22(11 +113J

Jo+4=0 kp +1,=0

=M[ T (y—x)+ = (y—x)Ja SM(Ljat“ <Mt" .

2(n+1) 2(n+1) n+l
O
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