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Abstract. If }|{ IiAF i ∈=  is a family of subsets N⊂iA , Ii ∈ , we say that F  is a 

translated family if there is a subset N⊂B  and a sequence Z⊂∈ }|{ Iiai  such that 

ii AaB += , Ii ∈ . In this paper we study the existence of partitions of the set N  in translated 
sets. 
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1. INTRODUCTION  
 
 

Many of actual problems regarding partition and in particular partitions of N and Z are 
from Ramsey Theory: a collection of results which, given a finite partition (coloring) of some 
structure guarantee the existence of certain monochromatic configuration or substructures. 
Van der Waerden's Theorem [2] is the result which has determined the research in Ramsey 
Theory of Integers [1]. 

In this paper we study a different type of problems: the possibility of partition of N in 
translated sets, problems studied in [3] and [4]. 

 
 

2. INFINITE PARTITIONS IN TRANSLATED SETS 
 
 
 The problems which we discuss in this section is whether there are partitions of the set 
N in an infinity of translated sets, that is there are subsets N⊂B  and sequences 

NN ⊂∈ }|{ nan  such that the sets BaA nn += , N∈n  form a partition of N. 
 First we notice that any two translated sets have the same cardinality, so the sets nA , 

N∈n  are all finite or all infinite. In the case of finite sets we can construct infinite partition 
of any cardinal N∈k : 
  

Example 2.1. We take ]1,1[}1,...,1,0{ −=−= kkB  and knan ⋅= , N∈n . 
We have: BBA =+= 00 , ]12,[1 −=+= kkBkA , ]13,2[22 −=+= kkBkA ,..., 

]1)1(,[ −+=+= knnkBnkAn ,..., and the sets ,...,...,,, 210 nAAAA  form a partition of N. 
 It is obvious that using this idea it is not possible to construct partitions in infinite sets 
but the answers for the case of infinite sets is affirmative. 
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 Theorem 2.1. There are partitions of N  into an infinite number of infinite translated 
sets. 

 Proof: We look for a partition of the form ∪
∞

=

=
0n

nAN , in which all the sets nA  are 

infinite and can be obtained by the translation of the set 0AB = , the set from the partition 
which contain 0. 
 Let ,...},...,,,{ 210 nttttT =  be the set of translations and let BtA nn += , N∈n . The 
condition that the sets nA , N∈n  form a partition of N is about showing that any number 

N∈n  can be written uniquely as btn += , with Tt ∈  and Bb ∈ . 
 We define the set B  as the set of natural numbers which in base 2 are of the form: 

0121... xxxxxx nn −=  and all digits with odd index are 0: ...0 531 ==== xxx  
 We define the set T  as the set of numbers x  which in base 2 have all the even index 
digits equal to 0. Note that BT +=N  and that any positive integer n  can be written in a 
unique form: btn += , Tt ∈  and Bb ∈ . 
 
 
3. FINITE PARTITION OF N  IN TRANSLATED SETS 
 
 
 The most famous partition of N  in n  subsets is the partition in equivalence classes 
modulo n : 110 ... −∪∪∪= nCCCN , where N⋅= nC0 , N⋅+= nC 11 ,..., N⋅+−=− nnCn 11 , 
such that the sets 121 ,...,, −nCCC  can be obtained by the translation of the set 0C  and we have 
the relations: 

*
1210 1...21 N⋅=+==+−=+−=+ − nCCnCnCn n . 

 
 We propose to characterize the n -tuples ),...,,( 21 naaa  for which there are partition of 
the set N : nAAA ∪∪∪= ...21N  such that nn AaAaAa +==+=+ ...2211 . 
 We obtain a characterization of arithmetic progression with a prime number of terms. 
  

Theorem 3.1. Let 3≥n  be a prime number and let naaa <<< ...21  be integers. 
 Then naaa ,...,, 21  is an arithmetic progression if and only if there exists a partition of 
N  with classes nAAA ,...,, 21  such that nn AaAaAa +==+=+ ...2211 . 
  

Proof: If naaa ,...,, 21  is an arithmetic progression with step r  then the partition 

))1(,...,2,,( rnArArAA −−−− , with }1,0|)1({
0

∪
≥

−∈+−+=
k

riirnknrA  fulfils the 

required condition. 
 For the converse, denote inni aar −−=  and ini AB −=  for 1,0 −∈ ni , so ii rBB += 0  
for 1≥i . We will call segment of length k  of the set iB  every set iBkaaa ⊂−++ }1,...,1,{  
such that iBa ∉−1  and iBka ∉+ . 
 We will firstly prove that each iB  is an union of segments of the same lengths 1rr = . 
 From 10 BrxBx ∈+⇒∈  we get 00 BrxBx ∉+⇒∈ , therefore all the segments of 

0B  must have lengths less that 1+r . If 0B  contains segments of lengths less than r , let S  be 
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the first of these. Then 1BrS ⊂+  and between S  and rS +  there exists a segment S′  of 
some iB , 0≠i . But, in this case the segment irS −′  would be in 0B , would have length less 
that r  and would be before S , which contradicts the way S  was chosen. 
 This proves that all the segments of 0B  have length r  and, from ii rBB += 0 , this is 
also true for every iB . 
 We will now prove that the first segment of iB  is }1,...,1,{ −++= riririrSi  for every 

1,0 −∈ ni . Since iBx ∈  for rrxi i ≥≥⇒≥ 1  it follows that 0B  must contain the segment 
}1,...,1,0{0 −= rS  and therefore 1B  contains the segment }12,...,1,{1 −+= rrrS . 

 Suppose now that there exists nk <  )2( ≥k  such that 00 BS ∈ , 11 BS ∈ ,..., 1−kS  and 

kk BS ∉ . Then kS  must be a segment of some iB  (since all the segments have the same 
length), i  must be less than k  and iB  must be 0B  (because the second segment of every iB , 

1≥i  must come after the second segment of 0B ). 
 This leads to 01 BSk ∈+ , 22 BSk ∈+ ,..., 112 −− ∈ kk BS  and, repeating the above 
judgement if necessary, the first segment of kB  must be of the form lkS , 2≥l . This leads to 

lkrk = , therefore kkkkl BrSS ∈+=+ )1( . The segment 1+lkS  cannot be in 0B  (it would lead to 

1)1( −+ ∈ kkl BS ) or in any of the sBi′ , 1,0 −∈ ki  (the set },...,,{ 110 +lkSSS  would contain more 
segments from iB  than segments from 0B ) therefore 11 ++ ∈ klk BS . 
 In the same way 22 ++ ∈ klk BS ,..., 121 −−+ ∈ kklk BS  and the sequence of segments from 

),...,,( 121 −+ kkk BBB  will repeat itself a number of times before the appearance of a segment 
from a new set (which might be 0B  or kB2 ). 
 We notice that a judgement as above shows that each time when a segment from a 
new set skB  appears, then he must be followed immediately by segments from the sets 

121 ,...,, −+++ ksksksk BBB , so the number n  of sBi′  must be a multiple of k , nk <<1 , a 
contradiction with the premises. 
 Thus ii BS ∈  for every 1,0 −∈ ni , therefore irri =  for every 1,1 −∈ ni  and 

naaa ,...,, 21  is an arithmetic progression. 
  

Remark 3.1. If the number of terms of progression is not a prime number one of the 
implication of Theorem 3.1 is not valid. More precisely, there are partitions of the set N  in 

qpn ⋅=  translated subsets ( 2≥p , 2≥q ) but the set T  of translations does not form an 
arithmetic progression, as we shall see in the next example. 

 Example 3.1. }|2{}|2{0 NN ∈+∪∈= kpnkknkB  and 







+=

p
ipiri  for 1,1 −∈ ni  

which corresponds to the periodic sequence of segments of length 1 obtained by repeating the 
block ]......[ 10110 −− pp BBBBB  ]......[ 12121 −−+ ppppp BBBBB ... ]......[ 111 −−−+−− npnnpnpn BBBBB . 
 For 2== qp , 4=n , we obtain the partition: 
 

}|28,8{0 N∈+= kkkA , }|38,18{1 N∈++= kkkA ,  
 

}|68,48{2 N∈++= kkkA , }|78,58{3 N∈++= kkkA  
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50 =a , 41 =a , 12 =a , 03 =a , which is not an arithmetic progression, but: 
 

33221100 AaAaAaAa +=+=+=+ . 
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