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Abstract. In this note, we have obtained some novel results on trilateral generating
functions for the biorthogonal polynomials suggested by the classical Jacobi polynomials,
Ju(o,B.k;x) with Tchebycheff polynomials by group theoretic method. As special cases, we
have obtained the corresponding results on Jacobi polynomials.
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1. INTRODUCTION

In 1982 [3], Madhekar and Thakare studied a pair of biorthogonal polynomials
Ju(a,Bk;x) and K,(a,p,k;x) that are suggested by the classical Jacobi polynomials, where
Ju(o,fk;x) and K, (a,B.k;x) are respectively the polynomials each of degree # in x* and x
respectively. Explicit representations for the two polynomials J,(a,f,k;x) and K,(o,p,k;x) are
given by:
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where (a), is the pochhammer symbol defined by
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a >=—1,F = —1,xisreal and k is a positive integer. For £ = 1, both (1.1) and (1.2) yield the
classical Jacobi polynomials. In the present paper we are interested only on J, (o, 5 k;x).
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In [1], Chongdar and Chatterjea gave a general method based on the theory of one
parameter group of continuous transformations, with the help of which any unilateral
generating relation involving one special function can be transformed into a trilateral
generating relation with Tchebycheff polynomials.

In fact in [1], a unilateral generating relation is converted to bilateral generating
relation with the help of one parameter group of continuous transformations and then this
bilateral generating relation is converted into a trilateral generating relation with the
Tchebycheff polynomial by means of the relation

=3[ ) ()]

The aim at presenting this paper is to obtain some novel result on trilateral generating
relations for the biorthogonal polynomials J,(a,f,kx) with Tchebycheff polynomial by
utilizing the above mentioned method of Chongdar and Chatterjea.

2. ON BIORTHOGONAL POLYNOMIALS, ], (e, B, k; x)

For the biorthogonal polynomials suggested by the classical Jacobi polynomials,
Ju(o, f,k;x) we notice that if we consider the following linear partial differential operator:

_(1—2:);33 d

R - —
v dx dy
such that

R(J (a8l x) yozF) = (~a—kn) J,(a— L, + Lk;x) y* 12871 (2.1)

The extended form of the group generated by K is given by

e“Rf(xy,z) = f(:-:—Jr (1- x}%. }'(1— %)z), (2.2)
where f(x,y,z) is an arbitrary function, w is an arbitrary (;onstant. .
At first, let us consider the following uniliteral generating relation:
Gix,w) = Z ag J, (.8, k; x) wh. (2.3)

g=0
Replacing w by wvz and then multiplying both sides of (2.3) by y”, we get

y* G(x,wvz) = Z ap(J(a, B, k: x) y=z# Y (wr)*. (2.4)
g=0
Operating ¢"* on both sides of (2.4), we get
» \
e"®( ¥* G(x,wvz)} = e*F Z ag( Jo(a B, k: x) y*2% Y(we)* } (2.5)
g=0 /
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Now the left member of (2.5), with the help of (2.2), reduces to
Wz = W2 '
(1«««««) G(Y«{l«x}m.wf» =)y, (2.6)
¥ ¥ 4
The right member of (2.5), with the help of (2.1), becomes
ZZ% —a—km), J(a—p B+ p, k; x) yE PR () ®
B=0 =0
{—a’ kn} g p-
Z Z ag_, ———— J(@—p.B.k; x) y*F(wz) v" 7P, 2.7
m(! p=0
Now equating (2.6) and (2.7) and then substituting y = z = 1, we get
(1 —w)*G(x+ (1 —x)w,wv) = Z ag(x, v)wF,
B=0
where
B
k 1 ,
o)=Y a, (PP 72 ™ ") @-p+pa kv, (28)

—C -nL
w0

Now to convert the above bilateral generating relation into a trilateral generating relation

with Tchebycheff polynomial, we notice that

==}

Z o (x, vV)wF Ty(u)

g=0

1
=3 [(1=p)"G(x+ (1= x)py,vpy) + (1= py)*G(x + (1= x)py,vp, )],

where pr=w(u+vur-1) and p, = wlu—Vu?—1).

Thus we have the following general theorem.

Theorem 1. If there exists a generating relation of the form

==}

6(xw) = ) e Ju(af ki,

(2.9)

F=o
then
5‘ g (x, v)wF T (w)
=
1
E[(”l p ) G (x+ (1 =x)p,, vpy) + (1 — p)*G (x + (1 — x)p,, vp,)],(2.10)
where
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which does not seem to have appeared in the earlier works.

Special Case 1. By putting £ = 1 in Theorem 1, we get the following general theorem on
Jacobi polynomials, anm (x):

Theorem 2. If there exists a generating relation of the form

==}

Glx,w) = Z rng?f“"'g} (x)wF, (2.11)
]
then
S‘ I (x, vwaTg (u)
=0
1 . )
=z [(1—p)6(x+ (1~ x)py,vpy) + (1~ p,)*G(x + (1 — %) py,vp,)],(212)
where

—-a~n-1
py=w(u+vur—1) and p, = wlu—Vu? —1).

Now, we would like to mention that the above result (Theorem 1), obtained by double
interpretations to both the parameters « and g of the biorthogonal polynomials suggested by
the classical Jacobi polynomials, J.(a,B,k;x) can also be easily derived by defining a simple
operator with the suitable interpretation of the parameter g while studying J.(o-B,B.kx)
I.(a — 8.8, k; x), a modification of J,(a, 5. k;x).

[
o'ﬂ {x’v:} = Z a? (ﬁ -—pPp—a—n-—- 1) P;‘a—ﬂ*ﬂ;ﬁ) (r}va
p=0

Now we consider the following linear partial differential operator for the modified
biorthogonal polynomials, J,(a-B,5,k;x):
d . @
R=y(1-x)—+ ¥y =
dx

such that
R(J(a~B8.8kx)y" )= (~a~kn+ ) J(a~B — LB + Lk;x) 3% (213)

The extended form of the group generated by F is given by
e"R®f(xy) = (1 —wy) ”f(x +w(l—x)y,

1 - wy)’ (2.14)

where f{x,y) is an arbitrary function, w is an arbitrary constant.
Now using (2.14), we obtain
e (J(a—B,8.4:x) ¥} = (1 —w)™ J(a - B8 ksx +w(1 —x)y) ¥5. (215)

But using (2.13), we obtain
EWR[.I?: (ﬂ! —,B,,B,k;x] }FE)
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“Z“‘“( a—kn+ B), J(a~B~p,B+pkx)y?*®. (2.16)

p=0
Now equating (2.15) and (2.16), we get

(1- wy)* B I (a— BB, kix + (1 — x)wy)

g
:ZP (ma—in+ ), J(a—F —pB+pic0) ¥ (217)
=0 '

Replacing wy by ¢ in (2.17), we get

(1-0*FJ(a—B B kx+(1—x)t)

= Z (—a -:?: - ﬁj‘;' )fnfa - -g - ?’-’».8 +p, ka:}rp’ {’2'18]

which does not seem to have ;ppeared before.

Finally, if we write a = a + £ on both sides of (2.18), we get

, ,. o (—a— k),
(1= (B kx+ (1 —-x)t) = Z“‘“‘;‘;‘“‘E Jela =p. B +p.k;x)r®, (219)
=0

which does not seem to have appeared before.

Corollary 1: For k£ = 1, the generating relation (2.18) reduces to the generating relation
involving Jacobi polynomials, P"'x’m (x):

nt B e

(1—0=Bp B (vt (1-x)1) = z(w = B-pB+8) (x)¢P,(2.20)

which is found derived in [4].

Corollary 2: If we write a = a + £ on both sides of (2.20), we get

(e - ”jP pla=pE ) ()7 (221)

1= 0P " (x+ (1 -0 = Z

which is found derived in [2,4].
We now proceed to prove the Theorem 1 by using (2.19).

Proof of Theorem 1:

Z g (x,v)wF Tg (w)
B=0

= Z ag{x, tf)w"'?% [{:t: +yut - ﬂﬁ - (u -y ut -1 }g]

e

= V o (x, v)w* {\u‘, +yul ~ i)g v—é ZJg (.nt-:]u’g{-u - u? - ‘l(}g

&»‘—-B g=0
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== [(1=p)%6(x + (1 =)y vpy) + (1 - )6 (x + (1 - ¥y vp,)],

where

py=w(u+vu?r—1) and p, = w(u —vu? —1),

which is Theorem 1.

Furthermore, we would like to point it out that the following theorem on bilateral
generating function involving J,(a-5,5,k;x) is the direct consequence of our result (2.18).

Theorem 3. If there exists a generating relation of the form

G{x,w) = Z ag Jo(a — BB,k x)w”, (2.22)
=0
then
o vt g
(1-9%6 (x + wi1- x)t;m) = Z op(v) J.(a— B, B. k; x)t”, (2.23)
T
where
£
—a—nk—1
crg(v] = Zmp (g—rx ok — 1)9"”.
p=u
Proof of Theorem 3:
Z op(v) J, (@ — B.B. k: x) tF
F=0
w B g i
- B -k -l £ o o . L
—ZZ% p“am?mmi))’ﬁ[\a xgtg,-knr:}t v
B0 o =0
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' S (—a—kn+p
- Z an (vt)* ? : 2 Jela=B—p.B +pk:x) ()
o T et ,3! - ’

.

_ , S AL
={1-9° Z a, Jla—ppkx+ (1 -x)) (m}

vl

=(1—-t)"G (x+ wi(l— x]t,—t)

which is Theorem 3.

Finally, we shall convert the above bilateral generating relation into a trilateral generating
relation with Tchebycheff polynomial and obtain the following theorem:

Theorem 4. If there exists a generating relation of the form
G(x,w) = Z ag I (a— BB,k )w?, (224)
g=0
then

==}

> 0 J,(a B8,k )t Ty(w)

1 N V0
;[(1";91)“5{?*(1 x}on )"“U""ﬁ« “G( + i--'<f!;=- - )] (2.25)
- ™y = P/
where
B y r
—a —rc— 1
= 11!J
gz (v) z%(p_a_nk_l);,
p=0

p. = t[u+ vul—1) and p, = t[u —vu? — 1),

which does not seem to have appeared in the earlier works.

Special Case 2. By putting £ = 1 in Theorem 4, we get the following general theorem on
Jacobi polynomials, P?;"L'E} (x):

Theorem 5: If there exists a generating relation of the form

==}

Gix,w) = Z agp,f“‘g*ﬂ ()wF, (2.26)
=0
then
D @B @) Ty(w)
£=0
_l [{1-— P4 u{‘s’ + {1 —x)py )-(— (1—p J“"(\'-: + {1 —x}pa ek )] {227
> :] T= pu gy | 0
where
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[

@)=Y a3 0 1)e"

o=0

Py = t[u +vu?—1) and p, = r[u —Vu? — 1:],

which does not seem to have appeared in the earlier works.
3. CONCLUSIONS

From the above discussion, it is clear that whenever one knows a unilateral
generating relation of the form (2.9, 2.11, 2.24, 2.26) then the corresponding trilateral
generating relation can at once be written down from (2.10, 2.12, 2.25, 2.27). So one can get a
large number of trilateral generating relations by attributing different suitable values to ay in
(2.9,2.11, 2.24, 2.26).
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